
Necessities in Differential Equations

Note: In the following, f ,g, andh are func-
tions, whilea,b,c,d,α, andβ are constants.

1 Algebra

1.1 Basics

• (a±b)2 = a2±2ab+b2

• (a−b)(a+b) = a2−b2

• a/b
c/d = ad

bc

• ax2 +bx+c⇒ x±−b±
√

b2−4ac
2a

1.2 Exponents and Exponentials

• (xa)b = xab

• xaxb = xa+b

• x−1 = 1/x

• e−∞ = 0, e0 = 1, e∞ = ∞,

1.3 Logarithms

• loga(b) = c⇔ b = ac

• ln(ab) = ln(a)+ ln(b)

• ln(ab) = bln(a)

• ln(ex) = x, eln(x) = x

• ln0 =−∞, ln1= 0, ln∞ = ∞,

1.4 Trigonometry

• cos2(a)+sin2(a) = 1

• tanx = sin(x)
cos(x) = 1

cot(x)

• secx = 1/cosx, cscx = 1/sinx

• sin(−a) =−sin(a), cos(−a) = cos(a)

• sin(x) = cos(x−π/2)

• cos(a±b) = cos(a)cos(b)∓sin(a)sin(b)

• sin(a±b) = sin(a)cos(b)±cos(a)sin(b)

• 2sin(a)cos(b) = sin(a−b)+sin(a+b)

• 2sin(a)sin(b) = cos(a−b)−cos(a+b)

• 2cos(a)cos(b) = cos(a−b)+cos(a+b)

• sin(0) = sin(π) = 0, sin(π/2) = 1,
sin(3π/2) =−1

• cos(0) = 1, cos(π/2) = 0 = cos(3π/2),
cos(π) =−1

1.5 Hyperbolic Functions

• sinh(x) = 1
2 (ex−e−x)

• cosh(x) = 1
2 (ex +e−x)

• sinh(0) = 0, cosh(0) = 1

• cosh2(x)−sinh2(x) = 1
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2 Calculus

Fundamental Theorem:

d
dx

∫ x

a
f (u)du= f (x)

Leibniz’s Theorem:

d
dx

∫ h(x)

g(x)
f (u,x)du

=
∫ h(x)

g(x)

∂
∂x

f (u,x)du+ f (h(x),x)
dh
dx
− f (g(x),x)

dg
dx

2.1 Differentiation

• (a f +bg)′ = a f ′+bg′

• Product rule:( f g)′ = f g′+ f ′g

• Chain rule:[ f (g(x))]′ = f ′(g(x))g′(x)

2.2 Integration

•
∫
(a f +bg)dx= a

∫
f dx+b

∫
gdx

• Substitution:
∫

f (g(x))g′(x)dx=
∫

f (x)dx

• Integration by parts:∫
f g′dx= f g−

∫
g f ′dx

2.3 Common Results

• (xa)′ = axa−1, a 6=−1

•
∫

xadx= xa+1/(a+1)+C

• (eax)′ = aeax

•
∫

eaxdx= eax/a+C

• (sinhx)′ = coshx

•
∫

coshxdx= sinhx+C

• (coshx)′ = sinhx

•
∫

sinhxdx= coshx+C

• (sinx)′ = cosx

•
∫

cosxdx= sinx+C

• (cosx)′ =−sinx

•
∫

sinxdx=−cosx+C

• (tanx)′ = 1+ tan2x

•
∫

sec2(x)dx= tanx+C

• (lnx)′ = 1/x

•
∫
(1/x)dx= lnx+C

• (arctanx)′ = 1/(1+x2)

•
∫

1/(1+x2)dx= arctan(x)+C

• (arcsinx)′ = 1/
√

1−x2

•
∫

1/
√

1−x2dx= arcsin(x)+C

2.4 Series

• f (x+y) = ∑∞
n=0

yn

n!
dn f (x)

dxn

• ex = ∑∞
n=0

xn

n!

• sinx = x−x3/6+x5/120. . .

• cosx = 1−x2/2+x4/24. . .

• 1/(1−x) = 1+x+x2 +x3 . . .

• (x+y)a = ∑∞
n=0

a!
n!(a−n)! x

a−nyn
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