
BRANCHING PROCESSES

6.1. Probability generating functions

Branching processes are Markov chains, but because of their unusual
structure they are best handled using probability generating functions.It has
been a long time since Hong talked about generating functions.So, let me
‘‘ remind’’ you of some important properties of probability generating func-
tions that I will need.

Definition 6.1: If X is an integer-valued random variable with probability
distribution

Pr {X = k} = pk , k = 0, 1, 2,. . . (6.1)

then the power series

F(s) = E(sX) =
∞

k = 0
Σ pk sk (6.2)

= p0 + p1 s + p2 s2 + . . .

is theprobability generating functionof X.

Probability generating functions are quite old. Their use goes back to
de Moivre, in 1738, and Laplace, in 1782.Probability generating functions
are also closely related to what engineers callz-transforms.

Since every pk is less than or equal to one, the probability generating
function converges for all s < 1  (by comparison with the geometric series).
Since thepn sum to one,F(s) also converges fors = 1. This is enough to
guarantee that our power series converges uniformly for s ≤ 1and that our
generating function is a continuous function on this interval. Thereare a
number of other properties of the probability generating functionF(s) that
are worth highlighting:

(a) Theprobability thatX = 0, p0, is giv en by

p0 = F(0) . (6.3)

(b) We may use Taylor’s theorem to expand a function in terms of its de-
rivatives at zero. Thesederivatives allow us to determine the probabil-
ities in our probability generating function,
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pk =
1

k!

dkF

dsk



s= 0

. (6.4)

(c) Theprobability generating functions allows us to compute the average
or expected value ofX without tedious calculations involving discrete
sums:

E(X) ≡
∞

k = 0
Σ k pk =

dF

ds



s= 1

. (6.5)

(d) The probability generating function also allows us to compute the
variance ofX with only a little more effort. In particular,

d2F

ds2



s= 1

=
k = 0
Σ (k2 − k) pk (6.6)

= E(X2) − E(X) .

However,

Var (X) = E(X2) − E2(X) ,  (6.7)

so that

Var (X) =




d2F

ds2
+

dF

ds
− 


dF

ds



2 

 s= 1

. (6.8)

We can, in other words, compute all the probabilities and statistics that we
need in a straightforward way with the probability generating function.

Example: Poisson distribution

For the Poisson distribution,

Pr {X = k} =
e− λ λ k

k!
, k = 0, 1, .. .  , (6.9)

the probability generating function is

F(s) =
∞

k = 0
Σ sk e− λ λ k

k!
= e− λ ∞

k = 0
Σ

(λs)k

k!
(6.10)

6 - 2



Kot Amath 423

= e− λ eλs = e− λ (1−s) .

It is now easy to compute

E(X) =
dF

ds



s= 1

= λ e− λ (1−s)
 s= 1

= λ (6.11)

and

Var (X) =




d2F

ds2
+

dF

ds
− 


dF

ds



2 

 s= 1

= λ2 + λ − λ2 = λ .

To take full advantage of probability generating functions, I will need
two other important results.

Theorem: Let X andY be two independent random variables with probabil-
ity mass functionspk and qk and generating functionsF(s) and G(s). For
the new random variableZ ≡ X + Y with probability mass functionr k, the
probability generating functionH(s) is giv en by

H(s) = F(s) G(s) .  (6.12)

Proof:

H(s) =
∞

k = 0
Σ r k sk (6.13)

=
∞

k = 0
Σ 


k

i = 0
Σ pi qk − i




sk (6.14)

=
∞

i = 0
Σ

∞

k = i
Σ pi qk − i sk (6.15)

=
∞

i = 0
Σ pi si

∞

k = i
Σ qk − i sk − i (6.16)

= F(s) G(s) .  (6.17)

This result is easily extended to the sum ofn random variables: the
probability generating function for the sum ofn variables is simply the cor-
respondingn-fold product of each individual generating function.
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Example: Binomial distribution

A Bernoulli random variableX has the probability distribution

Pr {Zi = 1} = p , Pr { Zi = 0} = 1 − p . (6.18)

