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Abstra ct. This paper is concerned with three interrelated issueson our pro-
posal of double cascadesintended to serve as a more realistic theory of two-
dimensional turbulence. We begin by examining the approach to the KLB
limit. We present improved proofs of the result by Fjortoft. We also ex-
plain why in that limit the subleading downscale energy cascade and upscale
enstrophy cascade are hidden in the energy spectrum. Then we review the
experimental evidence from numerical simulations concerning the realizabilit y
of the energy and enstrophy cascade. The inverse energy cascadeis found to
be aected by the presenseof a particular solution, and the downscale enstro-
phy cascade forms only under certain con gurations of the dissipativ e terms.
Finally , we amplify the hypothesis that the energy spectrum of the atmosphere
re ects a combined downscale cascadeof energy and enstrophy. The possibility
of the downscale helicity cascadeis also considered.

1. Intro duction. This is the secondpaper in a seriesof papers. The goal of
this seriesis to introduce a theoretical framework for the inertial ranges of two-
dimensionalturbulence with infrared dissipation and nite viscosities. The standard
KLB framework [2,48,51] is applicable in an unbounded domain without infrared
dissipation under the limit ! 0. The scenariosuggestedby KLB is that there
is an upscale energy cascadeand a downscale enstrophy cascade. Both cascades
are pure; there is no downscaleenergy ux and there is no upscaleenstrophy ux.
Assuming locality, the purity of the cascadesllows the useof dimensional analysis
to predict the slope of the energy spectrum for ead cascade. The upscaleenergy
cascades therefore expectedto scaleask 573, and the downscaleenstrophy cascade
ask 2 asa function of the local waverumber k. In its traditional form, the KLB
scenariorequires an unbounded domain to allow the upscaleenergy ux to avoid
the needfor infrared dissipation by escapingto larger and larger length scales. A
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104 E. GKIOULEKAS AND K. K. TUNG

number of recert theoretical results [83{85] challengethe realizability of cascadess
envisagedby Kraichnan for the standard caseof Navier-Stokeswithout an infrared
sink but in a bounded domain.

In the more realistic caseof a nite domain, a dissipative sink is neededboth
at large scalesand at small scales,in order for cascadesto form. Inevitably, the
dissipation sink at small scaleswill dissipate someenergy and the dissipation sink
at large scaleswill dissipate some enstrophy. The presenceof both energy and
enstrophy ux on either side of the injection scale meansthat we can no longer
predict the shape of the energy spectrum using dimensional analysis.

In the preceding paper [40] we have introduced a statistical theory for this sce-
nario, basedon a similar non-perturbativ e theory introduced by L'vov and Pro-
caccia [56{60] to explain the energy cascadeof three-dimensional turbulence. We
have shawn that aslong asthe in nite set of balance equations of the generalized
structure functions is not truncated by closure approximations, it remains linear
and admits two homogeneoussolutions, corresponding to the energyand enstrophy
cascades,and a particular solution raised by the forcing term and the boundary
conditions. The energy spectrum, both downscale and upscale of the injection
wavenumber, admits cortributions from the energy and enstrophy cascadescom-
bined linearly, and a contribution from the particular solution that accourts for the
forcing range. They can be written as:

E(k) = EQ)(K) + E{)(K) + ERV(K); 8k 1

X (1.1)
E(k) = EL (k) + Ef (k) + ERP(K); 8K'o 4

where ES\',)(k) and Ei(r")(k) are expectedto scaleask °=3, and Eﬁ\,)(k) and Ei(r )(k)
ask 3. Theseterms are the cortribution of the homogeneoussolutions to the en-

ergy spectrum. The cortribution of the particular solution is E{’ (k) and E{P (k).
The dissipation terms of the Navier-Stokes equations, corresponding to molecular
di usion or hyperdi usion and Ekman damping or hypodi usion, modify the linear
operator of the statistical theory, and, in so doing, modify the corresponding ho-
mogeneoussolutions by truncating the power law scaling and replacing part of the
inertial range with dissipation rangesgovernedby exponertial scaling. The form of
theseterms is summarizedin the precedingpaper [40].

It should be emphasizedthat the formation of cascadesbsenable in the energy
spectrum is by no meansguaranteed. There are two prerequisitesthat needto be
satis ed: rst, the contribution of the particular solution hasto be negligible both
downscaleand upscaleof the injection scale,i.e.

EPk)  EQ K+ EL(K); 8k 1
EPk  EPK+E(K); 8o L

If this condition is satis ed, then we say that the corresponding inertial range is
structurally stable Second,the dissipative adjustment of the homogeneoussolution
hasto be such that it doesnot destroy the power law scalingin the inertial range.
Furthermore, the dissipation scaleshave to be positioned so that the incoming
energy and enstrophy can be dissipated.

A careful developmernt of our theory promisesto tell us when these prerequisites
are satis ed. Meanwhile, it is possibleto determine experimentally which of the two
prerequisitesfails when there are departures from universal scaling. In a numerical
simulation where the dissipation operators are arti cially localized to act only in

(1.2)
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the dissipation range, there will be no dissipative adjustment to the homogeneous
solution in the spectral region where the dissipation operators are suppressed. If
this measurerestoresuniversal scaling, then the failure of universality, in the case
where dissipation is not localized, should be attributed to dissipative adjustment
of the homogeneoussolution. If universal scaling is not restored, then it is the
cortribution of the particular solution that is responsible for changing the slope of
the energy spectrum.

The goal of this paper is to examinethe following three interrelated issues:First,
we shov how our theory is reconciled with the KLB model in the limit of large
Reynolds number. We refer to this limit asthe KLB limit. 1 Second,we review the
accunulated theoretical and experimental studies of the inverseenergy cascadeand
the direct enstrophy cascadeto highlight the issuesthat needto be addressedby
our theory. Third, we explain why the idea of a downscaledouble cascadeof energy
and enstrophy is essetial in explaining the energy spectrum of the atmosphere.

The plan of this paper is as follows. In section 2, we consider in detail what
happenswhenthe KLB limit is approaced. We begin, in sections2.1, 2.2 with two
dierent proofs that the leading downscale cascadeis the enstrophy cascadeand
the leading upscale cascadeis the energy cascade. In section 2.3, we discussthe
subleading cascadesWe show that for the caseof two-dimensionalturbulence, the
subleadingcascadeswill be hidden in the energy spectrum. Howewer, although the
percentage of the energyand enstrophy ux assaiated with the subleadingcascades
vanishesvery fast with increasingReynolds numbers, the separation of scalesof the
subleading cascadeswill be proportional to the separation of scalesof the leading
cascades.

