TRANSIENT PROPERTIES

2.1. Transition probabilities

Discrete-time Markv chains possess the Mank property This
means that we only need the conditional probabilities

Pr{Xn = ]| Xn =1}, (2.1)

for eachn, to be &le to go from one time to the xte Theseconditional
probabilities could vary from one time to anoth®it we are often interested
in problems for which the conditional probabilities remain constant.

Definition 2.1: A discrete-time Mar&v dhain is said to batationaryor
homaeneous(in time) if the probability of going from one state to another
is independent of time. That is, for all staitesd j,

I::‘r{xn+1 = j|Xn = i} = I:)r{xn+k+1 = j|xn+k = i} (2-2)
fork=-n,-(n-1),.../-1,0, 1, 2,... If this condition &ils, the Markv
chain isnonstationary.

For the remainder of this quartgiou should alays assume that | am
talking about Markv chains that are homogenous or stationdgr homo-
geneous Marbv chains, we will write

P = Pr{Xnpa =j|X, =i} (2.3)

for the one-step transition pbability fromi to j. Snce thep; are condi-
tion probabilities, the satisfy the conditions

pj 20 Oi,j (2.4)
and

Z p” =1, i:1,2,.... (25)
jO0S
The last condition simply implies that, if you start in stag@u must end up
somevhere. [or fixedi, the list {p;} is a probability distrikution for the
possible destinations.

For a finite, discrete-time, Madk chain with m states, the transition
probabilities may be arrayed in anx m transition matrix,
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OP11 P2 - Pim[O
[ e (]
|:| . . . . |:|
mel Pm2 - pmmD

This matrix contains all of the relant information rgarding transitions
from one state to another.

Please note, in light of my earlier comments, that
(1) allof the entries of the transition matrix are noyetiee and
(2) theentries in each W sum to one.

Any square matrix that satisfies theseotaonditions is called @&tochastic
matrix. Transition matrices are examples of stochastic matrices.

A homogeneous, discrete-time, Mavkdhain can also be represented
graphically using a transition diagramd transition diagram is a directed
graph (ordigraph) with one node for each state $1and a directed edge
from nodei to nodej for eachp; > 0. There are self-loops, from node
back to itself, for eaclp; > 0.

Example:

Figure 2.1 A maze

Imagine that an insect that occupies a maze of rooms (see Figure 2.1).
Let us assume that time is measured in units ofesjo.e., that a transition
occurs wheneer the insect mees between rooms, and that each exit from a
room is equally likely to be chosen.

The transition matrix for this discrete-time Mavkchain is
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o0 0 12 0 1/24
oo 0 12 0 1/20
P= %1/3 /3 0 1/3 0 B- (2.7)
o0 0 12 0 1/2Q
/3 1/3 0 1/3 0O
The corresponding digraph is

3 (-

) 5

Figure 2.2 Maze digraph

What proportion of its time does the insect spend in each Podva
will see that, in contrast to our desert plant communitxasn@le, the time
spent in each room by our insect does not approach a stationaryutiestrib
Perhaps you can figure out wisatlfferent by looking at the transition dia-
gram.

Do keep in mind that the state space of a Marthain may be count-
ably infinite rather than finite. This canJeaa gynificant effect on the
appearance of your transition matrix and transition diagram.

Example: Consider a particle that mes on a nfinite, one-dimensional lat-
tice. Letus assume that the lattice points are labeled-.2,-1,0,1, 2, ...

2-3
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and that the particle undgyes a simple, unrestricted random walk: itveso
one step to the right, with probabilify, or one step to the left, with proba-
bility g =1 - p, at each time step. The transition diagram for this discrete-
time Marlov chain is

Figure 2.3 Asymmetric random walk

and the transition matrix is

-2 .. 0p 00 0 ...00
_q O O
1 o d O p 0 O 0
O g.. 0O0g 0 p 0 ...o (2.8)
+1 .. 0 0 0 O
O A P O
+2 3.. 0 0 0 g 0 ...
.. 0O

Example: Consider a gambler who bets one dollar per game and either wins
or loses each game with probabilitipsandq. The state of theambler is

the number of dollars in his or her possession. The gambler is ruined (and
can no longer @mble) if he or she is in state zero and has no ynlaie |

will also assume that there is no limit onmhwealthy this gamber can be.

This is an example of a restricted randomlkwn a semi-infinite domain.

The restriction is the presence of an absorbing boundary state. The transi-
tion diagram for this discrete-time Mark chain is

Y P P
0000
| q q q q

Figure 2.4 Gambles' uin

and the transition matrix is
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(2.9)
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An obvious question is olong can the gambler expect to play anevho
does this depend on the size of his or her initial bank roll ?