The expected value for this distribution is

E(Zi ) = (1 ⋅ p) + [0 ⋅ (1 − p)] = p (6.19)

and, since

E(Z2
i ) = p , (6.20)

the variance of this distribution is just

Var (Zi ) = E(Z2
i ) − E2(Zi ) = p − p2 = p(1 − p) .  (6.21)

The probability generating function for a Bernoulli random variable is just

F(s) = (1 − p) + ps . (6.22)

The binomial distribution is the number of successes (occurrences of
Zi = 1) in n independent Bernoulli trials or, equivalently, the sum ofn inde-
pendent Bernoulli random variables,

Xn = Z1 + . . . + Zn . (6.23)

It follows that the probability generating function for the binomial distribu-
tion is just

H(s) = [(1 − p) + ps] n . (6.24)

The expected value of the binomial distribution is

E(Xn) ≡
dH

ds



s= 1

= n [(1 − p) + ps] n−1 p
s= 1

= n p

and, since

d2H

ds2
= n (n − 1) [(1 − p) + ps] n−2 p2

s= 1
(6.25)

= n (n − 1) p2 ,

it follows that the variance of the binomial distribution is just

Var (Xn) =




d2H

ds2
+

dH

ds
− 


dH

ds



2 

 s= 1

(6.26)
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= n p(1 − p) .

One can also use the probability generating function for a binomial
distribution to show that

pk = 

n

k



pk (1 − p)n−k . (6.27)

Detour: Random walks

A slight modificiation of the above example has immediate relevance
to random walks. In the simple, asymmetric random walk that we previ-
ously discussed, the probability of moving one step to the right was p and
the probability of moving one step to the left wasq = 1 − p. The displace-
ment at thei th move was thus a random variable,Zi , with the probability
distribution

Pr {Zi = + 1} = p , Pr { Zi = − 1} = q . (6.28)

When I first introduced the probability generating function, I assumed
that we were only dealing with nonnegative integer values. For the asym-
metric random walk, I may instead take

F(s) = p s +
q

s
(6.29)

as the probability generating function for the displacement. Since the posi-
tion aftern steps is just the sum ofn displacements,

Xn = Z1 + . . . + Zn , (6.30)

we may take then-fold product

H(s) = 

p s +

q

s



n

(6.31)

as the probability generating function for the position of our particle.

You can now use this probability generating function to easily show
that the expected value and the variance of the position, aftern steps, are

E(Xn) = n (p − q) (6.32)

and

Var (Xn) = 4 n pq . (6.33)
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Let us now return to a random variable that takes on only nonnegative
values. Supposenow that you are addingn of these random variables, but
thatn is itself the outcome of a random experiment.

Theorem: Let XN be the sum ofN independent, identically distributed
random variables,

XN = Z1 + . . . + ZN , (6.34)

each with the common probability generating functionG(s). If N (≥ 0) is an
independent random variable with probability generating functionF(s) (so
that we are taking the sum of a random number of identical random vari-
ables), the probability generating functionH(s) for XN is given by

H(s) = F(G(s)) . (6.35)

Proof: Let pn be the probability mass function forN. Considern fixed.
Then, by our previous theorem, the generating function for the sum ofn
independent and identically distributed random variables is [G(s)]n. If we
now condition onn, the probability generating function forXN is simply

∞

n = 0
Σ pn [G(s)]n . (6.36)

However, this is justF(s), with s replaced byG(s).

We are now ready to talk about branching processes.

6.2. Galton–Watson process

Last quarter, I introduced the simple, linear difference equation,

Nt + 1 = R0 Nt , (6.37)

as a density-independent model for a population with discrete, nonoverlap-
ping generations and episodic or pulsed reproduction. Back then, we imag-
ined that each individual left preciselyR0 offspring.