In section3, we review the theoretical and experimental evidenceboth in support
and againstthe realizability of a direct enstrophy cascadeand inverseenergycascade
with scaling consistert with the predictions of dimensional analysis. In section 3.1,
we discussin detail the paradox of the inverseenergy cascadediscovered by Danilov
and Gurarie [23]. We show that the experimental evidencesuggestshat the inverse
energy cascadecan be dominated by the particular solution, which dominates and
hides the k 573 cortribution of the inverseenergy cascadedue to the niteness of
the boundary. In section 3.2 we highlight that the direct enstrophy cascadecan
be realizedwith universalscalingin experiments that usehypodi usion, but not in
experimerts that use Ekman damping, where a small dissipative correction to the
slope of the energy spectrum is expected. A related nding was previously given
by Tran and Shepherd[85] who arguedthat the k 3 scaling of the energy spectrum
downscaleof injection dependson the use of hypodi usion asthe infrared sink.

In section 4, we assenble the evidence,in light of the theory presened in this
paper, in support of the theory by Tung and Orlando [88,89], that the atmospheric
energy spectrum corresponds to a double cascadeof energy and enstrophy, both
of which are being injected by baroclinic instability at large scalesand dissipated
at small scales. The bulk of this discussionis given in section4.1. In section 4.2,
we argue that although the nature of the k 573 spectrum has beenclari ed, it is
the nature of the approximately k 2 part that remains cortroversial. Section 5
concludesthe paper.

1when we talk about approaching the KLB limit, we mean that there is a very large separation
betweenthe injection scaleand the dissipation scalein one of the two inertial ranges, either upscale
or downscale of injection. In that case, for that particular range, the leading cascade dominates
the energy spectrum and the subleading cascade contributes a negligible correction.
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2. Approac h to the KLB limit. The misconceptionthat no energy can ow
downscalein two-dimensional turbulence is often explained in terms of the cele-
brated \pro of" by Fjortoft [36], that has been copiedin many textb ooks and re-
view articles, including the recert article by Tabeling [82]. In light of Charney's
[12] claim that quasi-geostrophicturbulence is isomorphic to two-dimensional tur-
bulence, this misconception has been carried over to the fundamertally dierent
problem of the energy spectrum of the atmosphere. The goal of this sectionis to
clarify this issue,from the viewpoint of two-dimensionalturbulence, and shon how
our theory is reconciledwith the KLB limit.

The fallacy behind Fjortoft's proof has beenexposedby Tung and Orlando [89,
90]. Briey, Fjortoft's argumert usesthe structure of the quadratic term of the
Navier-Stokes equations but is independert of the dissipation terms. The latter
play no role in his proof. The problem is that without the dissipation terms, the
governing equation is time reversible. For every solution where the energy o ws
upscale,there exists another solution whereit o ws downscale,that canbe obtained
by reversingtime's arrow.

The only way to fashionan argumert that can selectthe direction for the uxes,
without involving the dissipation terms, is by making intuitiv ely plausible but un-
proven assumptions. For example, Kraichnan [48] \pro ves' the direction of uxes
by comparing the slopes of inertial range solutions with the slope of the absolute
thermodynamic equilibrium solution. This amounts to choosing the direction of
time's arrow by assuminga tendencyto move towards thermodynamic equilibrium.
Another argumert by Rhines[74], similarly assumesthat an amount of energycon-
certrated around somewave number must have a tendency to spread out. These
argumerts do not explain why it is only these solutions that are more likely to be
realized instead of their reversedcounterparts.

Despite thesecriticisms, the claim that most of the enstrophy will be dissipated
at small scalesand most of the energy at large scalesis correct for the case of
two-dimensionalturbulence. We presen, in this section, two proofs: the rst proof
is basedon a folklore argument by Eyink [28]; the secondproof is basedon an
obsenation that was communicated to us by Danilov [20]. Howevwer, it is also
the casethat there will exist a small downscale energy ux and a small upscale
enstrophy ux accomparying the leading cascadesWe show that eventhough these
subleading uxes decreaserapidly when the length of the corresponding inertial
ranges increases,there will always exist a sucient amourt to form subleading
cascadeswith length proportional to the length of the leading cascades.

2.1. Direction of uxes: First proof. Let", ; uw bethe energyand enstrophy
dissipated at small scalesand ";; ; i the energyand enstrophy dissipated at large
scales.In the stationary case,they satisfy

R I T 2.1)

= ir o

2In his paper, Kraic hnan doesnot intend this argument as a rigorous proof, even though this is
how the argument is often misinterpreted. It is intended only as a heuristic explanation. In fact,
Kraic hnan himself stresses,in the rst paragraph of section 3 of his paper, that there is nothing
in the conservation laws themselves (deriv ed from the structure of the non-linear interaction term
in the Euler equation) that can determine the direction of the uxes. We are making the same
argument: we claim that involving the dissipation terms is a necessary requirement for a correct
proof.
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where" is the rate of energyinput and is the rate of enstrophy input. It should
emphasizedthat thesevariablesare de ned asdissipation rates, and they are equal
to uxes only when a cascadeforms successfullyin the corresponding range. We
de ne the forcing scalefrom the relation " = “3. Note that Eyink also de nes®
dissipation rate ratios ; and , from the relations"; = 2 and"y = w 2.
Thesecan be interpreted as ux ratios aslong asthe corresponding double cascade
exists. For the remainder of this section we will be calling these quartities \ ux
ratios".

We obtain the following system of equations

= ikt ow 2.2)
2 _ 2 .
o~ Ir ir + uv  yyv:
and the solution reads
~2 2 2 (2 2
— (O uv) T ir(O uv) 23
Ir - 2 2 Ir - 2 2 ( . )
ir uv ir uv
A, ),
uw = 2" 5 "w = > r 2 : (2.4)
ir uv ir uv

The main dicult y that prevents concluding the argumert is that there is no way
to calculate the ux ratios j and , independertly of their de nition.

We proposethat the argumert canbe carried forward in the following way. First,
in order for the systemto reach a steady state, it is necessaryfor both large-scale
and small-scaledissipation terms to act. It is not possiblefor either term, by itself,
to dissipate together any arbitrary rate of energyand enstrophy injection. We may
therefore formulate two alternativ e theories, only one of which is self-consisteit
onein which there is an upscaleenergy cascadeand a downscaleenstrophy cascade
(what really happens), or one in which there is an upscaleenstrophy cascadeand
a downscale energy cascade. The form of both theories can range from a simple
dimensional analysis argumenrt, to a more elaborate theory. The essetial point
is that both theories, having been formulated, will predict that with increasing
Reynolds number the separation of scalesin the dual cascadewill increase.

