Gambler’s Ruin and Random Walks

5.1. Gambler’sRuin

One of the interesting features of stochastic processes is that the same
problem can occur with geral names and can be attadkusing seeral dif-
ferent methods. Let us consider the transition digraph in Figure 5.1.
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Figure 5.1 Random walk with absorbing ends

| previously referred to this sort of digraph as a drunicamglk. It
also describes aagblers ruin. Thegambler’s ruin is one of the oldest and
most famous problems in probabilityt was originally posed by Pascal to
Fermat in 1656. It was solved by Huygens and is sometimes called Huy-
gens’ fifth problem (because it was the last of a series @fafoblems that
Huygens posed in his early treatise on probability theofye method that
we will use to sole this problem goes back to James Bernoulli (1713) and
Nicholas Struyck (1716)Before outlining this solution, let me first, o
evd, use the abwee dgraph to describe a simple example of the problem.

Imagine two gamblers, A and B, who, between them, own $4 and who
malke a ®ries of $1 bets against each oth&he state in this digraph is
gambler As wealth. (Pleasenotice that | am using the state space
S={0, 1, 2, 3, 4}instead of my more usu&8={1, 2, 3, 4, 5}.) A and B
gamble aginst each until either A has lost all his mpraad is brole o
until A has won all the moryeand B is brole. For each bet, A has a proba-
bility p of winning andq of losing (withp + g =1). Whatis the probability
that A is ruined® How long can A expect to play ?

The transition matrix for the alee problem is
m 0 0 0 0p
(g 0 p 0O 0O

PngquOE. (5.1)
@ 0 g 0 pg
M o 0 0 10

We @an, and hereby do, generalize this problem to one in which the tw
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players own $N, the possible states@re{0, 1, ..., N -1, N}, and we are
dealing with a l + 1) x (N + 1) transition matrix.

The abee dain is a restricted randomalk. It has two boundaries
and an absorbing state at each bounddfy havepreviously determined the
time to absorption and the probability that A will be ruined (will be absorbed
in state 0) using the fundamental matrixwould nav like to 10w you an
alternatve gproach. Thisalternatve gproach is historically important,
uses the Chapmaneknogoros equations, and allows me to easily consider
the semi-infinite problem in which A plays agst an infinitely wealth
opponent.

5.2. Ruin Probability

Let us start by computing the conditional probability that gambler A,
starting withi dollars, is ruinedy time n. This is just then-step transition
probability p§g>. Now the Chapman-#lmogorw equations — you remem-
ber those — tell us that

Y = 3 p
kds

(M pe™, 0<m<n. (5.2)

If we start at a transient state in owangplers ruin problem, we can either
move ae step to the right (with probability) or one step to the left (with
probabilityq). For j =0andm =1, we thus hae

oY = p P + A B, O0<i<N, (5.3)
pse = pSo” . pie = p\o” (5.4)
with the initial conditions
U1, i=0
o =0 ’ 5.5
pIO 501 | S O . ( . )

That is, we hee mnditioned oer all mutually exclusve autcomes of a sin-

gle bet. This is often calledfast-step analysis.

If you stare at the abe equations long enough, you should be able to
cornvince yourself that th@i(r(‘)) are monotonically increasing (or nondecreas-
ing) inn, p¥ = p"™. That is the probability of ruin, starting witrdollars,
forms a monotonically increasing sequence. Since this sequence is also
bounded abee (by one), it comerges to a probability of ultimate ruin,

R = lim pg, (5.6)
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starting withi dollars. Tking the limit asn goes to infinity of equations
(5.3) and (5.4), we see that we can sdtr the ruin probabilities by solving
the difference equation

R =pR«s +gR, O0<i<N (5.7)
with the boundary conditions
RO = 11 I?N = O . (58)

That is, if As initial wealth is zero, A probability of ruin is one, and if'&
initial wealth isN, A's probability of ruin is zero.

Equation (5.7) is a linear difference equatidile an sole it by try-
ing a solution of the fornR, = A'. This leads us to the characteristic equa-
tion

pA2-1+q9 =0. 5.9)
The roots of this characteristic equation are the gaees
_ 1+xyI-4pq
Ao = 2p : (5.10)
This expression for the eigahues can be simplified by noticing that
(p+q)? =1 (5.11)
1= p*+2pq+q? (5.12)
1-4pg = p*-2pg+ 0 (5.13)
= (p-q)°
so that
v1-4pg = p-q. (5.14)

Thus, forp # q,

_(p+g)x(p-q) _ ., 9
while for p = q, we havea double root with
. (p+q);p(p—q) . 5.16)
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For p # g, the general solution to linear difference equation for the
ruin probability is simply
+ Cy Eﬂlj .
Up
The constantg; and c, are found by applying the boundary conditions.
Thus

R = ¢, (5.17)

