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The counterpart inequality for the flux ITg(k) can be derived similarly. We begin
by integrating (2.9) and (2.10), but this time over the (0, k) interval:

k
ITa(k) = — /0 [DA(q) — Falq)] da. (3.11)

k k
Ta(k) = — /0 [Da(q) — Falq)]dg = — /0 L@)Dalg) — Fal@ldg.  (3.12)

Similarly, to avoid the singularity at ¢ =0, we do the integration by parts over the
(k, +00) interval:

_ TEOA(g) 1 0Mg(q)
(k) = —/k oL dg = —/k T e (3.13)
Mk [ L)
_ _ _— ) d 3.14
LK) /k Ligp T+ (3.14)

and consequently, we obtain

/*w L@ 7y = — LROTak) = My (k)
. [L@P L(k)

(3.15)

1 k
T Lk /0 [L(k) — L(@)][Da(q) — Falg)ldg  (3.16)

>0, Vke (0, k). (3.17)

Here, the inequality changes direction, because L(k) — L(q) >0, Vq <k.
Note that both proofs are based on the inequality

L) Ta(k) — MTp(k) <0, Yk € (0, ki) U (ks, +0), (3.18)

which holds both upscale and downscale of the forcing range in the forced-dissipative
case discussed here. We called this inequality, in a previous paper (Gkioulekas & Tung
2005b), the ‘Danilov inequality’ because it was communicated to us by Danilov. It is
worth noting that this inequality is the flux analogue of a similar but distinct inequality
derived by Fjerteft (1953) in terms of the energy spectrum and the enstrophy spectrum.
Finally, similar flux inequalities were known to Eyink (1996). Equation (3.18) is a
sharper and more general variation of these previous results.

Also note that, for k < ky, since D4(k) > 0 for all k, it follows immediately from the
steady state version of (2.9) and the assumption (3.1) that

k
Ma(k) = —/0 Da(g)dg <0, Vk € (0, k). (3.19)

In general, one can easily show, for the forced-dissipative case where the forcing
spectrum obeys (3.1), under statistical equilibrium, that

Muk) >0 and My(k) >0, Vk € (ka, +o0), (3.20)
(k) <0 and [g(k) <0, Vk € (0, k). (3.21)

It follows that, contrary to some popular misconceptions, both fluxes go downscale
on the downscale side of injection, and upscale on the upscale side of injection.
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4. Implications for two-dimensional turbulence

For the case of two-dimensional turbulence, A(k) is the energy spectrum E(k), B(k)
is the enstrophy spectrum G(k) and L(k)=k>. The inequality (3.2) simplifies to:

k
/ 2qITs(q) dg <0, Vk € (ky, +0). (4.1)
0

This integral constraint implies that energy fluxes upscale in the net. The constraint
(4.1) also holds trivially for k <ky, since IT4(k) <O for all k <k;. For k> k,, the
integration range also includes the energy injection interval [k, k,] and both the
upscale cascade range and the downscale cascade range. The inequality (4.1) implies
that the negative flux in the (0, k;) interval is more intense than the positive flux in
the (k,, +00) because the weighted average of ITg(k) gives more weight to the large
wavenumbers.
Similarly, (3.3) reduces to

+o0
/ 24 To(q)dg > 0, k€ (0, k), (4.2)
k

which is a statement that enstrophy fluxes downscale in the net.

The inequalities (4.1) and (4.2) are the two main results in two-dimensional
turbulence we were looking for, and they constitute proofs that, in forced-dissipative
two-dimensional turbulence under statistical equilibrium, energy is predominantly
transferred upscale while enstrophy is transferred down-scale.

To understand the implications of these inequalities on two-dimensional turbulence
we have to distinguish between the following cases and consider them separately.