According to the argumert given later in section 2.3, in the samelimit the ux
ratios j and , are approximately equalto the corresponding dissipation scales
of the dominant cascades.t is true that the argumert of section2.3, makesexplicit
useof the assumptionthat the leading downscalecascadeis the enstrophy cascade.
However, if this assumptionis replacedwith the assumptionthat the leading down-
scalecascades the energy cascadeand repeat the argumert, we will still conclude
that the ux ratios still asymptotically coincide with the dissipation scales.

It follows that for large Reynolds numbers we expect the ux ratios to satisfy

uv 0 ir - (2.5)

We stressthat we do not needto know in advancethe actual direction of the uxes
to establish this inequality. The inequality follows both from the realistic theory
and from the theory which we will reject.

SEyink de nes the ratios  and j asdissipation scales,and not as ux ratios or dissipation
rate ratios. By de nition, these quantities are dissipation rate ratios. In the event of the successful
formation of the corresponding double cascade,they will also be ux ratios and, as will be shown
later, double as transition scales. As the KLB limit is approached, they will converge to the
dissipation scale of the leading cascade. Only then is it valid to interpret them as dissipation
scales.
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We now show, using this inequality, why the theory of the leading upscale en-
strophy cascadeand downscaleenergy cascadeis inconsistert. First, note that

"uv "ir ( ) 5v( ﬁ \%) ﬁ(\g 5v)
() 2§ & i+ 56) (2.6)
()zﬁﬁv (Z)ﬁ() 2 w "o
The physical meaning of this equivalenceis that the separation of scalesbetween
w and "o acts as a \shield" that diverts most of the energy upscale. We write
the mathematical stepsin detail to stressthat the inequality (2.5) is being used

to go from the secondline to the third line. It is also neededto eliminate the
denominators. A similar argumert can be provided for the enstrophy as follows:

ir uv ( ) \S 5v ﬁ \S
() 2‘?) ﬁ+ 5v() é‘0 ir -
This shows that the separation of scalesbetween j and " acts as a shield that
diverts most of the enstrophy downscale.
The argumert that we have outlined in this sectionis still valid for the casewhere

only one of the two inertial rangesforms successfully All that is required is that
w ir should satisfy the inequality ir -

p 2.7)

2.2. Direction of uxes: Second pro of. A dierent proof of the sameclaim can
be obtained by using the following inequality satis ed by the energyand enstrophy
ux both upscaleand downscaleof injection

k2"(k) (k) O (2.8)
This inequality wasbrought to our attention by Danilov [20]. To proveit, note that
downscale of injection, in a stationary system, the energy and enstrophy ux are
given by
z +1 z +1
"(k) = 2 ¢ E(g)dq+ 2 q *"E(q)dq
AR “Z .1 (2.9)
(k) =2 ¢ " E(qdg+ 2 q > E(gdg;
k k

as long as the ertire forcing spectrum is localized in the [0;k] interval. These
relations are an immediate consequenceof the obsenation that all the energyand
enstrophy dissipated at the interval [k;+1 ) hasto crossthe wave number k to
comefrom the [0; k] interval whereit is injected. It follows that
VA
1 1
k"(k) (k) =2 (k* ) E(q)dg+ 2 (k* ¢)q *"E(ddg O
k k
(2.10)
The sameargumert can be repeated when the wavenumber k is on the upscaleside
of injection. In that case,the energy ux and the enstrophy ux satisfy
z
k k
"= 2 o E(ddg 2  q *ME(gdq
2, °Z (2.11)
(k)= 2 o E(@dda 2  q *"E(qdg
0 0

and the sameinequality follows.
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The connection between Danilov's inequality and proving the direction of the
leading cascadedies in observing that the potential function P(k), introduced in
the precedingpaper [40], satis es the following identit y

Zy
P(k) = . 29" (g)dg= k?"(k)  (k): (2.12)
Combined with (2.8), it follows that
Zy
29'(gdg O (2.13)
0

The immediate interpretation of this inequality is that in order for two-dimensional
turbulence to reac a steady state, it is necessanthat there is a spectral region with
negative energy ux. A somewhatsimilar argumert wasgiven previously by Tseskis
[86], in terms of the energy transfer rate. This condition requires the presenceof
an infrared sink. Alternativ ely, it would be necessaryto achieve a state of absolute
equilibrium where the energy ux is zeroboth upscaleand downscaleof injection.

Consider now the casewhere there are wavenumber intervals both upscaleand
downscaleof injection wherethe energy ux is constan:

"(k) = "w; 8k 2 (koiku]

"(k)= "ir; 8k 2 [kir ;ko): (2.14)

As discussedin the preceding paper [40], the enstrophy ux is constrained to be
constart in the sameintervals too. Furthermore, since we can presumethat there
exists infrared dissipation in the interval [O; k;; ], we may safely assumethat the
energy ux satis es

"  "(k) 0; 8k2I[0kil: (2.15)
Using these equations conbined with Danilov's inequality (2.8), we nd
Z k,,
P(kw) = 29" (g)dq
Zy. (2.16)

“r (K KZ)+ "w(kd K3+ . 2(@da o

and using (2.15), we have the inequality

" uv (kﬁv ké) : ir kg P (kuv ) 0; (2-17)
that can be rewritten as
lIuv kg
! 2.18
"ir kﬁv kg ( )
For the upscaleenstrophy ux i , asimilar inequality canbe established. Choose

awave number k in the upscalerangesud that k;; < k < ko. The potential function
P (k) and its derivative read
Z I(ir
P(k)= " (K Kk§)+ . 29" (q)dq

@k _ . .
a - 2k

(2.19)
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It follows that the upscaleenstrophy ux  will satisfy

o _ k@K _
= 0= 57 +F’<k>-z
Kir
) g[ 2%kl e (0 K2+ 2q'(g)dg (2.20)
Zkir Kir

" kZ + 20"(o)dg  "kZ + 29" (g)dq;
0 0

To nalize the proof we employ the sameargumert asin the precedingsection.
The two possible theories involve either the caseof leading downscale enstrophy
cascadeand leading upscale energy cascade,or the hypothetical case of leading
downscale energy cascadeor leading upscale enstrophy cascade. In both cases,it
canbe showvn that whenthe rate of energyand enstrophy injection is increased,the
dissipation wavenumbersgoto the limits ky,, ! +1 andk; ! 0. Then we usethe
inequalities derived above to reject the hypothetical case.

