AMATH 423 Mathematical Biology: Stochastic Models Winter, 2009

1. Cdculate the generating function for the binomial distribution
N!

P, — k 1— N—k
F= =P A7)
and for the Poisson distribution
1 _
mzﬁweN

Try to show that if p = A/, then the generating function for the former approaches to the latter when
N isvery large. (You need to know that for large N, (1 + 1/N)V ~e.)

2. N bacteria are spread independently with uniform distribution on a microscope dide of area A. An
arbitrary region having area a is selected for observation. Determine the probability of & bacteria
within the region of area a. Show that as N — oo and a — 0 such that (a/A)N — ¢ (0 < ¢ <
00), then p(k) is a Poisson distribution with mean c.

3. Try to show that if Xy, (k = 1,2,...,n) aren identical, independent exponentially distributed random
variables with expectation 7, then

X* = mz’n(Xl, XQ, ceey Xn)
isalso an exponentialy distributed random variable. What is the expectation for X *?

4. Find the stationary distribution p, = pS, of afour-state Markov mode for DNA base:

|A  C G T
32 18 .23 27
37 28 .05 35
30 21 .25 24
23 19 25 33

n
I
00>

Verify your result by numerical iteration S™ with n — co. What does this say about the frequency of
the different bases? Any biologica meanings?

5. Let matrix

l1—a a
P-( b 1—b>’ 0<a,b< 1.

Verify that it is a Markov matrix. Find P™. What is the the limit of n — oco? What happens if
a = b =17 Explain your result.

6. Suppose P isan N x N stochastic (Markov) matrix (row sums equal one),

P11 P12 - DIN

D21 P22 't D2N
P= ) . .

PN1 PN2 ' PNN
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(a) Show that P? is astochastic (Markov) matrix. Then show that P™ is astochastic (Markov) matrix
for al positive integers n.

(b) Suppose P is a doubly stochastic matrix (row and colume sums equal one). Show that P™ isa

doubly stochastic matrix for al positive interger n.

7. [Optional] The deterministic, discrete time and discrete state mathematical models for two populations
of species, N1 and N,, are often in the form

Ni(t+1) = f(N1(t), N2(t)), Na(t+1) = g(N1(t), Na(t)) )

inwhich f and g are two nonlinear functions. For example, N1 and N, are the healthy and infectious
populations in amodel for epidemiology. Let us assume that these two equations can be transformed
into asingle equation for the fraction of Ny

pi(t+1) = h(p1(t),p2(t)) (2
inwhich p; = N;/(Ny + Na), i = 1,2. Noting that p2(t) = 1 — p1(t), then Eq. 2 isadiscrete state
and discrete time dynamical system.

Can one interpret the p; as the probability of an individual in population :? Given aninitial (p1,p2) a
t =0, Eq. 2yiddsadl the (p1,p2) for t > 0. Isthemodel in Eq. 2 aMarkov model? When it is, what
isthe transition probability? When it is not, why and try to give an example.
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