Ry =¢c+c, =1 (5.18)
and
u)
RN = C1+CZE%D = 0 (519)
It follows that
~(a/p)™ 1
cf, = ———, C = ——— 5.20
LT T@e 2T @ (520
and that our desired solution is
i _ N
R = (a/p)’ - (d/p) (5.21)

' 1-(a/p)N

For p =g, the general solution, corresponding to the double root
A1’2 = l, IS jUSt

Ri = Cl +C2i . (522)
The boundary conditions natake the form
Ro=¢c =1
and
RN:C1+C2N:O. (523)
It follows that
1
c, =1, ¢ = ——. 5.24
: 2 =~ (5.24)
and that
i N —i
R=1-— = —— . 5.25
. NS N (5.25)
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Consideras an gample,N =4andp=q= % We then get
i
R =1-- 5.26
. 2 (5.26)
so that
Ry=1, Ri=0.75 R, =0.5 R;=0.25, R, =0.0. (5.27)
This agrees with our observation, from the last chaptat powers of the
transition matrix
1 0 0 0 0gf

Ehlz 0 12 0 00
P = Bo 172 0 12 0 g, (5.28)
00 0 12 0 1/2f
0o o o o 10
go to the limit
41 000 0
.75 0 0 0 0.250
lim P" = Eb.so 0 0 0 0.505. (5.29)
0.25 0 0 0 0.750

0o o o0 o0 10
For N =4, p=2/3 andq =1/3, we instead get that

241 -1
R = 5.30
. 15 (5.30)
so that
7 3 1
=1, R=—, RR=— R:=— R,=0.
Ro=1 Ry 15° 2715’ 3715’ 4 0

It is also interesting to consider the case in whighnigier A plays an
infinitely wealtly opponent (see Figure 5.2.) This is axample of a
restricted random walk on a semi-infinite domairhe transition matrix in
this case is the semi-infinite matrix
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Figure 5.2 Gambles' uin

As N - oo, we find that

|:| / ! 1 > )
R = D(lq p) P=>d
D ’ p S q *
That is, if A has an a@dwntage, his (or her) probability of ruin is less than 1
and decreasexonentially with the the size of his (or her) initial captial

Otherwise,A is certain to be ruinedYou might keep this in mind the re
time you decide to takon he house at one of our locabghington casinos.

(5.32)

5.3. Expected Duration

Another variable of interest is the expected duration of #meeg The
duration, of course, is the time until all the mprsedther gained or lostin
the last section, | wrotg for the expected duration, assuming that the chain
starts in state, and | will use the same notationwo Fortunately we an
condition expectations much in the samaywve condition probabilities.
This is sometimes kmen as the conditional expectation theorem and ulti-
mately follows from the dct that that the integral or sum that defines the
expectation is linear in the probability density or mass functibime condi-
tional expectation theorem allows us to dera dfference equation for;
using a first-step analysis.

Let us assume that A begins witldollars. IfA wins, he avnsi +1
dollars and the»gected duration of the game iswa + t;,;, counting the
game he just played. If A loses, he insteasine i —1 dollars and the
expected duration of theagne is nw 1+t;_;. Conditioning on these tw
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possible outcomes, we see that

ti = p(Q+tis) +q(@+ty), O<i<N. (5.33)
Sincep + g = 1, this difference equation simplifies to
Ptv -t +qtyg = —-1. (°.34)
The boundary conditions are
tp =0, ty = 0; (5.35)

if A has either 0 oN dollars, absorption has occurred and no mamep
occur.

The abwe dfference equation is remarkably similar to the one we
studied for ruin probability The only real differences are that the equation is
now nonhomogeneous and the boundary conditions afiereiit. for p # q,
the complementary solution is

ti = C1+C2 — . (536)

A constant fails to provide a particular solutiomt lior a linear function,
t; = c3i, we et

pc(i+1)—-ci+qgcs(i—-1) = -1 (5.37)
or
=
- P
Thus
t o= ¢ md, i (5.38)

"2 0T g-p
Applying the boundary conditions, we find that

+C2chf“ N
Opd  gq-p

t0:C1+C2:O, tN:C]_ =0 (539)

so that
N

Cl = _( )S- md\‘D (540)
. pD meg
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and
C, = —Cq1. (541)
After some simplification,

S = LD == (5.42)
| -pP %—(q/p)“'m '

Forp=qg= % the general solution instead takes the form

ti = ¢ +Cpi —i2. (5.43)
Because of the boundary conditions,
to = ¢ =0, ty = ¢+ N-N?* =0, (5.44)
we have that
c, =0, ¢, =N, (5.45)
so that
i = i(N-i). (5.46)

For N =4and p=q= 3, we et
tO:O’t1:3’t2:4’t3:3’t4:O, (547)

This agrees with our observation, in the last chapghat the vector of
expected times to absorption, from the transient states, is

B/2 1 1/2000 EBD
=Ne =0 0
t = Nc 1 1 E{D DD. (5.48)