Although both this proof and the precedingproof are mathematically equivalert,
one advantage of the presert proof is that it shovs more clearly why it is necessary
to have sinks both upscale and downscale of injection. Furthermore, it does not
rely on establishing a connectionbetweenthe ux ratios and the dissipation scales.
It should be noted, howewer, that the dissipation waverumbers k,, and ki belong
to the third order structure functions Sz(r), whereasthe ux ratios usedin the
previous proof are claimed to be equal to dissipation length scalesthat belong to
S,(r). Finally, it is possibleto formulate a third proof by making direct useof (2.8),
as pointed out by Danilov [21].

2.3. The subleading cascades. Isit possibleto seethe subleadingcascades?The
answer is that in numerical simulations we can look for the constart energy ux

in the downscale cascade,for example. In a recert commert, Smith [78] reported
a small energy ux accomparying the enstrophy ux in the downscalerange of a
numerical simulation of two-dimensional turbulence. Constart downscale energy
ux hasbeenobsened beforein Danilov and Gurarie [22,23] (seetheir Figure 1in
[23], and Figure 1,2 in [22]) and Borue [6] (seehis Figure 3)). Sofar aswe know, the
subleadinginverseenstrophy cascadehasnot beendiscussednuch in the turbulence
literature.

In a hypothetical situation where the uxes are xed but the inertial ranges
are extended inde nitely , the subleading cascadeswill evertually be exposedafter
certain \transition" wavenumbers. Thesecan be obtained by comparing the leading
and subleadingterms in the energy spectrum equation (1.1), and these transition
wavenumbers for the downscaleand upscaleranges,respectively, are given by

r r

1 i i 1
KW w2 gt (2.21)

uv uv ir ir

It follows that the necessarycondition for exposing the subleading cascadesis:
\uv uv and ‘ir ir »

As has been pointed out by Danilov [20], this condition cannot be satis ed for
the caseof two-dimensionalturbulence. In fact, it follows from Danilov's inequality
(2.8), that the transition scaleswill belocatedin the dissipation range both upscale
and downscaleof injection. A similar claim was given by Smith [78], howewver his
argumert was problematic in somerespects, as pointed out by Tung [87]. It should
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be stressedthat the sameclaim is not applicable in quasi-geostrophicturbulence,
where the dynamic is di erent.

Although the subleading cascadesremain e ectiv ely hidden, it will be shovn
that asoneapproacesthe KLB limit the transition scalewill convergetowards the
dissipation scaleof the cortribution to the energyspectrum by the leading cascade.
This cornvergenceis essetial in justifying the proof given in section 2.1. Further-
more, it can be shawn that although the energyand enstrophy ux assaiated with
the subleadingcascadess vanishing rapidly in the KLB limit, there will alwaysbea
su cien t amourt to form subleadingcascadewith separationof scalesproportional
to that of the leading cascades.

We begin with the demonstration that in the KLB limit the transition scales
coincidewith the dissipation scalesof the leading cascade.When the systemreaces
equilibrium, the downscaleenstrophy ux , , for example, will be equal to the
corresponding dissipation rate at small scales. Sincethe e ect of the sink at large
scalescan be safely ignored, the dominant cortribution to the enstrophy ux is
given by the integrals

Z 1="w z +1
w2 k? "2 E(k)dk + 2 k? *2 E(k)dk: (2.22)
1="9 1="w
When we substitute#
E (k) v L2;3k 3Duv(k‘uv); (2.23)
from (1.1), we nd that the rst integral divergesin the limit I 0, whereas

the secondintegral stays nite becauseit is moderated by dissipative corrections
to the energy spectrum. The vanishing viscosity eliminates the secondintegral and
moderatesthe divergenceofthe rst integral. As aresult, the dominant contribution
comesfrom the rst integral and it follows that

uv by 5\73(1=‘uv)2 + Ci; (2.24)
In fact, for the case 6 1, the relevant coe cien t
A() (:I-:‘uv)2 ; (2.25)

turns out to be constart. For the exceptionalcase = 1, it will vanishin the limit
I 0. Howewer, it doessovery slowly. To seethis, note that for = 1, A( ) can
be evaluated analytically as

A()= ¥ in 2 : (2.26)

uv
This means,for example, that increasingthe separation of scalesratio all the way
up to 10% will only decreaseA( ) by a littte more than an order of magnitude.
Incidentally, this calculation shows that there is an anomaloussink of enstrophy for

hyperviscosity > 1, and practically sofor molecular viscosity = 1.
Using a similar argumert, the downscaleenergy ux is given by
z 1="w z +1
"wo 2 k? E(k)dk + 2 k? E (k)dk: (2.27)
1="9 1="w

4The asymptotically valid assumption of the almost-pure double cascade, enters the argument
at this step.
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Again, although the rst integral does not balance the viscosity , it still is the
casethat the secondintegral vanishesmore rapidly than the rst integral. Using a
similar argumert, as earlier, the downscaleenergy ux can be written as:

" v buv 5\73(1=\uv)2 2 4 Co; (2.28)

where again, it is expectedthat the dominant cortribution is the rst term.
If the quartities C; and C, are small enoughto be negligible, then it follows
that

» _'w b &Pa=w)? 2+ G

uv By 5\73(1:‘uv)2 + Cy
by 5\73(1:\uv)z 2 — 2.

buy 5\73(1=\uv)2 uv

Using a similar argumert, we may show that as ! 0, we have *j ir -

The sameargumert can be repeatedfor the hypothetical case,which is inconsis-

tent, wherethe dominant upscalecascadeds the enstrophy cascadeand the dominant
downscalecascades the energycascade.The form of the energyspectrum will then
be dierent, but it will be compensatedby the laws governing the dominant dis-

sipation scaleswhich will also be dierent. In particular, using the approximation
E(k) aw"?®k 53Dy (kK w) from (1.1), we get

n2=3/7q4 _~ 2 2=3
uv Ayy uv (1— uv) + Cl
n2=3 79 2 2=3 2 .
uv Ayy uv (1— uv) + CZ-

Except for the case = 1, which is problematic in a number of ways, when the
guartites C; and C, are negligible, then we still get ", uv .

A consequencef this coincidenceis that it enablesthe calculation of the sepa-
ration of scalesof the subleading cascadesas a function of the separation of scales
of the leading cascades First, we write the downscaleenergyand enstrophy ux in
terms of the corresponding dissipation scales

(2.29)

(2.30)

e z[Réfj)V]z[:(“..v)]z 66 (2.31)
"o = [Ro;uv] [ EIV)] :
Then, the ux ratio is given by
| Lo
" Rg-) -3 ‘( )#6 2
uv ;uv uv N .
L21V =—= ) NG) [ EN)]Z, (2'32)

w RO;uv uv

We have shown that in the KLB limit ‘E,\,). It follows that the dissipation
scaleof the subleadingdownscaleenergy cascadeis given asymptotically by

I'3=6 2

~ (" N 0; .

