AMATH 351 Homework 4

Due Feb 4, 2009

Section3.4 9,20,40
Section3.5 12,20,26
Section3.6 1,14
Section3.7 4,12

Section 3.4
9
y'+2 -8y = 0
Characteristic equation is
M+2X -8 = 0
A= 2 or —4

So the general solution is

y(t) = C162t + 026_4t

20
" — 0, m —9, T — 4
y' +y y(3) y(3)
Characteristic equation is
M+1 =0
A=

So general solution is

y = Cycost+ Cysint



Apply the given conditions:

%—F@C’z =2 . C; =1+2V3
R To 4 Cy =-2+3
So
y(t) = (1 + 2\/§> cost + (72 + \/5) sint
]
40

2y + 4ty +2y =0

_ dz _ 1
Let x = Int, then %f = 3,

dy  dydr 1ldy
dt — drdt  tdr
d* _d (ldy\  1dy 1d2ydx_ ldy 1d%
darz dt(td:c) Ct2dx | tdx?dt t2dx | (2 da?

So the differential equation can be written as

ldy 1d° 1d
2 (—y+ y) +at- Y 1oy

2dr | 12 da? t dx
Py L dy
= LY 3% toy=0
dx? + dx tay

which is a constant coeff. 2nd order linear DE. So the characteristic equation is

M4+30+2 = 0
==\ = -1 or -2

So the general solution is
y(x) = Cre™ + Coe™*

Change back to ¢, we get

y(t) _ 01671Ht+026721nt
O Gy
Tt T e
[ |
Section 3.5
12

y' =6y +9y =0, y(0)=0, ¢(0)=2

The characteristic equation is



M —6A+9=0=A=3

So the general solution is
y(t) = C1e% 4 Cote®

Apply initial conditions, we have

y(0) = C1=0
y'(0) = 3C;+Cy=2

So

Ci=0, Cy=2

then the solution to the initial value problem is

y(t) = 2te".

20
(a) The characteristic equation is

24+ 2ar+a®> = 0
= (r4+a)* = 0
T =Ty = —a

So one solution of the equation is e™%¢,
(b) According to Abel’s Theorem,

W(t) =cre” [ 2adt _ cle—Zat

where c¢; is an arbitary constant.
(c) Let y1(t) = e~ from part (b), we have

yi(Wya(t) =y (®y2(t) = e " yh(t) +ae”"ya(t) = cre>

So the DE for y(t) is

Yo(t) + aya(t) = cre™

This is a first-order linear DE, the integrating factor is



N(t) _ 6fadt — oot

’
= (eatyg) =
= ey, = gt
— vy = cite

Since we only need to find one independent solution, let ¢; = 1 we get ya(t) =
te™at, [ |
26 Use reduction of order to solve
2y —tt+2)y F(t+2y=0, t>0; y(t)=t
Let y = v(t)y1(t), and according to page 171 of the book, we have

yiv" 4+ (2Y) +py)v = 0
t+2

tv"—|—<2—_|t—><t)v’ = 0

' -t = 0

= =0

This is a first order differential equation of v’,

d /
CORNN”
,U/
Inv = t
/ — et
v = ¢
So the second solution is y»(t) = vy; = te'. [ |
Section 3.6
1

y// o 23// _ 3y _ 362t
For homogeneous equation y” — 2y’ — 3y = 0, the characteristic equation is
A2 -2\ —-3=0, so
AM=3, d=-1

The homogeneous solution is

yi = C1€ + Coe™'

Then for nonhomogeneous solution, assume the form to be yp = Ae?!, then
plug it into the DE,



4Ae% — 2 x 24 — 34e* = 3%

—-34 = 3
A = -1
So the particular solution is yp = —e?!. Then the general solution of the given

differential equation is
y=Cre® + Che™t — e
14
Y +dy =12+ 3¢, y(0)=0, y(0)=2

Firstly find the homogeneous solution

A2 +4
A = £2

I
o

So the homogeneous solution is
yr = C1 cos 2t 4+ Cy sin 2t

For the nonhomogeneous equation, split it into two equations and solve sepa-
rately

y//_|_4y — t2
y'+4y =3

For the first equation, assume yp; = At? + Bt + C and plug it back to the
given DE,

2A + 4At? + 4Bt +4C = 3
A =
—<{B =0
c =}

_ 12 1
So Yyp1 = Zt ~ 16"
For the second equation, assume ypo = Ae’ and plug it back into the given

DE

)

Ael +44e8 =
A =

w
ol g



_ 3.t
So yp2 = ze'.

Hence the general solution is

1 1 3
y(t) = Cicos2t+ Cosin2t + 1152 ~3 + get

Apply initial conditions

1,3 _ __19

Ci—5+3 —0:> Ci =—-5

2024—% =2 Oy =T

So the solution to the IVP is y(t) = —13 cos2t + {5sin2t + 112 — 1 + 3¢' . W

B
Section 3.7
4

4y// _ 4y/ +y= 16€t/2
Standard form is

1 :
y”—y'+1y:4e%

By solving the homogeneous equation, we get two independent solutions

t t
Y1 =€z, vy =te?

So the Wronskian is given by

t t
ez te2
t t
t t
2 2

(&

Then according to the formulas, we have

destes
u = —/ e
(&
4LL
Uy = /ezteth:4t
€

Bl

So the particular solution is yp(t) = —2t2e2 + 4t2e% = 2t2¢
12

y' +4y = g(t)

The two independent homogeneous solutions are

y1(t) = cos2t, yo(t) =sin2t
Then the Wronskian is



cos 2t sin 2t

W) = ‘ —2sin2t 2cos 2t

Then

u(t) = _/Mdt

2
t 3 2t
ug(t) = / g()%dt
So the general solution is
<] 2
y(t) = C1cos2t+ Coysin2t — cos 2t/ g(S)Zﬁds + sin 2t/

g(s) cos2s

‘2c0822t+281n22t2

5 ds

1
= (Chrcos2t+ Cosin2t + 3 /g(s) (sin 2t cos 2s — cos 2t sin 2s) ds

1
= (Crcos2t+ Cosin2t + 3 /g(s) sin (2t — 2s) ds