(a) No infrared sink of energy, finite box. This is the case considered by Tran &
Shepherd (2002). The coefficient of hypoviscosity, which provides the sink at the large
scales, is zero, i.e. vi =0. The only dissipation mechanism is a very small molecular
viscosity v, with p =1. Our result of net energy cascade (4.1) still holds. However,
without a sink of energy at large scales, the energy which is fluxed upscale piles up
until it is dissipated by the small viscosity at the forcing scale (Tran & Bowman 2003,
2004). No inertial range exists where the fluxes of energy and enstrophy are constant.
Nevertheless, (4.1) implies that there is more energy flux dissipated on the upscale
side of the forcing range than on the downscale side of the forcing range, and likewise
(4.2) implies that there is more enstrophy dissipated on the downscale side of the
forcing range than on the upscale side of the forcing range.

(b) No infrared sink of energy, infinite box. The same as in case (a) except that the
domain is infinite. This is the classical case of two-dimensional turbulence considered
by Kraichnan (1967), Leith (1968), and Batchelor (1969). Although there is no
infrared sink of energy, the energy cascaded upscale can keep on cascading to ever-
larger scales. There is no pile-up of energy, but there is always a spectral region
at larger and larger scales where steady state cannot be achieved. Let this region
be denoted by 0 <k < ko(z). Quasi-steady state can be achieved for k > kq. In this
latter spectral region, our inequalities (4.1) and (4.2) do hold. Since energy transferred
upscale through k is ‘lost’ to the region downscale from ko, the infinite domain acts in
effect like a perfect infrared sink. Furthermore, in the original formulation of the KLB
theory, the molecular viscosity coefficient v is taken to v — 0T, with the result that
the energy dissipated at the ultraviolet end of the spectrum vanishes in the limit. In
this configuration, all injected energy is transferred upscale and all injected enstrophy
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is transferred downscale. These results for the KLB theory have been summarized by
Gkioulekas & Tung (2005a,b).

(c) Finite infrared and ultraviolet sinks of energy. When there is a finite infrared
sink of energy upscale of injection and a finite ultraviolet sink of energy downscale
of injection, there is in general both an upscale and a downscale flux of energy. This
situation has been considered in Eyink (1996) and Gkioulekas & Tung (20054,b). The
upscale flux should be larger than the downscale flux, according to (4.1). It should
be noted that, because of the inequality (3.18), the contribution of downscale energy
flux to the energy spectrum in the inertial range on the downscale side of injection
is always subleading and hidden. This is not true in some baroclinic cases of QG
turbulence (Gkioulekas 2006; Gkioulekas & Tung 2007).

5. Implications for models of QG turbulence

As derived by Charney (1971), QG turbulence conserves two quantities, total energy,
which consists of horizontal components of kinetic energy plus available potential
energy, and potential enstrophy. We now discuss briefly the implications of the
flux inequalities on one-layer and two-layer simplifications of the quasi-geostrophic
turbulence model.

(a) CHM turbulence. This model is a two-dimensional version of the quasi-
geostrophic model, and represents physically two-dimensional turbulence on a rotating
frame of reference. The governing equation is (2.1) with L(k) =k* + /2, where / is the
deformation wavenumber. The total energy E and total potential enstrophy G are
given by E = (1/2){(|Vy|* + 22|y |*) and G = (1/2){(¢))?. The flux inequalities are

k
| 2ammeta) dg <0,k € o o), (5.1)
0
400 2q
A mHG(Q)dCI >0, Vke(0,k), (5.2)

and they still imply that the total energy is mainly transferred upscale, whereas the
potential enstrophy is mainly transferred downscale.

(b) SQG turbulence. This model can be derived from the quasi-geostrophic model
by assuming that the potential vorticity is zero over the entire three-dimensional
domain. Then, it can be shown that the behaviour of the entire system is coupled to
its behaviour in the boundary condition at the layer z =0 (Tung & Orlando 2003b).
At z =0, the potential temperature @ is governed by (2.1) with L(k) =k, where ® =¢.
The conserved quadratic B represents the total energy E,p of the system at the layer
z=0, whereas the quadratic A is the total energy FE;p integrated over the whole
domain z € (0, +o0) (Gkioulekas 2006; Gkioulekas & Tung 2007). In this system,
there is no enstrophy, since the potential vorticity has been taken equal to zero, and
consequently there is no enstrophy cascade. The flux inequalities are