W W ~o) : (2.33)

O;uv

This equation shaws that asymptotically the extent of the subleading downscale
energy cascade EN) is proportional to the extent of the leading downscaleenstrophy
cascade ). For a very large order of hyperdi usion the proportionalit y constart
approadesunity. In that case, v “{/. Neverthelessthe ratio of the leading and
subleading dissipation scalescannot be taken as 1 in (2.32). A small di erence in
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the dissipation scalesratio (=4 canstill result in a signi cant adjustment of the
transition scale,becausein equation (2.32) it is being raisedto very large powers.
(see[87])

A similar result can be derived for the upscalerange. The upscaleenergy and
enstrophy uxes are given by

= CRey PO o
o 3R()3‘()6m. (2.34)
r = [O;ir [ir] ’
and, likewise,the ux ratio reads
R e
ir Hlg i ~(" .
2= = 2 OB (2.35)
Ir RO;ir uir
and in the KLB limit we nd
RC) ' 1=o0m
N ~(" 0;i
oY =5 (2.36)
RO;ir

The signi cance of these results is that they highlight that the subleading cas-
cadesare not a hypothetical possibility; even far into the KLB limit, there will be
su cien t downscaleenergy ux and upscaleenstrophy ux to provide subleading
cascadeshat are proportionally as large as the leading cascades.In fact, if that
were not the caseit would signal an inconsistencyin the overall theory, since the
energy ux and the enstrophy ux are constrained to be constart over the same
spectral region.

As separation of scalesincreasesthe percentage of thesecounter uxes decreases
rapidly. To seethis, usethe approximation ", uw 10 show that

2 W
W= w 3\, 5\, =" = "= : (2.37)
0 0
Similarly, for the upscalerange we have
.2 Lt
0 0

: , 6] (2.38)
" ir

It follows from theseinequalitiesthat a separationof scalesof onedecadeis su cien t
to reduce the counter uxes percertagewiseto about 1%. Howewer, becausethe
derivation implicitly assumeghe KLB limit, it doesnot follow that a separation of

scalesof only one decadeis su cien t to reac that limit.

3. Evidence from numerical simulations. The inertial rangesof two-dimensional
turbulence have been studied extensively with numerical simulations and experi-
ments as well as theoretically for many decades.In this section we summarizethe
accunulated theoretical and experimental insight derived from these studies. Our
goal is to give the readera current accourt of the extent of theoretical and experi-
mental support for the enstrophy and energycascadeof two-dimensionalturbulence.
Our conclusionis that there is experimental support for the existenceof both cas-
cadesunder favorable conditions. Howewer, unlike the caseof three-dimensional
turbulence, neither cascadeis completely robust. Furthermore, we note that all
preser theoretical work implicitly assumeshat the cascadeshave formed success-
fully and proceedsto explain their statistical behavior. This question of robustness
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remains open, and we believe that it can be addressedby our framework. Some
initial commerts to that e ect for the caseof inverseenergy cascadeare given.

3.1. The inverse energy cascade. The inverse energy cascadewith the k 573
energy spectrum on the upscale side of injection appearedto be robust. It has
beenobsenedin numeroussimulations and experiments [37,42,67,77],and we even
have experimertal indications that there are no intermittency corrections [4,68].
Yakhot [93] has formulated an interesting theoretical explanation for the lack of
intermittency corrections, using a mathematical technique developed by Polyakov
[72] for Burger's turbulence. His argumert is basedon the unproven assumption
that the pressuregradients are local.

In the Kolmogorov downscale energy cascadeof three-dimensional turbulence,
smaller length scalesalways exist, so we may disregard the presenceof boundary
conditions and assumethat our systemis unbounded with impunity. In the two-
dimensional inverse energy cascade,on the other hand, the boundary conditions
becomesigni cant for su cien tly large length scales. If the upscalecascadingen-
ergy is not dissipated at length scalessmaller than the typical length scalesof the
boundary conditions, then the energyis condensedat large scalesleading to steep
spectra. This correspondsto the formation of large-scalecoheren structures, men-
tioned by many authors without necessarilyelucidating their origin theoretically.
The formation of k 572 scaling, and the subsequeh break down due to this con-
densation e ect, have alsobeenobsened in numerical simulations [79,80]. To form
a stationary inverseenergy cascadeit is therefore necessarythat large-scaledissi-
pation remove the energy at the length scalemuch smaller than the typical length
scaleof the boundary conditions.

Danilov and Gurarie [23] have conducted numerical simulations using (m; ) =
(0; 2), and shaved that the optimal  vyielding an energy spectrum closestto the
KLB prediction of k 53 scaling doesnot correspond to constart energy ux. De-
creasing improvesthe energy ux but the slope of the energy spectrum steepens.
This behavior is somewhatminimized in simulations using (m; ) = (0;8), but the
reverserelation betweenoptimizing the ux and optimizing the spectrum persists.
Sukoriansky et al [81] note that using higher order large-scaledissipation (m > 0)
may produce a constart energy ux, but distorts the spectrum. It has therefore
beensuggestedthat the locality of the inverseenergy cascadeshould be called into
guestion.

There are two aspects of this behaviour that call for an explanation. The rst
is the behavior of the upscaleenergy ux, which is non-constart. The secondis
the obsened steepening of the energy spectrum. We wish to begin by pointing
out that the behaviour of the energy ux, by itself, is not paradoxical but quite
reasonable.It makessensethat decreasing , or using hypodi usion, improvesthe
upscaleenergy ux, in the senseof making it more constart over a larger range.
It is also reasonablethat the upscale energy ux is not constart under Ekman
damping. As we have mertioned in the preceding paper [40], the dissipation scale
law for the inverseenstrophy cascadebreaksdown for the caseof Ekman damping.
It is therefore unlikely that an inverseenstrophy cascadewith constart enstrophy
ux can be realized. Becausethe energy ux is linked with the enstrophy ux, the
energy ux cannot® be constart either.