Let us now follow the lead of the Reverend H. W. Watson and of Fran-
cis Galton (1874), as paraphrased by Harris (1963), and introduce an ele-
ment of chance into this formula:

Let p0, p1, p2, ... be the respective probabilities that a man
has 0, 1, 2, ... sons, let each son have the same probability for
sons of his own, and so on. What is the probability that the
male line is extinct afterr generations, and more generally what
is the probability for any giv en number of descendents in the
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male line in any giv en generation ?

Watson and Galton were interested in the extinction of family names. But to
solve their problem, we must develop a generation-by-generation description
of the growth of an arbitrary population. In particular, we must determine
the population’s size, Nt , in each generationt. The problem is challenging
in that Nt is now a random variable with a discrete parameter (time) and a
countable (semi-infinite) state space.

The Galton–Watson process is a simple, discrete branching process.
As stated, this process requires

(a) thatwe start with a single individual,

N0 = 1; (6.38)

(b) thatthe number of offspring sired by that individual be a discrete ran-
dom variable of given distribution,

Pr {N1 = n } = pn , with
∞

n = 0
Σ pn = 1; (6.39)

and

(c) thatthe conditional distribution ofNt + 1, giv en Nt = n, is the sum ofn
independent variables, each with the same distribution asN1.

Condition (c) makes the Galton–Watson process a Markov chain. Thiscon-
dition would be specious if, say, infertility is genetic, so that fewer siblings
meant fewer children.Condition (c) also implies that our process is density-
independent and that individuals do not interfere with one another.

Rather than computing each probability of the Galton–Walton process
individually, let us instead determine the probability generating function
Ft(s) for each generationt. By the first of our requirements for a Gal-
ton–Walton process, we have that

F0(s) = s . (6.40)

This simply reiterates that we are starting with an individual.

Our second requirement was that the number of offspring sired by this
individual be a random variable with probability mass functionpn. The
probability generating function for the first generation can, as a result, be
written

F1(s) = F(s) ,  (6.41)

whereF(s) is the probability generating function for the distribution or mass
function pn.
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How about the next generation? Well, at the end of the first genera-
tion we have a random number of individuals. Eachindividual will die and
leave a random number of offspring. We must thus sum a random number of
random variables, each with probability generating functionF(s), to count
the second generation.Thus, by our second theorem from the previous sec-
tion,

F2(s) = F1[F(s)] = F F(s) .  (6.42)

We can continue. In general, the members of generationt are the
direct descendents of theNt − 1 members of generationt − 1. Thus,we can
sum Nt − 1 random independent variables, each with probability generating
functionF(s), to obtain theforwardequation

Ft(s) = Ft − 1[F(s)] . (6.43)

Alternatively, we can view the members of generationt as thet − 1
generation descendents of theN1 members of the first generation.We may
thus sumN1 random variables, each with probability generating function
Ft − 1(s), to obtain thebackwardequation

Ft(s) = F [Ft − 1(s)] . (6.44)

Either way,Ft(s) is the t-fold composition ofF(s),

Ft(s) = Ft − 1[F(s)] = F [Ft − 1(s)] = F t(s) .  (6.45)

In principle, this probability generating function allows us to determine the
probability distribution of population sizes in each generation.Only rarely,
however, does this composition take a simple form. Even so, equation (6.44)
can be used to find the moments ofNt in each generation, in terms of the
moments ofF(s), and to determine the odds of extinction.

The expected value ofNt is especially easy to compute.We need sim-
ply differentiate equation (6.44) ats = 1:

E(Nt) =
dFt

ds



s= 1

. (6.46)

Then, by the chain rule,

E(Nt) = F ′ [Ft − 1(1)] F ′t − 1(1) (6.47)

= F ′(1) F ′t − 1(1) (6.48)

= R0 F ′t − 1(1) (6.49)
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= R0 E(Nt − 1) ,  (6.50)

where

R0 = F ′(1) = E(N1) .  (6.51)

By repeated application of equation (6.50), we quickly determine that

E(Nt) = Rt
0 , (6.52)

so that the population grows, on average, geometrically with a net reproduc-
tive rate equal to the mean number of offspring.