400
| a?me,@da =0, vie ok (53)
k

k
/Hhmw<avmwwmx (5.4)
0

and they imply that downscale from injection the dominant process is a downscale
energy cascade at the layer z=0. Upscale from injection the energy spectrum is
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dominated by an inverse energy cascade of the total energy over the entire domain.
It should be noted that, just as in two-dimensional turbulence, a dissipation sink is
probably needed both upscale and downscale of injection to allow either cascade to
form successfully.

(c) 2-layer model of QG turbulence. This model consists of two symmetrically
coupled layers of two-dimensional turbulence where the deformation wavenumber
/ is the coupling constant (Salmon 1978, 1980, 1998). For the general baroclinic case,
specifically with Ekman damping only in the lower layer, Danilov’s inequality (3.18)
does not necessarily hold for 2-layer models (see Gkioulekas 2006; Gkioulekas &
Tung 2007). We therefore do not have a conclusive proof for the case of 2-layer
models. However, numerical results (see e.g. Tung & Orlando 2003a) show that most
of the energy will still go upscale in this system, although some small fraction goes
downscale. In particular, the upscale energy cascade in the inertial range upscale
of injection is much larger than the downscale flux of energy in the inertial range
downscale of injection.

6. Flux inequalities for the time-dependent case

We now generalize the proof to time-dependent cases. Since (3.8) and (3.15) are
mathematical identities, they hold whether or not the quantities involved are time-
dependent, that is,

k
/0 L'(q)14(q)dg = L(k)[14(k) — ITp(k), Vk € (ks, +0), (6.1)
T L'(g) _ L(k)T4(k) — Hp(k)
/k [L(q)]ZHB( )= — L , Yk € (0, k). (6.2)
Equations (3.10) and (3.17), however, should be modified to:

00

L(k)IT4(k) — ITp(k) = /k [L(k) — L(q)] [DA(q) Falq) + (q)} q. Vke(0,k),

(6.3)
k

LK) = M) == [ 11— Lig)] [DA(q) ~ Falg) + 8@5‘”] dg. VK€ ko, +0).

(6.4)

Choosing k to be outside the forcing range [k, k»], and combining the previous four
equations, we obtain:

k 400
[ vom@as= [ 7w - L@ paar+ 50 da. ke o+
(6.5)
™ L'(q) I 2A()
/k [L(¢)]2 15 )_L(k)/o [L(")—L(q)][ alg) +— ]dq, Vke(O,kl)(,66)

The equations (6.5) and (6.6) together are a general and remarkable result, because
they relate the weighted mean of flux of A in (0, k) to what happens outside this range,
and the weighted mean of flux of B in (k, +00) to what happens outside (k, +c0).

(a) Initial stage. During the initial development, nonlinear interactions transfer
energy from one wavenumber to another. If the initial condition Ay(k) for A(k) is of
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compact support (which is almost always the case in reality) then we can expect that,

during the initial stages of decay where A is still in the process of spreading, there

will be a small wavenumber ¢; >0 and a large wavenumber &, > 0 such that

dA(k)
ot

Combining this condition with (6.5) and (6.6), it follows that:

Ao(k) =0 and =0, Vke(0,e1)U(e, +0). (6.7)

k +o0o
[ r@omade < [ mw-r@n 3P dg <o, ke o). (68)
0 k

) 1 k dA(q)
A) M@HJEWWQZIﬂaA[“M_LW”m»dq>Q Vk € (0,1).  (6.9)

Note that each of the two previous inequalities uses only part of the assumption, i.e.

k
&xm>o,Vke@L+w%:>/l%®HAmdq<Q vk € (62, +00),  (6.10)
0
k 400 ’
=0 ke@en— [ LM =0 vke©e). (61D

Furthermore, for t =0, the assumption

Aok) =0, Vk € (0,e)U (e, +0) (6.12)
implies that
0A(k
i) >0, Vke(0,e)U(e,+o0), (6.13)
=0

from the positivity of A(k). However, for ¢ > 0 the latter is an additional hypothesis.