51t is not strange that it is possible to seek 573 scaling without constant energy ux. This
indicates that there is a fortunate cancellation betweenthe corrections to the inertial range scaling
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The interesting phenomenonis the steepening of the energyspectrum for small
Both Danilov and Gurarie [22], and earlier Borue [6], obsened that this steepening
is causedby coheren structures. These structures cover a relatively small portion
of the domain, but they accourt for most of the energy When the energy spectrum
of the background o w, in which thesestructures are situated, is evaluated instead,
the regular 5=3 scaling is restored. This meansthat the homogeneoussolution
for the inverseenergy cascadestill exists, and therefore, the obsened steepening of
the energy spectrum is causedeither by the homogemeoussolution assaiated with
an inverseenstrophy cascade,or the particular solution. Danilov and Gurarie [22]
examinedthis rst possibility by a very careful analysis of thesecoheren structures
and establishedthat they receive most of their energy from the forcing term. Fur-
thermore, as Danilov [21] has demonstrated, in a paper published in this volume,
the inverseenstrophy ux is very small for all cases,and in fact it is larger in the
simulations where Ekman damping is usedand smaller in the simulation where hy-
podi usion is used. It follows that the homogeneoussolution assaiated with the
inverseenstrophy cascades not likely to be responsiblefor the obsened steepening.

The contribution of the particular solution Ei(rp)(k) to the energyspectrum plays
a crucial role in explaining this paradaxical behavior. We proposethat the par-
ticular solution dominates and hides the homogeneoussolution which continuesto
exist. Physically, the particular solution is assaiated with the contribution to the
energy spectrum by the coherent structures. The homogeneoussolution, on the
other hand, is assaiated with the contribution of the background turbulent ow.
The resulting energy spectrum is a linear combination of the two solutions. The
corresponding physical interpretation is that the coherent structures coexist side-
by-side with the badckground ow, and ead corntributes its share to the energy
spectrum. The fact that Danilov and Gurarie [22] can separatethe two cortribu-
tions to the energy spectrum is further evidencethat the cortributions are linearly
superimposed. Danilov [21] noted that the steepening of the energy spectrum can
be attributed to the non-locality of the triad interactions. The triad interactions
are obtained from a Fourier transform that mixes the homogeneousand particular
solution together. Nevertheless,the local interactions assaiated with the homoge-
neoussolution cortinue to be there, and they remain responsible for a small part of
the energy and enstrophy transfer assaiated with the badground o w.

This point is illustrated with the caseof the inverseenergy cascadein a simula-
tion that useshypodi usion. As Danilov [21] reports, the energy spectrum exhibits
a strong deviation from k =2 scaling, which indicates non-locality. Howevwer, in the
samesimulation a very constart energy ux is reported. This apparert discrepancy
can be explained as follows: The non-local interactions assaiated with the coher-
ert structures transfer energy and enstrophy directly from the forcing rangeto the
dissipation range, and they are in fact responsiblefor the greater part of energyand
enstrophy transfer [20]. It follows that the e ect of the particular solution to the
energy and enstrophy ux in the inertial rangeis to simply shift it by a constart
amournt. The energyand enstrophy ux assaiated with the homogeneoussolution
is also constart, and as a result the total uxes are both constart. That the useof
hypodi usion aggravates the departure from universal scaling in the energy spec-
trum instead of restoring it, is additional evidencethat the non-universality of the

from the forcing range and the dissipation range. The cancellation is not perfect, and that accounts
for the \bulge" observed in some of the numerical simulations [23] where Ekman damping is being
used.
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inverse energy cascade,and the assaiated non-locality, result from the particular
solution and not from dissipative adjustment of the homogeneoussolution.

Eyink [31]recertly communicated to us results from recert numerical simulations
where it has beenshawn that it is possibleto produce an inverse energy cascade
with constart energy ux under hypodi usion, if the numerical resolution is su -
ciertly large. The requiremert on the resolution probably increasesasoneincreases
the order of hypodi usion. This is signi cant, because,as we shall argue below,
hypodi usion is required to produce the enstrophy cascade.

Nevertheless,the situation here should be cortrasted with the caseof the down-
scaleenergycascaden three-dimensionalturbulence. In the latter case,the scaling
behavior of the energycascadeis robust even under very low numerical resolutions.
The inverse energy cascade,on the other hand, is only obtained within carefully
de ned parameter rangesfor the infrared sink and the length scaleassaiated with
the size of the domain.

3.2. The enstroph y cascade. Numerical simulations do not reproduce the k 3
energy spectrum of the downscalerange consisterlly. As a result, this prediction
of Kraichnan's is consideredby many an unproven conjecture. Alternativ e theories
have beenproposedthat predict steeper scaling[62,71,75]. Kraichnan [48] himself
noted that the non-locality of the direct enstrophy cascademakesthe application
of dimensional analysisinconsistert. However, using a 1-loop closuremodel [49], he
showed that introducing a logarithmic correction to the energy spectrum restores
the constart enstrophy ux [50]. The sameresult can be obtained with other 1-loop
models [45].

If higher order closuresyield additional higher powers of logarithmic corrections,
they may add up to a power law renormalization leading to a steeper spectrum.
Eyink hasshown recertly [30]that suc arenormalization doesnot take placewhen
a downscale enstrophy cascademanifests with constart enstrophy ux, although
logarithmic corrections are not excluded. This result is a re nement of an earlier
argumert [27]that only ruled out energy spectra steeper than k 1173,

Falkovich and Lebedev [33,34] used a Lagrangian approac [14,32] to conrm
Kraichnan scaling with the logarithmic correction. They also predict that the vor-
ticity structure functions have regular (the scaling exponerts form a straight line)
logarithmic scaling given by

Ho(r) (2" [ InCo=rip)]*™: (3.1)

Eyink [29] noted that this theory doesnot follow from rst principles and that it
restson an unprovenregularity for the velocity eld. Howewver, shouldthis regularity
condition be proven, it would then follow that the Kraichnan scaling scenariois the
only onethat is statistically stable [35].

Although Eyink's most recen result [30] shows that intermittency corrections
are excluded in the enstrophy cascade,the argumert still relies on the successful
formation of an enstrophy cascadeunder given con gurations of dissipation at large
scalesand small scales. An additional argumert is then neededto shaw that the
homogeneoussolution corresponding to the enstrophy cascadeis not hidden by the
particular solution and is not destroyed by dissipative adjustments. Given this
argumert, the results of Eyink [30] combined with the theory by Falkovich and
Lebedev[33,34] give a satisfying theory for the downscaleenstrophy cascade.