For the time being, | will focus on finite chaingytd will eventually
return to random walks with countably infinite state spaces. Some of these
random walks are similar to some of the continuous-time processes that
Hong will talk about later.

The transition matri)P and the transition diagram tell us about condi-
tional probabilities. For mary problems, we are also interestedaibsolute
probabilities. Inthis case, we must also specify an initial probability distri-

bution {ui(o)}, where
u® = Pr{X,=i}. (2.10)

The notation here isaf from ideal. We ae letting the subscript on the left
refer to the state and the superscript, in parentheses, refer to time. Clearly,

m
2y’ =1
i=1

for a chain withm states. Ifwe, in turn, Ieiuﬁl) represent the absolute proba-
bility that statej is occupied after one step, it quickly follows that

m
ult = igl u® p; . (2.12)

Of course, all of this can be written, more succinatking \ectors
and matrices. If we let

u© = @W® Q) . u©) (2.13)
be a startingprobability vectorand
u® = @®, U, udy (2.14)
we may instead write
u®d = u@p, (2.15)

2-5
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whereP is our transition matrix. In general,
u™d =y p (2.16)

2.2. The n-step transition matrix

For the initial distritution ug, we haveseen that the distribution after
one year is just

ud = uOp . (2.17)
After two years,
u® = uWp = yOpp = YO P2, (2.18)
After three years,
u® = y@p = uWppP = uOpPpp = UOP3, (2.19)
Continuing on in this wayve e that aften years,
u® = yOpn, (2.20)

The matrix on thedr right of equation (2.20) is amstep tansition
matrix, P™"; the elements of this matrix are the transition probabilities from
states at time O to states at time Equation (2.20) makes clear that the
step transition matriR(™ is just thenth power of the transition matri,

pM = pn, (2.21)

In later lectures, | will often need to refer to the undiial elements of
the n-step transition matrix.

Definition 2.2: Then-step transition probability,
p” = Pr{X,=j|Xo =i}, (2.22)

is the probability of moving from statdo statej in n time steps.

For the casen = 0,

[, i=j
(O) _ ’ y
Pij oj = %) i %], (2.23)
where g; is the Kronecker deltaFor n=1, pl) = p;. In matrix form,
PO =, wherel is the identity matrix an@® =



Kot Amath 423

The n-step transition probabilities are often relatedrtstep and the
(n —m)-step transition probabilities by mean of tGeapman—Kolmogow
equations

o’ = 3 o e, o<m<n. 224)

The left-hand side is the probability of going fronto j in n steps. The
right-side side says we can think of this as the swar,al k, of the proba-
bility of going fromi to k in m steps and frork to j in (n — m) step.

| hope the Chapman-édmogoros equations seem intuite and rea-
sonable to youEven so, let me pre these equtions since the proof wiso
how conditional probabilitythe Marlov property and time homogeneity are
often pulled together in the theory of Markdains.

Now, | am sure that Hong taught you that
Pr{An B} _ Pr{A B}

Pr{A|B} = 2.2
"{AIBY Pr{B} Pr{B} (2.25)
In a moment, | will need the general equality
Pr{An B|C} = Pr{A|BnC} Pr{B|C}. (2.26)

To e wly this is true, let us start with the right-hand side of equation (2.26)
and succesgely condition,
Pr{AnBnC} Pr{BnC}
Pr{A|BnC} Pr{B|C} = 2.27
AIBACEPIBICY = o igney  pricp (220
Pr{An Bn C}
Pr{C}

Pr{An B|C}

We an nav verify (prove) the Chapman-8lmogoros equations by
starting with

" = Pri{X,=j|Xo=i}. (2.28)

Let me partition this conditional probabilitwe mutually exclusve events
at themth stage,
i’ = 5 Pr{X,=j, Xm=k|Xo =i}
kOS
But, by succesge-conditioning equality (2.26),
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Pr{An B|C} = Pr{A|Bn C}Pr{B|C}, (2.29)
it now follows that
pi(j”) - k%s Pr{X,=j|Xm=k, Xo =i} Pr{X, =k| X, =i}. (2.30)

Using the Markv property,
pi” = k%S PriXn=j|Xm=K Pr{Xm=k|Xo=i}. (2.31)

Finally, using time homogeneity,

pV = k%S Pr{Xnpm=1|Xo=KPr{Xm=k|X,=i}. (2.32)

so that

pi" = 3 p™ p{" (2.33)
kS

(m) (n-m)

= 2 Pik Py
kOS

Of course, the Chapmaneknogoros equations appear much simpler
if we use matrices. Then

pM = pm p(-m (2.34)
and all that we are really saying is that
P" = pmMp™™m, (2.35)

2.3. Eigenvaluesand matrix powers

The transient behavior of a discrete-time Mwarkhain is goerned by
the n-step transition matri®™ = P". It can, of course, be quite tedious to
take powers of a matrix.Fortunately there is some @anderful software out
there navadays that lets youvaluate povers of matrices. In addition, there
are sgeral, reasonably efficient, methods fovaeating P" analytically.
Most of these methods require kvledge of the eigesa@lues and, in some
cases, of the eigeectors of theP.