The variance ofNt is slightly more difficult to compute.We know,
from the previous section, that

Var (Nt) =




d2Ft

ds2
+

dFt

ds
− 


dFt

ds



2 

 s= 1

. (6.53)

The first term is clearly the challenge.We hav ealready seen that

Ft(s) = F [Ft − 1(s)] , (6.54)

so that

F ′t(s) = F ′ [Ft − 1(s)] F ′t − 1(s) .  (6.55)

Differentiating once again gives us

F ′′t (s) = F ′ [Ft − 1(s)] F ′′t − 1(s) + F ′′ [Ft − 1(s)] [F ′t − 1(s)]2 , (6.56)

so that

F ′′t (1) = F ′(1) F ′′t − 1(1) + F ′′(1) [F ′t − 1(1)]2 . (6.57)

We may use equation (6.52) to write this more cleanly as

F ′′t + 1(1) = R0 F ′′t (1) + R2t
0 F ′′(1) . (6.58)
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Problem 6.1: Linear nonautonomous difference equations

Show that equation (6.58) has the solution

F ′′t (1) =







(Rt
0 − 1) Rt

0 F ′′(1)

R0 (R0 − 1)
, R0 ≠ 1 ,

t F ′′(1) , R0 = 1 .

(6.59)

Hint: Let F ′′t (1) = Rt
0 ut .

If F(s) has varianceσ 2, equation (6.53) implies that

F ′′(1) = σ 2 + R0 (R0 − 1) . (6.60)

By combining equations (6.53), (6.59), and (6.60) we find that

Var (Nt) =







(Rt
0 − 1) Rt

0

R0 (R0 − 1)
σ 2 , R0 ≠ 1 ,

σ 2 t , R0 = 1 .

(6.61)

Higher moments can be found in a similar manner.

Determining the chance that a lineage goes extinct — Galton and Wat-
son’s original problem — has a nice geometric solution.The probability of
being extinct in generationt is Ft(0). In light of equation (6.44),

Ft(0) = F [Ft − 1(0)] = F t(0) . (6.62)

We may determine the chance of being extinct in any generation by recur-
sively iterating the probability generating function withs = 0. However, this
is the same as cobwebbing along probability generating functionF(s) with
initial condition zero !

So, what does the probability generatingF(s) look like ?  Well, since
all the probabilities in definition (6.1) are nonnegative, F(s) (and its deriv-
ative) must be a nondecreasing function on the closed interval 0 ≤ s ≤ 1.
Moreover F(0) = p0 ≤ 1 and F(1) = 1. For the special casesp0 = 0 or
p0 = 1, the problem is uninteresting, so I will restrict our attention to
0 < p0 < 1. The probability generating functionF(s) may now take three,
qualitatively different forms, depending on the size ofR0 = F ′(1).
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0 1

0

1

s

F(s)

Figure 6.1 Subcritical case

If R0 = F ′(1) < 1 (the subcritical case),F(s) remains above the 45°
line until it finally intersects this line transversally ats = 1 (see Figure 6.1).
Cobwebbing now causesFt(0) to converge to one: extinction will occur with
probability one. If this extinction is slow and gradual, we may look at the
conditional distribution for the population size, conditional on no extinction.
After one generation, the generating function for this condition distribution
is

G(s) =
∞

n = 1
Σ

pn

1 − p0
sn . (6.63)

The denominator may be factored out and the generating function may be
rewritten

G(s) =
1

[1 − F(0)]

∞

n = 1
Σ pn sn , (6.64)

which simplifies to

G(s) =
F(s) − F(0)

1 − F(0)
(6.65)

or

G(s) = 1 +
F(s) − 1

1 − F(0)
. (6.66)

By this line of argument, one can also show that
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Gt(s) = 1 +
Ft(s) − 1

1 − Ft(0)
(6.67)

in generationt. Thus, Gt(s) is determined byF(s) .  Moreover, by substi-
tuting F(s) for s, we obtain