It is well known that in the presenceof coheren structures, the enstrophy range
doesnot follow k 2 scaling. Borue [5] shaved that using hypodi usion (m = 8 and
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k = 1;8) disrupts the coherent structures and with increasingReynolds number the
scaling of the enstrophy range approades asymptotically Kraichnan scaling. As
pointed out by Tran and Shepherd[85], all the successfulsimulations of the k 3
spectral range are donesofar with the hypodi usion device. For example,Lindb org
and Alvelius [55] showved that the downscale enstrophy range with a k 3 energy
spectrum can be created in a high resolution simulation, if one useshyperdi usion
and hypodiusion = m = 2 and 409¢ resolution. According to Pasqueroand
Falkovich [69], the logarithmic correction can be also obsened if the simulation is
allowed to run for a very long time. The presenceof the logarithmic correction has
alsobeencon rmed by Ishihira and Kaneda[44]. Bowman, Shadwidk, and Morrison
[9] useda reducedstatistical description of turbulence, called spectral reduction [8],
to calculate both the energy spectrum of the enstrophy cascadeas well as higher
order statistics, and they found agreemen with the scaling proposedby Falkovich
and Lebedev.

Although theseresults favor the Kraichnan scalingscenario,no numerical simula-
tion hasreproducedcleanscalingfor the physically relevant caseof Ekman damping
and molecular di usion. As a matter of fact, Bernard [3] has given an elemernary
proof that under Ekman damping it is not possiblefor the energy spectrum of the
downscale cascadeto scaleas k 2 with or without the logarithmic correction. A
steeper energyspectrum is predicted instead. From our viewpoint, Ekman damping
acts by modifying the operator of the balance equations, consequetly it changes
the homogeneoussolutions responsible for the enstrophy cascade.

Nam et al. [64] have derived a law governing the steepening of the enstrophy cas-
cadeby Ekman damping, howewer it cannot be useddirectly to predict the slope of
the energyspectrum from the viscosity parameterswithout additional experimental
input. That the behavior of the spectrum at the downscalerange is so dependert
on the nature of the energy sink at the largest scalesis also one of the surprising
and important messagedrom the work of Tran and Shepherd[85], and later Tran
and Bowman [84]. A numerical simulation by Schorghofer [76] using Ekman damp-
ing and molecular di usion showedthat the enstrophy range approacesKraichnan
scalingwith increasingReynolds number, but failed to yield the k 2 slope with the
same precision as simulations emplaying hyperdi usion and hypodi usion. Note
that the simulation by Ishihira and Kaneda [44] usesa Itered Ekman damping
that acts only on wavenumbers smaller than the injection wavenumber. Suc a dis-
sipation lter is e ectiv ely a hypodi usion, and Bernard's argumert doesnot apply
in this case.

The accunulated evidenceof numerical experiments suggestshat the enstrophy
cascadecan be obsened in the energy spectrum, but its existenceis fragile and
heavily dependert on the dissipation mecanisms. It is quite clear that the enstro-
phy cascadecannot be realized under Ekman damping, and that hypodi usion is
needed.In light of the numerical results communicated to us by Eyink, it is possi-
ble to obtain an inverseenergy cascadeunder hypodi usion, provided that there is
su cien t resolution. It may therefore be possibleto obtain the dual cascadewith
careful tuning of the relevant parametersunder even larger numerical resolutions.
It remains an open question whether the enstrophy cascadecan be realized under
hypodi usion and molecular viscosity.
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4. The atmospheric energy spectrum. According to Kraichnan [48], the study
of two-dimensionalturbulence was motivated by the hope that it would prove a use-
ful model for atmospheric turbulence. This idea was later encouragedby Charney
[12]who claimedthat quasi-geostrophicturbulence isisomorphicto two-dimensional
turbulence. Early obsenations suggestedthat the energy spectrum of the atmo-
sphere follows a power law behavior (see [89] for review). An analysis of wind
and temperature measuremets taken during the Global Atmospheric Sampling
Program by Nastrom et al. [65,66] shaved that there is a robust k 2 spectrum ex-
tending from approximately 3,000km to 1,000km in wavelength and a robust k 53
spectrum extending from 600 km down to a few kilometers. A theoretical analysis
by Gage and Nastrom [39] showved that the obsened spectrum indeed represerts
guasi-two-dimensionalturbulence. Recert measuremets [18,19,61] have con rmed
the k 573 part of the atmosphericenergyspectrum, and it hasalsobeenreproduced
in General Circulation Model simulations [46,47].

In light of the KLB theory of two-dimensional turbulence, the k 2 spectrum
has beeninterpreted as a direct enstrophy cascadedriven by enstrophy injection
by the baroclinic instability. The small-scalek 53 spectrum, on the other hand,
for a long time has beenthe sourceof a bit of a mystery. Becauseit was widely
believed that downscaleenergycascadeis forbidden in two-dimensionalturbulence,
one interpretation was that it re ects an inverse energy cascadegiven by energy
injection at small scaleq38,52]. Another explanation wasthat it represerts positive
energy ux from large to small scalesthat results from the breaking of long gravity
wavesto shorter waves[24,91].

4.1. Double cascades in atmospheric turbulence. Recen obsenational evi-
dencein the atmosphere shows that there is both a downscale ux of enstrophy
w and a downscale ux of energy",, over the mesoscalesfrom a few tens of
kilometer to a few thousand kilometers in wavelength [16,17]. As pointed out by
Tung and Orlando [88,89], under somesituations the downscaleenergy ux, though
small comparedto its upscalepart, can manifest itself in the energy spectrum for
wavelumbers k such that  k? > ,. This then givesrise to the 5=3 spectral
slope, which is obsened in the atmospherefor large wavenumbers.

The presert paper hasamplied this explanation by demonstrating theoretically
that in a double cascadeof both energy and enstrophy, the resulting energy spec-
trum will bethe linear combination of cortributions from the energyand enstrophy
cascadeaccordingto (1.1). A dierent, nonlinear, form of the energy spectrum was
predicted by Lilly [53], obtained using the Leith [51] and Pouquet [73] closure ap-
proximations, for a double cascadebut with a negative energy ux. As discussedn
the precedingpaper [40] closureapproximations break the linearity of the statistical
theory, hencethe discrepancyin the form of the predicted energy spectrum.