Definition 2.3: A numberA is aneigenvalueof the square matriR if there
exists a nonzero column vectothat satisfies

Pv =Av. (2.36)

The \ectorv is then called aight eigenvectorof P (corresponding to the

2-8
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eigervalue A). A nonzero rav vectoru that satisfies
uP = Au (2.37)

is called aleft eigenvectorof P. Thought problem:Corvince yourself that
left and right eigevectors occur for the same valuesiof

Example: Consider the matrix

m 0 00
P = Eb 1/2 1/25. (2.38)
m 0 0g

The transpose of (1, 1)is a right eigewvector since

m O 0 Dd‘D E:F'D

Eb 1/2 1/25[15= 110 (2.39)
. o opud Qb

The rav vector (1,0, 0),in turn, is a left eigerector since

m 0 00
(1,0, O)Eb 1/2 1/25: 1(1, 0, 0) . (2.40)
L 0 0g

Both of these eigetectors hae agervalue 1.
There are, of course, other eiganes for this matrix. Thesatisfy

IP-Al| =0. 2.41)
This quickly leads to the characteristic equation
(1-A)(G-A)(=2) =0 (2.42)
and the eigeralues
1
A1:1’A2:§’A3=0' (243)

What can we say about the eigalnes of a Markv chain in generd?
Quite a bit.

Theorem 2.1: One of the eigar@ues of a stochastic matrR is always
A =1. All of the eigemalues satisfyA|< 1.
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Proof: Since @ery row of P sums to one,

OP11 P2 -+ Pim O [0
0 . 0a0 A0
|]I321 P22 P2m o00= 100 (2.44)
0 - ' ' o g
OPmz Pm2 ' Pmm oo a0

so that 1 is an eigedue of P with a right eigewector that is a column of
1’s.
To prove that|A|< 1, letA be a root of
IP-2Al| =0 (2.45)

with a right eigewector that satisfies

<

(I N R R

1

KY,
02

|:|.
Vm

If we look at each nw of this last equation, we see that

(P—-Al) =0. (2.46)

AVi = pigVa+ PiaVot o F PV, 1=1,...,m (2.47)
Take the modulus of each sid&ince the transition probabilitigs; are non-
negaive,
m
|/‘Vi|S .leij|vj|’ i:].,...,m. (248)
J:

Now, if v, is the largest component, in modulus, of our right aigetor,
Avi| < |wl, i=1,...,m. (2.49)

This last equation is true fovey i and so it is certainly true for= k. For
i =k,

AV < [l (2.50)
but this nawv implies that
A]<1. 2.51)

This proves aur theorem.

How does knowing the eigealues and/or eigesmctors of P help us
evduateP" ? A number of cleer methods allav you to eficiently evaluate

2-10
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P" using the eigeralues or the eigemlues and eigerectors ofP. My own
favorite method uses the Cayley—Hamilton theorem from linear algdbra.
will instead shav you a method that is quite common in the Marlhain
literature. Thismethod inolves diagonalizing the transition matrix.

An mx m transition matrix is diagonalizable if and only if it pos-
sessesn linearly independent (right) eigesctors. Thiswill always occur if
all of the eigemalues of your transition matrix are distinclt may even
occur if some your eigealues are equal but you are lycklf you are
unlucky, you may need to use generalized eugetors and Jordan canonical
forms. Jordancanonical forms are more, \Wwever, than | need for this
course.

