Implementing direct methods for boundary value problems
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Given y(0) = aand y(1) = (¢ ... find y(z).
HERE: f(z) = 2* — L sin(6x)
y(0)=4and y(1) =5
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CODE: boundary_value_direct_simple_v2.m

n=50; %

x=linspace(0,1,n); %

dx=x(2)-x(1);
xint=x(2:n-1);
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m=n-2; %

% Construction of the matrix using for loops
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for i=1:m %
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Number of grid points
Linearly space out the

Main Diagonal

Al(i,1) = (-2)/dx"2;
end
for i=1:m-1 $ Off diagonals
Al (1i,1i+1) = 1/dx"2;
Al (i+1,1i) = 1/dx"2;

end
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$interior points where solve;

$fi1ll 1n "under" diag
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Size of the matrix we will construct

$fill in to "right" of diag
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+ diag(ones(l,m-1),-1));

$check that they’re the same!
Error=max (max (abs (A1-A2))) ;
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We can also construct the same matrix with one command.
significantly faster method than using the loops

1/dx" 2 (diag((-2) *ones(1l,m),0) + diag(ones(l,m-1),1)

This is a
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$define forcing function £

f=inline (' x.

1

"2 — 1/2xsin(6%xx)")

Smake the 1list of values of f

fcolumn=f (xint) .’;
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fcolumn (1)=fcolumn (1) -yat0/dx"2;

$solve for AZxy=fcolumn

y=A2\fcolumn ;

%add on the boundary conditions

y=[lyat0 ; vy] ; y=ly
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fcolumn (m)=fcolumn (m) -yatl/dx"2;
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% Plot the result

figure; set(gca,’FontSize’,18)
subplot (211)

set (gca,’FontSize’, 18)

plot (x,y,’0"), title('y(x)')

%Check our answer ——- 1interior points
for jJ=2:m+1l

yd (J)=(y (3+1)-2xy () +y (3-1)) / (dx"2);
end

subplot (212)

set (gca,’'FontSize’, 18)
plot (xint,yd(2:m+1),’ o’
plot (xint, f(xint))
title (' second deriv of y(x)')

); hold on



A direct approach to energy level (eigenvalue) problem of
Schrodinger equation from quantum mechanics:
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prcia [no — Bl =0
Boundary conditions ¢ (+1) = 0.
QUESTION: what values of j satisfy this?

Discretize:

¢n+1 - an + wn—l
Ax?

Multiplying through by Az?, rearranging:

+(ng— B =0 n=123.N—1.

wn—l—l + (_2 + AZCZTL()) wn + ¢n—1 = Ax26¢n n=1,2,3, N —1.

Strategy: put UNKNOWN 3 on right hand side. Define \ = Ax?3:
77Dn—|—1 + <_2 + A552”0) ¢n + 77Dn—1 - )\van n=1,23, N —1.

I'! This gives eigenvalue problem:
A = A
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e Eigenvalues )\ = Az?3 — 3 = \/Ax?
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e Eigenvector with eigenvalue ) is solution to b.v.p. with this

CODE: direct_boundary_solve_schrodinger.m

for 1=1:m $ Main Diagonal
Al (i,1) = (-2+dx"2%xn0);
end

for i=1:m—-1 % Off diagonals
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Al (i,1+1) = 1;

Al (i+1,1) = 1;
end
% Solve the eigen value problem
[V,D] = eig(Al);

slargest values of lambda
lambda_list=diag (D) ;
beta_list=lambda_list/ (dx"2);
largest_lambda_list=lambda_list (end—-4:end)
largest_beta_list=largest_lambda_list/ (dx"2)



Comparing results from shooting vs. direct methods for boundary value problems

n=1500 for direct (slower)

>> schrodinger_shoot
beta =
97.532714843750000
beta =
90.129980468750006
beta =
77.799511718750011
beta =
60.527636718750017
beta =
38.326074218750016

>> direct_boundary_value_solve_schrodinger
largest_beta_list =

38.315536953535783
60.521813598809025
77.793463251968603
90.130410049325704
97.532599803055106