(b) Intermediate stage. In the intermediate stage, nonlinear spreading and dissipation
are both active at the small scales. Nonlinear transfer still supplies some A to small
and large scales by spreading. Therefore

dA(q)

Dalg) + ——— ot

>0, Vke(0,e)U (e, +o0), (6.14)

and so from (6.5) and (6.6) we again obtain

dA(K)
at

D4(q

K
=0, Vkel(e, twn)=— / L'(q)4(q)dg <0, Vk € (&, +0),
0
(6.15)

JA(k)

patg)+ 25 =, vz«e(o,sl):/ LAq)
k

[L(q)]?

Ms(q) =0, Vk€(0,e).
(6.16)

(c) Final decaying stage. In the final stages of unforced turbulence, A decays due to
dissipation. The decay rate of A(k) is the same as the dissipation rate. Therefore,

dA(q)

Dalg)+ 5L

=0, Vke(0,e)U(e,+o0), (6.17)
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and consequently,

k

/0 L'(q)Ts(q)dg =0, Vk € (5, +00), (6.18)
+o0 L/(q) B

/k [L(q)]zng(q)_o, Yk € (0, ). (6.19)

We do not have upscale cascade. During this final stage, nonlinear spreading has
already occurred, and dissipation of energy dominates. Nevertheless, this still implies
that A is transferred in the net upscale and B in the net downscale.

The implication of these results is that net energy flux is directed in the net upscale
for the time-dependent case of two-dimensional, and barotropic QG turbulence in
the absence of forcing, if the initial condition is of compact support and if it is
assumed that it subsequently spreads into small scales. For SQG turbulence the result
is reversed, in the sense that energy in the z =0 layer is transferred downscale in the
net.

7. Remarks on Rhines’ proof
Rhines starts with the assumption:

d 00
/ (k — K)*E(k)dk > 0, (7.1)
dr J,
where K = E/Ey is the first moment of E(k) and E, is defined as
+o0
E, = / k“E(k)dk. (7.2)
0

Here (7.1) is a ‘postulate that the peak will spread in time’ from its current centre of
‘mass’ K (Rhines 1975), not necessarily in particular realizations, but in a probabilistic
sense where an ensemble average over all initial conditions, constrained by the initial
energy spectrum, has been taken. Rhines then shows that

dK?

which means that the average location of the peak tends to move toward smaller
wavenumbers, and concludes from this that the energy has a tendency to be transferred
upscale.

In Rhines (1975), the details of the proof are not given. In Rhines (1979), the
following more detailed argument is given, which is correct for the inviscid case v =0
and v; =0. Expanding

/0+Oc(k — K)E(k)ydk = E, —2KE, + K*Ey = E, — K*E,, (7.4)
and solving for K2, we obtain
EoK*=E, — /()+Oc(k — K)?E(k) dk. (7.5)
Differentiating with respect to ¢, and writing E/, =dE,/dt, we have
dK? Cod [

EyK* + EOF =E)— a ), (k — K)*E(k)dk < E), (7.6)
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which gives
dK? E,— EjK*
< .
dr Ey

If we assume E,=0 and E} =0, which can be deduced from conservation of energy
and enstrophy for the case where there are no viscosities, then it follows that

(1.7)

dk?
T 0. (7.8)

However, Rhines’ argument was supposed to work for the viscous case as well (see
p. 405, last equation, of Rhines 1979) where E; <0 and E% <O0. It appears that the
term E)K? in (7.6) was ignored in that derivation. If the term is included, then the
right-hand side of (7.7) has two terms of opposite sign, and it is not immediately
clear which term dominates. Nevertheless, Scott (2001) showed, using the Holder
inequality, that the proof can still be completed for the case of Ekman damping and
molecular diffusion (=0 and p=1).

