1816

JOURNAL OF THE ATMOSPHERIC SCIENCES

VOLUME 33

NOTES AND CORRESPONDENCE

On the Convergence of Spectral Series—A Reexamination of the Theory of Wave
Propagation in Distorted Background Flows

Ka K1t Tone

Cenler for Earth and Planetary Physics, Harvard University, Cambridge, Mass. 02138
18 February 1976 and 4 May 1976

ABSTRACT

Through a critical analysis of the convergence properties of spectral series, it is shown that Clark’s method
of solution leads to a divergent series; hence all his recent results on quasi-geostrophic wave propagation in
distorted background flows are erroneous. A general condition for convergence is derived. The convergent
solution (if it exists) to a general second-order recurrence formula is given, which is then applied to Clark’s
problem, yielding an exact closed form solution. The solution consists of an interacting trio of waves whose
wavenumbers add up to zero. With results thus obtained, it is found that the propagation of wavenumber
2 disturbances is not affected by wavenumber 1 finite-amplitude distortions in the background flow, in

disagreement with the result of Clark.

1. Introduction

Since its successful application by Lorenz (1972) the
method of truncated spectral series approximation has
recently been used widely in problems of barotropic
and baroclinic instabilities, as well as in related prob-
lems of wave propagation in nonuniform basic states
(e.g., Hoskins, 1973; Gill, 1974; Duffy, 1975; Kim,
1975; Clark, 1975). It must have been realized that for
most problems in these fields the series often do not
converge as rapidly as in the case of Lorenz, and that
there may even exist instances when divergence actually
occurs. To test for convergence the usual method has
been to compare the values of the approximate solu-
tions obtained through successively retaining more and
more terms in the truncated series. The process can be
tedious, especially when convergence is slow.

One of the purposes of this note is to point out that
the convergence properties of a spectral series can be
deduced from its recurrence formula directly. The condi-
tion for convergence will be derived, which turns out
to be an eigenvalue equation relating the coefficients
of the recurrence formula. For illustration the series
of Gill (1974) and Lorenz (1972) will be discussed
briefly as examples. Section 5 will be devoted entirely
to the reexamination of the theory of wave propagation
in distorted basic flows, a problem recently considered
by Clark (1975) who obtained, by the method of
truncation, a solution consisting of fictitious “critical
levels”. It shall be shown that Clark’s solution is
divergent. Using a method discussed in Section 3 the

problem is solved exactly. The physical implications of
the solution on the propagation of planetary waves in
the presence of finite-amplitude distortions will also be
discussed.

2. Classification

If the solution to a differential equation with periodic

coefficients is expressed in a spectral series
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a finite-difference equation results which serves as a
recurrence relation for the quantities ¢,. Only second-
order difference equations will be considered here,
though extensions to higher orders are possible.

Consider the problem of absolute convergence of
series (1) defined by the recurrence formula

¢n+l+an¢n+'ﬂn¢n—l=0- (2)

By virtue of d’Alembert’s ratio test, the convergence
of (1) is related to the magnitude of 7,=|@nt1/Pa| for
large #. The following classification shall be made on 7,:

a. Series (1) is said to be ‘“‘slowly convergent” if
r=lim, .7, exists and 0<7 <1, and “slowly divergent”
if #>1 but finite.

b. Series (1) is said to be “rapidly convergent” if
7n— 0 as # — », and ‘“‘rapidly divergent” if 7,— .

The series solution to the difference equations of Gill