Let us assume, therefore, th& has m distinct eigemaues,

A1, Aoy ooy A | will write the corresponding right eigeectors as
Vi, Vo, ...,V These eigerectors satisfy
(P-A v, =0, i=1,2,...,m. (2.52)
Now construct the modal matriM,
M = [vy Vo ... Vy], (2.53)

that has the right eigeectors as its columns. By matrix multiplication,
PM = PJ[vy Vo ... V] = [Pvy Pvy ... Pvy] (2.54)

= [A1Vvy A2Va oo A Vi
0o 2, 0Q
= [vi vz ... vl O O
D. . PR . |:|
00 0 ... An0O
=MD,
where
0o 1, ... oU
D =[] 2 0 (2.55)
D. . P . |:|
00 0 ... AnO
Is the diagonal matrix of eigeslues. W& can nav multiply each side of
PM = MD (2.56)
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on the right by the irerse matrixM ~* to obtain
P=MDM™. (2.57)

The last equation can wobe wsed to determine peers of P. For
example,

P2=(MDMYH(MDM™ (2.58)

= (MD)(M™M)(DM™)

= (MD)I (DM
= MD*M™t,
Higher powers can be generated in a similar manner,
P" = MD"M™. (2.59)
Please note that
1 O 0 O
o = Bo AD L. OS (2.60)
O- - - -0
0o 0 ... An0

has a particularly simple form.

As part of the abee pocess, you must compute thererse matrix
M. A simple way of doing this is to apply elementarywoperations to
the augmented matrixM|1] to get [I |M “11. For small matrices, you can
also use the cofactor matrix and adjteg(or classical adjoint) matrix of the
original matrix or whateer other means of matrix wersion you hae
learned.

Example: (To be ead by class)
Consider the transition matrix
/4 1/2 1/40
- O
P 51/2 14 14z (2.61)
/4 1/4 1/20

The eigemalues ofP satisfy the characteristic equation
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Ou4-4 12 14 O
P-Al| = g 12 14-1 14 g: 0. (2.62)
0 U4 14 12-ip

Before expanding this determinant, it is good to remember that we can
always a multiple of one m to another rav and not change thealue of the
determinant. Addinghe second and third rows to the firsw/igives

01-2 1-12 1-2 0
g 112 U4-) 14 g =0 (2.63)
0 1/4 1/4 1/2- 11

or
01 1 1 0
(1-2) 51/2 14— 1/4 gz 0. (2.64)

Ou4 14 12-iQ

Subtracting one quarter of the firsiwdrom the third rov and one half of
the first rav from the second vonow gves us
01 1 1 0O
(1-2) go ~1/4-1 -1/4 g =0. (2.65)
0 0 1/4- 21
It is nowv easy to expand the determinant:
1-A)@/4-2)(-1/4-2) = 0. (2.66)
The eigemalues are clearly
A1 =1, /\2:%,/\3:—%. (2.67)

As we expected, one of the eigaiues isA =1 and all of the eigevdlues
satisfy|A|< 1. Fortunatelythe eigemaues are distinct.

The right eigewectorsy; (i =1, 2, 3)satisfy

(P—/]il)Vi =0. (268)
The first eigewalue, A, = 1, has, we kno, the right eigewector
£
v, = A0 (2.69)
KN
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For the second eigenlue, A, = 1/4, we havethe linear system

00 1/2 1/40vig g
2 0 v4y,o= g (2.70)
/4 1/4 14t Lol
and the eigerector
oo
Vo = [F10. (2.71)
Lo U

For the third eigewaue, A; = — 1/4, we havethe linear system
/2 1/2 1/4DB/1D 0

12 12 14Sv,0= 00 (2.72)
/4 14 3/4gt,0  toU
and the eigerector
alin
Vs = F10. (2.73)
o U

The modal matrix is
M -1 1 B
M = -1 -1-. 2.74
% > o (2.74)
We dso need the werse, M of the modal matrix.M is a small

matrix and so | will use a fairly inefficient method to determine thierge.
Let me first tak the cofactor matrix,

@ -1 30
MC = [(-1)"*] detM(i|j)] = E‘z -1 —35, (2.75)
® 2 0p

whereM(i|j) stands for the submatrix of bold M obtained by deleting ro
and columnj. Now, | take the transpose of the cofactor matrix to form the
adjugate (or adjoint),

02 2 20
M2 = (M9)T = g—l -1 25. (2.76)
N3 -3 0p
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Finally,
L1 1 5_2 2 2%
= e M T egl 125 (2.77)
N3 -3 0
With all these ingredients in hand, | camnarite
P" = MD"M™ (2.78)
or
1[& -1 1[0m 0 0 0OOo2 2 20
P = 2 %1 -1 —1gEb /4y 0 Bg—l -1 2%. (2.79)

M 2 0P 0 -1H"op3 -3 0
| will let you do that last bit of matrix multiplicatiorf-or n = oo,

L0 -1 100 0 0go2 2 2C

pe = 651 -1p o0 ot -1 20U  (2.80)
oL
/3 1/3 1/30

1 00 00 0
2 00 O O3 -8 0
/3 1/3 1/3%.
A3 1/3 1/37