Gt [F(s)] = 1 +
Ft [F(s)] − 1

1 − Ft(0)
, (6.68)

which I choose to rewrite as

Gt [F(s)] = 1 +




Ft + 1(s) − 1

1 − Ft + 1(0)









1 − Ft + 1(0)

1 − Ft(0)





, (6.69)

or, better yet, as

Gt [F(s)] = 1 + [Gt + 1(s) − 1]




Ft + 1(0) − 1

Ft(0) − 1





. (6.70)

For larget, the second term in square brackets tends toR0 (consider the lin-
earization of the mappingF(s) at s = 1). The limit of Gt(s) for large t,
G* (s), must thus satisfy the functional equation

G* [F(s)] = 1 + [ G* (s) − 1 ] R0 . (6.71)

If a population with a subcritical net reproductive rate has not gone extinct
after some long period, it is probably in a ‘‘stable’’ statistically quasistation-
ary state given by this limiting distribution.

If R0 = F´(1) = 1 (the critical case),F(s) has both a tangency and a
root at s = 1. Extinction,once again, occurs with probability one, but the
approach to extinction is often slow. Indeed, it was shown by Kolmogorov
(1938) that ifR = 1 and F´´´(1) < ∞, then

P(Nt > 0) ∼ 2

t F´´(1)
. (6.72)

for large t. Moreover, despite the certainty of extinction, equations (6.50)
and (6.61) imply that

E(Nt) = 1 , ∀ t ≥ 1 ,  (6.73)

Var (Nt) → ∞ . (6.74)

Hence, if the population has not died out, it may be large.
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0 1

0

1

s

F(s)

Figure 6.2 F(s) with R0 > 1

The final alternative is that R0 = F´(1) > 1 (the supercritical case).
Here,

F(s) = s (6.75)

has a unique solution in the open interval (0,1). Thegenerating function
lies above the 45° line to the left of this root and below the 45° line immedi-
ately to the right of this root.It rises back up and intersects the 45° line at
s = 1 (see Figure 6.2). The fixed point that satisfies equation (6.75) is easily
shown to be asymptotically stable.A trajectory that starts ats = 0 rapidly
approaches this fixed point.The abscissa of this fixed point is the asymptot-
ic probability of extinction.

Example: The case of three children

Suppose that each parent has exactly three children, and that each
newborn child is equally likely to be male or female. Let us start with a sin-
gle male parent (N0 = 1) and let us assume that the number of male progeny
can be modeled as a branching process.
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0 1

0

1

s

F(s)

Figure 6.3 F(s) for the case of three children

Using a simple binomial distribution, the probabilities for the number
of male progeny are

p0 =
1

8
, p1 =

3

8
, p2 =

3

8
, p3 =

1

8
. (6.76)

so that the probability generating function is just

F(s) =
1

8
+

3

8
s +

3

8
s2 +

1

8
s3 (6.77)

(see Figure 6.3).

The probability of extinction of this male line of descent is just the
smaller positive root of F(s) = s. Thus

1

8
+

3

8
s +

3

8
s2 +

1

8
s3 = s (6.78)

s3 + 3 s2 − 5 s + 1 = 0 (6.79)

(s − 1) (s2 + 4s − 1) = 0 .  (6.80)

The probability of extinction is

s = − 2 + √5 = 0. 236. (6.81)
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Problem 6.2: The survival of r ight whales (Caswell et al., 1999)

A female right whale may produce 0, 1, or 2 females the following
year. A female at timet produces 0 offspring if she dies beforet + 1, 1
offspring (herself) if she survives without reproducing, and 2 offspring
(herself and her calf) if she survives and reproduces.Let p be the survival
probability and letm be probability of producing a female calf. Thus,

p0 = (1− p) ,  (6.82a)

p1 = p (1− m) ,  (6.82b)

p2 = p m . (6.82c)

In 1980, p and m were estimated to bep = 0. 99 and m = 0. 063. By
1999, these parameters had dropped top = 0. 94and m = 0. 038. Deter-
mine the population growth rate and the extinction probability for 1980
and 1999.