Dl/Z 1 3/2Dd.|] 3]
For N=4,p=2/3 andqg=1/3, we instead get that

0 -(3)
tt = -30 -4 Tyl (5.49)
0 -()*m
64 - .
= 2 1-(@)1-3
so that
ty=0,t,=3.4,1,=3.6,t3=2.2,t,=0. (5.50)
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It is interesting, once again, to consider the case in which A plays an
infinitely wealtly opponent (e.g., the house). As - oo, we find that

[

1. p<qa
O —
t =0 P (5.51)
N > (.
D°°1 P=q

So, A may actually expect to play a long time if the game is iralcs. f

The gamblers uin on a semi-infinite domain is similar to the problem
that an endangered populatiacés. Br an population, heever, the odds
of moving to the right or left depend upon the population sid@s idea
will ultimately lead to the theory of birth and death processes.

5.4. The Probability Distribution of the Duration

In the last section, we deed a formula for the gpected duration of
the game. Onean instead ask for the entire probability distribution for the
duration of the gme. Thats, what are the probabilities that the game will
last one step, tw geps, etc. ? Some dalywill add this section, but not
today.

5.5. Unrestricted Random Walk

Since lve falked quite a bit about restricted randoralkg, | ought to
say at least a e words about unrestricted randonals. Considea sm-
ple, asymmetric, random walk in which a particlevesome step to right
with probability p and one step to the left with probability (see Figure
5.3).

Figure 5.3 Asymmetric random walk

If p>0andqg> 0, the chain is irreducible and periodic with period 2.
One can shwthat if p=q = % the origin (and eery other state), is recur
rent. You are thus certain to revisit the origiHowever, one can also shg
forp=q= % that the mean first-return time for each state is infinite, so that
each state is null-recurrent. In effect, you are certain to retutnf may
take you some time to do so, especially if your decide to wandetoof

5-9



Kot Amath 423

infinity first. If p # q, every state is a transient state; there is some chance
that you will not return to a gen Sate.

The abeoe onclusions change with the dimension of thedkw For a
simple, symmetric walk in three dimensions, all states are transient, rather
than recurrent. The probability of returning back to the origin is only
0.3405. Ademonstration of these facts iswewer, outside the scope of this
course. Thg might, howerer, make a nce topic for a term paper.

For a ample, one-dimensional, asymmetric, randoky it is useful
and interesting to des the n-step transition probabilit}ai(j”), the probability
that thenth step taks the system to stajegiven that the system starts in
statei. Determining thisn-step transition probability is a first stepvavds
proving many of the statements that | Ve nmade abwe.

Let me first of all emphasize that you daastways go fromi to j in n
steps. Ifi and | are an een number of steps apart, you cagb fromi to j
in an odd number of stepsikewse ifi andj are an odd number of steps
apart, you cam’go fromi to j in an een number of stepsSo, in &erything
| say belav, | will be assuming thg —i andn are either bothwen or both
odd.

To reach statg at timen, the only permissable initial states are the
stated that satisfy

j-n<i £ j+n, (5.52)

l.e., the state that are withmsteps ofj. To move fomi to j, a particle can
take k positive and n — k negative geps, wheré& must satisfy

k-(n-k) = j-i. (5.53)
Thus
k =3+ -0], n-k =Z[n=-(j-i)]. (5.54)
The probability of following ay one such path ip*gq"™* and the
probability of maing i to j in n steps is simply the sum of the probabilities

ove al such paths. The number of possible paths is just the number of com-
binations ofn objects takerk at a time. Thus

(n — MOk n—k

In light of our earlier equation gerding k,
m O N O S j-i) qin-j+i)
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If i =0, so that we start at the origin,

m _ O N 0O tne)) on-))

| will leave it for you to shar that the expected value (of the partislposi-
tion, X, aftern steps) satisfies

E(Xn) = n(p-0q) (5.58)
and that the variance satisfies
Var(X,) = 4npq. (5.59)

(We will actually come back to this calculation, by another means, shortly
The mean and the variance thus botwgiaearly with time.

You should also note that
n n

(n — gng - =
Poo Th/ 20 p2 g2 . (5.60)

Please remember that, sincand j are both zeroj —i is even and n must
also be een. Thatis, p} is zero ifn is odd.

Now, you may remember that a states (a) recurrent (persistent) if
and only if

> p" = oo (5.61)
n=0
and is (b) transient if and only if

2 p” < 0. (5.62)
n=

Extra Credit: For the simple, unrestricted random walk, whibat the ori-
ginisrecurrentifp=q = % and is transient ip £ q.

The abee cerivation of ourn-step transition probability actually g
for the use of a generating (or a characteristic) function since our walk is
merely the sum of independent and identically distributed randoami-v
ables. Sed you remember enough about generating functions toaléris
alternate proof.If you don’t, dont worry: | will soon remind you all about
generating functions.