As it stands, this proof is interesting, but it cannot be extended to the forced-
dissipative case because it relies on describing the behaviour of time derivatives of the
energy spectrum rather than fluxes. Furthermore, it relies on assumption (7.1), without
proof. The difference between assumption (7.1) and the assumption used in our proof
is that (7.1) is a global condition stated over the entire range of wavenumbers, whereas
the assumption needed for our proof in the previous sections is a local condition over
the intervals (0, &1) U (&2, +00). We suspect that the need to make some assumption
for proofs covering the decaying case is unavoidable because it is necessary to weed
out unusual initial conditions.

It should be noted that the Rhines proof given by Salmon (1998) is different from
the proof given in the original papers (Rhines 1975, 1979). The difference is that
in (7.1) K, which is time-dependent, is replaced with a constant wavenumber k;
representing the initial position of the peak. This modified proof was extended to the
general case of a-turbulence by Smith et al. (2002). However, we feel that the original
assumption (7.1) is more reasonable, on physical grounds, and there is no benefit in
modifying (7.1).

Furthermore, it should be stressed that there is an important difference between
the proof of Scott (2001) and the original Rhines proof. The main difference is that
Rhines assumes that the unnormalized variance of the energy spectrum is increasing
with time (see (7.1)) whereas Scott (2001) assumes that the normalized variance o} is
increasing. The definition of o7 is

/M(k — K)’E(k)dk
0

/0 v E(k)dk

Because the denominator of o2 is decreasing with time, it is easy to see that the
assumption do2/dt >0 is mathematically weaker than the assumption (7.1) used in
the original formulation of the Rhines proof. Consequently, since it is shown to be
possible to arrive to the same conclusion under a weaker assumption, the statement
proved by Scott (2001) is stronger than the statement claimed by Rhines. Thus, Scott
(2001) implicitly also rehabilitates the original Rhines proof. However, Scott (2001)
did not consider the case of hyperdiffusion and hypodiffusion in his paper.

(7.9)

2
O
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For the more general case of hyperdiffusion and hypodiffusion, from the
conservation laws, we find that Ej and E) read

E(,) = —21)E2,, — 21)1E,2h, (710)
E) = —2vEy, 15 — 201 E_y40, (7.11)

and the time derivative of K? is now bounded by

dK* E,— EjK*? _ 20(K%E», — Expia) + 2vi(K?E_y, — E_sp12)

7.12
dr = E E, ( )
2v (EE,, 2v; (E{E_y

= —E — —E_ 7.13
Eo < E? 2 | T E E? 2h+2 ( )
_ 2v E}E;, — E}E>pi» n 2vy E}E 3 — E3E_ a2 (7.14)

E, E} Ey E} ’ '

The first term is again negative because

E}Ey, 2 = (EoEap2)Eo = (E2E)Ey = Esp(EoEs) = Es Ef, (7.15)

for all p > 0. Here, we employ the inequality E? < EyE,, and the theorem that the
function &(k, @) = E.+o/E. 1s an increasing function with respect to « for o > 0 (see
the Appendix), which implies that EqE»,» > E>E,, for all real p > 0. For h =0, the
second term is negative too. To see this, note that the numerator of that term reads

E{Ey— E{E, = Eo(E] — EoE>) < 0. (7.16)

However, as far as we know, the sign of the second term is indeterminate when
0 <h <1/2 and can be shown to be positive when 4 > 1/2. To show this, note that

EZE_y, EoE o1 E_ EoE_ E ,E_
02 2h+2 < 0 2h+1 2h+2 — 0 2h+1 < 2 2h+1 _ 1’ (7.17)
ETE o E\E_y2E_», E(E_y, E opy1Eop

Here we use Eo/E; < E_5,.1/E_ou42, Which is valid for h>1/2, and Ey/E; <
E_5,/E_5,41, which is valid for & > 0. It follows that

E}E 5, — EJE 34, >0, forh>1/2. (7.18)

Thus, the validity of the Rhines proof continues for the case of hyperdiffusion (p > 1),
but cannot be extended to the case of hypodiffusion (& > 0).