Problem 6.3: The unfortunate demise of a male line of descent

Using numbers from the census of 1920, Lotka (1931a, 1931b,
1998) found that the probability mass function for the number of male off-
spring was well represented by the geometric series

pn = b cn − 1 , n = 1, 2,. . . ,  (6.83)

with b = 0. 2126, c = 0. 5893, and p0 = 0. 4825. Using these figures,
determine (a) the probability generating functionF(s), (b) the net repro-
ductive rate R0, and (c) the probability that a newly-created surname will
go extinct.

In the supercritical case, if a population does not die out, it diverges to
infinity. To better describe this growth, consider the random variable con-
sisting of the population size in thetth generation normed by the expected
population size in generationt,

Wt ≡
Nt

Rt
0

. (6.84)
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This random variable has several interesting properties. First,

E(Wt) =
1

Rt
0

E(Nt) = 1 .  (6.85)

Secondly,

Var (Wt) =
1

R2t
0

Var (Nt) (6.86)

so that, for the supercritical case,

Var (Wt) =
σ 2

R0 (R0 − 1)


1 −

1

Rt
0




. (6.87)

Finally, and most importantly, note that

E(Nt + 1 Nt) = R0 Nt , (6.88)

which, by the Markov property, can be rewritten

E(Nt + 1 N1, N2, . . . , Nt) = R0 Nt . (6.89)

We may use definition (6.84) to rewrite equation (6.89) in terms ofWt :

E(Wt + 1 N1, N2, . . . , Nt) = Wt . (6.90)

This last result is important because it implies thatWt is a discrete parameter
martingale.

Definition: A sequence {Wt : t ≥ 1} is a martingale with respect to the
sequence {Nt : t ≥ 1} if, for all t ≥ 1,

(a) E


Wt



< ∞
(b) E(Wt + 1 N1, N2, . . . , Nt) = Wt .

Martingales are important because, subject to minor conditions on the
moments ofWt (satisfied here), they always converge. Thisis the ‘‘martin-
gale convergence theorem’’ of Doob. A proof may be found in Grimmett
and Stirzaker (1992).

The limiting distribution ofWt is known explicitly in only a few cases.
For fractional linear generating functions, the limiting distribution ofWt is
an exponential distribution. In general, the Laplace transformφ (s) of the
limiting distribution ofWt satisfies Poincare’s functional equation,

φ (s) = F [φ (s/R0)] . (6.91)

6 - 16



Kot Amath 423

6.3. History of the Galton–Watson process

It was long thought that the theory of branching processes began with
the work of Galton (1873) and Watson and Galton (1874).However, it is
now appreciated that the French Academician I. J. Bienayme´ (1845) antici-
pated Galton and Watson by some 28 years, as first noted by Heyde and
Seneta (1972).Bienayméwas probably stimulated by an empirical study of
the duration of noble families by the demographer and statistician L. F.
Benoiston de Châteauneuf(1847); he was clearly aware of the importance
of the mean number of offspring in determining the probability of extinction.
Hence, the Galton–Watson process is increasingly referred to as the Bien-
aymé–Galton–Watson process. See Kendall (1975) and Heyde and Seneta
(1977) for more details.

In 1873, the Swiss botanist Alphonse de Candolle suggested that the
extinction of families might have a probabilistic interpretation. Sir Francis
Galton (1873) gav e Candolle’s (1873) suggestion a precise formulation as
problem 4001 in the Educational Times. However, he received just one
answer to his problem — ‘‘from a correspondent who totally failed to per-
ceive its intricacy’’ (Watson and Galton, 1874). He then turned to a friend,
the clergyman and mathematician Rev. H. W. Watson, for help.Watson real-
ized that this problem could be solved by iterating probability generating
functions, but then, through an algebraic error, incorrectly concluded that
everysurname must die out.