Indeed, Tung and Orlando [88] have also demonstrated that a two-level quasi-
geostrophic channel model with thermal forcing, Ekman damping, and hyperdi u-
sion with = 9 can reproduce the atmospheric energy spectrum. The diagnostic
shavn in gure 7 of [88], clearly shows both the constart downscale energy and
enstrophy uxes coexisting in the sameinertial range. The k 2 spectrum of the
enstrophy cascadeis actually very short, extending from 1,980km to approximately
800 km. It is also shawn that the range corresponding to 8,580km to 1,980km, a
portion of which was believed to be part of the enstrophy cascade,is actually part
of the forcing range.
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In their simulation, Tung and Orlando [88] usea very high order hyperviscosity to
model dissipation medanismsthat are not included in the original quasi-geostrophic
theory or the two-layer model, suc asfrontogenesisthe generationof gravity waves,
etc. As Tung [87] has pointed out, the hyperviscosily coe cien t hasto be adjusted
as a function of the resolution to cortrol the rate of downscaleenergy ux. It may
be objected that in a simulation wherethe quasi-geostrophictheory is well resolved,
the rate of downscaleenergy ux should be independert of the resolution, and it
shouldn't be necessaryto adjust the hyperviscosity e cien t. In the real atmosphere,
the quasi-geostrophictheory is valid in the inertial range but not in the dissipation
range, becauseit does not accourt for all the dissipation medcanisms at work.
The renormalization of the hyperviscosity coe cien t is neededto accoun for these
additional dissipation mechanisms. As long as the correct uxes are provided, it
does not matter whether the dissipation range is governed by our renormalized
hyperdi usion or by resolving the actual physical medanismsin a more realistic
model.

In a recert commert, Smith [78] argued that in a simulation where the Kol-
mogorov dissipation scaleis resolwed, the transition scalewill have to be in the
dissipation range. Smith's argumert su ers from a number of problems discussed
by Tung [87]. One of these problems, locating the dissipation scalesfor the leading
and subleading downscale cascades,can only be addressedwithin the framework
proposedin the preceding paper [40]. Furthermore, the more corvincing argumert
communicated to us by Danilov [20], preseried in section 2.3 of this paper, is ap-
plicable for two-dimensional turbulence, but cannot be extended to the two-layer
model of quasi-geostrophicturbulence.

Contrary to Charney's claim [12], quasi-geostrophicturbulence is fundamentally
di erent from two-dimensionalturbulence, especially in the dissipative spectral re-
gion [89,90]. Therefore, these results from two-dimensional turbulence theory do
not cortradict the Tung and Orlando model. The principle of linear superposition
of the energy and enstrophy cascade,on the other hand, is a deeper mathematical
result and it is shared by both dynamical systems. It should be stressedthat this
simulation has indeed establishedthe crucial fact: that the quasi-geostrophicthe-
ory, valid in the inertial range, doesadmit a double cascadeof energyand enstrophy
and doesyield the obsened energy spectrum with the transition scalelocated at in
agreemen with obsenations.

4.2. The possibilit y of a helicit y cascade. Quasi-two-dimensional turbulence
diers from two-dimensional turbulence in that it also satis es the consenation
of helicity law. This leaves open the possibility of downscale helicity cascades.
Numerical models using a small number of vertical layers axiomatically exclude
helicity cascades.

The idea that the consenation of helicity law in three-dimensional turbulence
may lead to helicity cascadeswas rst proposedby Brissaud et al.[11]. By dimen-
sional analysis,the energyspectrum assaiated with the helicity cascadds expected
to have k =2 scaling. It is also possibleto show that in the helicity cascadewe
have 3 = 2[15,41]. A theoretical treatment of the double cascadeof helicity and
energyin stratied and compressiblenon-ertropic gaseswas given by Moiseevand
Chkhetiani [63], using the framework of the Hopf formalism [43]. A transition scale
from k =2 to k °=3 scaling, similar to the transition scalefor the double downscale
cascadeof energy and enstrophy, was also derived.
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Helicity cascadedave beenobsenedin quasi-two-dimensionalturbulence experi-
merts [1]. It hasbeenestablishedthat three-dimensionalinstabilities areresponsible
for injecting helicity into the system. When these instabilities are suppressedby
constraints such as strati cation, rotation, a magnetic eld, etc. then the helicity
cascadeis replaced by an enstrophy cascade. A typical example are the energy
spectra reported for mercury ows constrained by a magnetic eld with variable
intensity [70]. There is also somerecert interest in the double cascadeof energy
and helicity in three-dimensionalturbulence, as opposedto quasi-two-dimensional
turbulence [7,13,25,26,92].

Sofar as we know, it is unclear whether the inertial range obsened in the sub-
synoptic scalesis an enstrophy cascadeor a helicity cascade.lt hasbeensuggested
that in the spectrum reported by Nastrom and Gage [65] the 7=3 slope gives a
better t than the 3 slope (seediscussionin section6.5 of [10], and gure 3 of [1]).
The question can be decidedby analyzing third order structure functions of velocity
di erences, as pioneeredby Lindborg [54]. The presenceof a constart enstrophy
ux has been clearly established for scalesbetween 300 km and 1,500 km [16].
However, a remarkably cleanr? ( 3 = 2) dependencygovernsthe o diagonal third
order functions in the stratospherefrom 10 km to 1,000km in scale. It is possible
that this dependencyis the footprint of an extensive helicity cascade. More work
in this direction would go a long way to clarify this issue.

5. Conclusions. The direction of the energy and enstrophy uxes cannot be de-
termined without considering the e ect of dissipation. Previous argumerts that
rely only on the structure of the quadratic term in the Navier-Stokes equations
are not correct. We provide a more careful argumert to show that, in the limit
of large separation of scales,most of the energy will be dissipated at large scales,
and most of the enstrophy at small scales. The only self-consisteh possibility, as
long as universality is not broken, is therefore a leading downscale enstrophy cas-
cade and a leading upscale energy cascade. It is also shaowvn, howeer, that even
in the limiting casewhere the separation of scalesin the double cascadess very
large, the subleading downscaleenergy cascadeand the subleadingupscaleenstro-
phy cascadecortinue to exist. Although they are shavn to be hidden, their externt
is asymptotically proportional to the extent of the corresponding leading cascades.

We have shown that the experimental evidencefrom numerical simulations shows
that the inverseenergycascadeds not structurally stable. The direct enstrophy cas-
cadecan be reproducedin numerical simulations that usehypodi usion and hyper-
viscosity. Hypodi usion is known to be necessarybut it has not beendetermined
whether hyperviscosily is required.

Wealsoclari ed, in light of the theoretical framework preseried in this paper, the
numerical issueswith the simulation by Tung and Orlando [88]. We have explained
that the simulation doessettle the crucial question of whether a downscaleenergy
and enstrophy cascadecan coexist at length scalesgoverned by quasi-geostrophic
theory. We also raised the possibility that the spectrum of the real atmospheric
turbulence could be a triple downscale cascadeof energy enstrophy, and helicity.
The presenceof a helicity cascadecannot be predicted by numerical simulations
that do not resole the vertical direction. There are however some peculiaritities
in the obsenational measuremets of third-order structure functions that suggest
that a helicity cascademay indeed be presert in atmospheric turbulence.
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