It is interesting to note that when one begins with the weaker hypothesis of Scott
(2001), it can be shown that the contribution from the hypodiffusion term is always
positive for 4 > 0. In the argument above we cannot show this unless 4 > 1/2. To
see this, we retrace the argument of Scott (2001) for the case of hyperdiffusion and
hypodiffusion:

dK*  d (E _%_ E;Eo—EzEg_dLr,% (7.19)
dr  dr \ Eo dt E} dr '
2v 2v do?
= —E(EszEo — EyE;),) — ?;(E—zh+zE0 — EyE_y,) — TE (7.20)
0 0 !

The first term is negative because E», 2Ey > E,E,,, for all p>0. As Scott (2001)
noted, the second term vanishes for 2 =0; however, it is positive for h > 0. Thus, for
h > 0, the sign of dK?/dt remains indeterminate.
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8. Concluding remarks

We have shown two inequalities (3.2) and (3.3), which for the case of two-
dimensional turbulence imply that the weighted average of the energy flux is negative
and the weighted average of the enstrophy flux is positive. This implies that the
energy tends to go upscale in the net and the enstrophy tends to go downscale in the
net. For the forced-dissipative case, the inequalities can be derived without any ad hoc
assumptions. For the decaying case, a sufficient condition for the energy inequality is
to assume that there exists a very large wavenumber k such that, over the interval
(k, +00), the energy spectrum is increasing or constant. Likewise, for the enstrophy
inequality it is sufficient that we assume that there exists a very small wavenumber k
such that, over the interval (0, k), the energy spectrum is also increasing or constant.
From a physical point of view, these assumptions are slightly more plausible than
the assumption (7.1) made by Rhines in his proof. It should be noted that, unlike
previous proofs in both the forced-dissipative and the decaying case, the inequalities
have the same mathematical form. Our argument then is a unified proof that covers
all cases, and specialized results can be deduced from our inequalities for special
cases. We have also briefly discussed the implications of our results for one-layer and
two-layer models of quasi-geostrophic turbulence.

Note that none of the results obtained in this paper forbids energy from being
transferred downscale even when it is shown that the net flux should be directed
upscale; they merely say that in those cases the energy going upscale in the upscale
range should be larger than that going downscale in the downscale range. In fact, for
the case of finite domains with finite viscosity, Gkioulekas & Tung (2005a,b) showed
that the downscale flux of energy on the short-wave side of injection must be non-zero.
Even in the case of the 2-layer model, where Tung & Orlando (2003a) found in their
numerical experiment that the downscale energy flux over the mesoscales contributes
visibly to the observed energy spectrum, it is still true that there is a larger inverse
energy cascade from the synoptic to the planetary scales. The exception is the case of
surface QG turbulence, where most of the energy at the z =0 layer goes downscale, as
shown here. We suspect that this may be due to the collapse of temperature gradients
on solid surfaces (a model of frontogenesis), and differs from the turbulence in the
free atmosphere. In the free troposphere, there is strong observational evidence (e.g.
Boer & Shepherd 1983 and Straus & Ditlevsen 1999) that energy flux is negative
(upscale) from synoptic to planetary scales, and the positive (downscale) flux over the
mesoscales (Cho & Lindborg 2001; Cho et al. 2003) is small by comparison.

The research is supported by the National Science Foundation, under the grant
DMS-03-27658. It is a pleasure to thank Sergey Danilov, Rob Scott, and an
anonymous referee for their very helpful comments on our manuscript.