The Galton–Watson process did not reappear in biology until R. A.
Fisher (1922, 1930a, 1930b) and J. B. S. Haldane (1927, 1939) used it to
study the rate with which rare mutations vanished from a population.The
first complete analysis of the probability of extinction was given by the Dan-
ish actuary J. F. Steffensen (1930, 1932).Steffensen’s solution followed a
challenge by A. K. Erlang. Erlang was motivated by the fact that his mother
belonged to a well-known but disappearing Danish family (Jagers, 1975); he
was unaware of the British work on this problem. A. J. Lotka (1931a,
1931b, 1998) was the first person to compute the probability of extinction
using demographic data.

Interest in the Galton–Watson process blossomed after 1940, due
largely to its use in modeling nuclear chain reactions (Harris, 1963).
Branching processes are now used extensively in biology. One recent book
on the topic (Haccou et al., 2005) includes branching process models for the
cell cycle, telomere shortening, the polymerase chain reaction (PCR), and
measles outbreaks.
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6.4. Bellman–Harrisprocess

The Galton–Watson process is a discrete-time branching process in
which all individuals live to the same age. In general, semelparous individu-
als of the same generation may die at different times. The age of reproduc-
tion need not be a constant and may itself be a random variable.

Let us imagine that the age of reproduction is a random variable with
density functiong(t) and distribution function

G(t) =
t

0
∫ g(u) du , (6.92)

that the probability generating function for the number of offspring is

H(s) =
∞

n = 0
Σ qn sn , (6.93)

whereqn is the probability ofn offspring, and that I may write the proba-
bility generating function for the population sizeN(t) at time t as

F(t, s) = E[sN(t)] =
∞

n = 0
Σ pn(t) sn . (6.94)

What is the equation that determinesF(t, s) ?

I will start, as usual, with a single individual. If this individual is alive
at time t, the probability generating function att is simply s. This occurs
with probability

∞

t
∫ g(u) du = 1 − G(t) .  (6.95)

The alternative is that this individual died at some timeu ≤ t and was
replaced byn offspring. This occurred with probabilityqn ⋅ g(u) du, in
which case the probability generating function at timet is now the sum ofn
independent copies ofF(t − u, s). Addingtogether the possibilities yields

F(t, s) = s [1 − G(t)] +
t

0
∫

∞

n = 0
Σ qn [F(t − u, s)]n g(u) du (6.96)

or

F(t, s) = s [1 − G(t)] +
t

0
∫ H [F(t − u, s)] g(u) du . (6.97)
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This process was first described by Bellman and Harris (1948, 1952)
and is termed anage-dependent branching(or Bellman–Harris) process.If
the density function for the age of reproduction is exponentially distributed,
the Bellman–Harris process is a Markov process. Itis non-Markovian for all
other densities.

Problem 6.4: The exponential case

Let the density function for the age of reproduction be exponen-
tially distributed:

g(t) = λ e− λ t , t ≥ 0 .  (6.98)

(a) Show that equation (6.97) reduces to the differential equation

∂F

∂t
= λ H [F(t, s)] − λ F(t, s) .  (6.99)

(b) Solve this differential equation for binary fission,H(s) = s2 . What
is the appropriate initial condition? Determine the probability mass
function for the population sizeN(t).

Problem 6.5: A r enewal equation for the mean

Let

M(t) ≡ E[N(t)] (6.100)

be the expected value of the population size at timet. Show that M(t) sat-
isfies

M(t) = 1 − G(t) + R0

t

0
∫ M(t − u) g(u) du . (6.101)

Equation (6.101) is an integral equation of therenewal type.

Recommended Readings

Harris (1963) is the classic reference on branching processes.This
book was reprinted in 1989 as a Dover paperback. Bharucha-Reid(1997)
covers branching processes within the broader context of Markov processes.
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Jagers (1975), Kimmel and Axelrod (2002), and Haccou et al. (2005) con-
sider numerous biologic applications.Moran (1962) discusses some of the
early uses of branching processes in population genetics and Kendall (1975)
provides a useful history of branching processes.Vatutin and Zubkov (1987,
1993) provide a useful survey of recent results.
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