Solving systems of linear equations

See, in addition to regular course material,
sections 2.1-2.5 of our supplemental book Nu-
merical Computing in Matlab by Cleve Moler.

e.g.




10331 — 72132 =7
—3x1 + 229 + 63 =4
br1 — x9 +5x3 =0

10 =7 0 I 7

—3 2 6 i) = 4
b —15 T3 §

10 =7 0 T1 7

0 —0.1 6 xo | = | 6.1

0 25 5 T3

10 =7 0 T1 7

0 2.5 5 i) =

0 —0.1 6 T3 6.1

10 =7 0 I 7

0 25 5 Ty | = 6

0 0 6.2 T3 6.2
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Suppose can write A as product of lower L and upper U triangular matrices:

ai] @iz a3 1 0 O\ [fuir ui2 uis
A=LU — [ay axp ax|=|mxy 1 0 0wz uo3
as1 asy As33 ms; msy 1 0 0 uss

Ax=b — LUx=Db
Let

Solve (2) by forward substitution:

Y1 = by
ma1y1 + Y2 = by
m31y1 + mgay2 + Y3 = b3

Then, solve (1) by backward-substition, exactly as above.



First step in finding L and U: recall matrix-matrix multiplication

( A Ao ) < Bi1 Bio ) _ ( (A11B11+ A12B21) (A11B1a+ A12Bs2) )
Aoy Azs By1 B (Ag1B11+ A29B21) (A21B12+ As9Bs )

SPECIAL CASE:
1 0 Bl,l BLQ _ Bl71 Bl,?
m 1 By1 Bas mBi1+ Ba1 mBia+ B

In general, multiplying by
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Example of LU decomposition:
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MATLAB IMPLEMENTATION: backslash \
operator:

To solve Ax = b, using a hierarchy of meth-
ods, including LU decomposition and forward
/ back substitution:

x = A \ b

> A = [211; 4 3 3 ; 87 9]

\newpage

>> x=A\Db

X:
0.500000000000000
0.500000000000000

-0.500000000000000

If have a new b, implement again:



To generate L, U, P matrices: [L,U,P]=1u(2)

[L,U,P]=1u(A)

L =
1.0000 0 0
0.2500 1.0000 0
0.5000 0.66067 1.0000
u =
8.0000 7.0000 9.0000
0 —-0.7500 -1.2500
0 0 —-0.660067
P =
0 0 1
1 0 0






To generate L, U matrices, where L is a
permuted version of a lower-triangular matrix
(can still forward-solve in O(N?))

>> [L,U]=1u (A)

L =
0.2500 1.0000 0
0.5000 0.6667 1.0000
1.0000 0 0

U =
8.0000 7.0000 9.0000
0 —0.7500 -1.2500
0 0 —-0.660067

LUx=b—solve Ly =10

>> y=L\Db

y:
3.0000
2.2500

0

solve Uxr =y

>> x=U\y