Appendix. Holder inequalities
Let f(x) and g(x) be two functions defined over a domain x € .o/, such that

f(x)>0 and g(x)>0, Vxe.o, (A1)

and let a, b be real numbers such that (1/a)+(1/b) = 1. Then the Holder inequalities,
in the integral form, read

1/a 1/b
/ £ dx < ( / ) dx) ( / [g(x)]bdx) . (A2)
o o o
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For the case a =b =2 and .o/ = (0, +o0) with f(x)=k*./E(k) and g(x)=k? . /E(k), we
have

o0
Eyip = / k*P E(k)dk (A3)
0

+o0 1/2 +oo 1/2
<</0 (k"‘\/E(k))zdk> (/0 (\/kﬁE(k))zdk> = EwEy. (A4

For the cases (a, 8)=(0, 1) and (a, B)=(0, 2) we obtain E? < EyE, and E? < EoE,
by raising squares, noting that all the quantities involved are positive. For the case
a— k and B — k +2a we get the inequality E2,, < E, E,1,, which can be rewritten
as

EKJrat < EK+20t.

EK EK+0!

This inequality appears to indicate that the function &(k,«) = Eio/E. is an
increasing function with respect to « for « >0 and decreasing for « <0. To prove
this, we first note that from (A 5) we have, for any integer n > 0,

(A5)

n

éa(l( + O(/l’l, Ol) _ EK+D(/V!+£X — EK+a/n+jot/n (A 6)
EK+a/n =1 EK+a/n+(j71)a/n
- EK jo/n EK o
> T = 2T = (i, @), (A7)

i—1 EK+(j71)O(/n E,
It follows that since &(k,«) is a differentiable function with respect to «, that
08 (k,a)/ok = 0 for ¢ >0 and 9&(k, «)/dx < 0 for o <0, and thus &(«k, @) is an
increasing function with respect to « for « >0 and a decreasing function for o <0.
All the inequalities needed for our discussion of Rhines’ proof can be deduced from
this result.

REFERENCES

BATCHELOR, G. 1969 Computation of the energy spectrum in homogeneous, two dimensional
turbulence. Phys. Fluids Suppl. 11 12, 233-239.

BOER, G. & SHEPHERD, T. 1983 Large-scale two-dimensional turbulence in the atmosphere. J. Atmos.
Sci. 40, 164-184.

BOFFETTA, G., CELANI, A. & VERGASSOLA, M. 2000 Inverse energy cascade in two dimensional
turbulence: Deviations from Gaussian behavior. Phys. Rev. E 61, 29-32.

CHARNEY, J. 1971 Geostrophic turbulence. J. Atmos. Sci. 28, 1087-1095.

CHo, J. & LINDBORG, E. 2001 Horizontal velocity structure functions in the upper troposphere and
lower stratosphere. Part 2. Theoretical considerations. J. Geophys. Res. 106 (D10), 10223—
10241.

CHo, J., NEWELL, R., ANDERSON, B., BARRICK, J. & THORNHILL, K. 2003 Characterizations of
tropospheric turbulence and stability layers from aircraft observations. J. Geophys. Res. 108
(D20), 8784.

Danirov, S. 2005 Non-universal features of forced 2d turbulence in the energy and enstrophy ranges.
Discrete Contin. Dyn. Sys. B 5, 67-78.

DaniLov, S. & GURrARIE, D. 2001a Forced two-dimensional turbulence in spectral and physical
space. Phys. Rev. E 63, 061208.

DaNiLov, S. & GURARIE, D. 2001b Non-universal features of forced two dimensional turbulence in
the energy range. Phys. Rev. E 63, 020203.

EviNk, G. 1996 Exact results on stationary turbulence in two dimensions: Consequences of vorticity
conservation. Physica D 91, 97-142.



Net upscale energy cascade 189

FrorTorFT, R. 1953 On the changes in the spectral distribution of kinetic energy for two dimensional
non-divergent flow. Tellus 5, 225-230.

GKIOULEKAS, E. 2006 A theoretical study of the cascades of 3D, 2D, and QG turbulence. PhD
thesis, University of Washington.

GKIOULEKAS, E. & TunG, K. 2005a On the double cascades of energy and enstrophy in two
dimensional turbulence. Part 1. Theoretical formulation. Discrete Contin. Dyn. Syst. B 5,
79-102.

GKIOULEKAS, E. & Tung, K. 20050 On the double cascades of energy and enstrophy in two
dimensional turbulence. Part 2. Approach to the KLB limit and interpretation of experimental
evidence. Discrete Contin. Dyn. Syst. B 5, 103—124.

GKIOULEKAS, E. & TUNG, K. 2007 Is the subdominant part of the energy spectrum due to downscale
energy cascade hidden in quasi-geostrophic turbulence? Discrete Contin. Dyn. Syst. B 7, 293—
314.

IsHIHIRA, T. & KANEDA, Y. 2001 Energy spectrum in the enstrophy transfer range of two-dimensional
forced turbulence. Phys. Fluids 13, 544-547.

KRAICHNAN, R. 1967 Inertial ranges in two dimensional turbulence. Phys. Fluids 10, 1417-1423.

LertH, C. 1968 Diffusion approximation for two dimensional turbulence. Phys. Fluids 11, 671-673.

LiNDBORG, E. & ALveLIus, K. 2000 The kinetic energy spectrum of two dimensional enstrophy
turbulence cascade. Phys. Fluids 12, 945-947.

MERILEES, P. & WARN, T. 1975 On energy and enstrophy exchanges in two-dimensional non-divergent
flow. J. Fluid. Mech. 69, 625-630.

PAsQuERrO, C. & FaLkovicH, G. 2002 Stationary spectrum of vorticity cascade in two dimensional
turbulence. Phys. Rev. E 65, 056305.

RHINES, P. 1975 Waves and turbulence on a beta-plane. J. Fluid. Mech. 69, 417-443.

RHINES, P. 1979 Geostrophic turbulence. Annu. Rev. Fluid Mech. 11, 401-441.

SaLMON, R. 1978 Two-layer quasi-geostrophic turbulence in a simple special case. Geophys. Astrophys.
Fluid Dyn. 10, 25-52.

Sarmon, R. 1980 Baroclinic instability and geostrophic turbulence. Geophys. Astrophys. Fluid Dyn.
15, 167-211.

SaLMON, R. 1998 Lectures on Geophysical Fluid Dynamics. Oxford University Press.

Scort, R. 2001 Evolution of energy and enstrophy containing scales in decaying, two-dimensional
turbulence with friction. Phys. Fluids 13, 2739-2742.

SMmiTH, K., BocCALETI, G., HENNING, C., MARINOV, 1., TaMm, C., HELD, 1. & VALLIS, G. 2002 Turbulent
diffusion in the geostrophic inverse cascade. J. Fluid. Mech. 469, 13—48.

StrAUS, D. & DITLEVSEN, P. 1999 Two-dimensional turbulence properties of the ECMWF reanalyses.
Tellus 51A, 749-772.

TABELING, P. 2002 Two dimensional turbulence: A physicist approach. Phys. Rep. 362, 1-62.

TrAN, C. & BowMaN, J. 2003 On the dual cascade in two dimensional turbulence. Physica D 176,
242-255.

TraN, C. & Bowman, J. 2004 Robustness of the inverse cascade in two-dimensional turbulence.
Phys. Rev. E 69, 036303.

TrAN, C. & SHEPHERD, T. 2002 Constraints on the spectral distribution of energy and enstrophy
dissipation in forced two dimensional turbulence. Physica D 165, 199-212.

TrAN, C. & SHEPHERD, T. 2004 Remarks on the KLB theory of two-dimensional turbulence. J. Fluid
Mech. (submitted).

TUNG, K. & OrRLANDO, W. 2003a The k> and k=3 energy spectrum of the atmospheric turbulence:
Quasi-geostrophic two level model simulation. J. Atmos. Sci. 60, 824-835.

TunG, K. & OrLANDO, W. 2003b On the differences between 2D and QG turbulence. Discrete Contin.
Dyn. Syst. B 3, 145-162.

TunG, K. & WELcH, W. 2001 Remarks on note on geostrophic turbulence. J. Atmos. Sci. 58,
2009-2012.

WALEFFE, F. 1992 The nature of triad interactions in homogeneous turbulence. Phys. Fluids A 4,
350-363.





