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Abstract

In this report, we examine the diffusion limit of the one-dimensional, space-time radia-
tive transfer equation. Evaluating the equation of transfer in this limit greatly simplifies the
mathematics involved in modelling optical propagation and scattering in random media. Many
different diffusion theories exist in the literature that are based upon several different deriva-
tions. Here, we explore one method developed by Ryzhik et al to evaluate the diffusion limit
that uses perturbation methods. In order to keep the analysis simple and concise, we consider
the one-dimensional radiative transfer equation.
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1 The Radiative Transfer Equation

The theory of radiative transfer models diffuse light radiation that is scattered and absorbed as
it propagates through a random medium [1]. The fundamental quantity in radiative transfer the-
ory is the specific intensity, I(r,$§,t) where r is the position vector in three-space, § is the unit
“orientation” vector, and ¢ is the time. The governing equation for the specific intensity in a ho-
mogeneous scattering medium under the narrow-band approximation is the space-time radiative
transfer equation,

1
IO (r,8,1) +8- VoI (r,8,1) + 1 (r8,) = (% = V) [} p(8,8)1(r,8,1)d(s). (1)
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Here c is the velocity of light in free-space, ; is the extinction coefficient, v, is the absorption
coefficient, and dQ(8') is the differential element on the surface of a unit sphere.

1.1 The Phase Function

The kernel of the integral operator in (1) is called the phase function, and gives the distribution of
intensity scattered in direction § due to intensity incident from direction §'. The phase function is

normalized such that 1

a al al
— §,8)dQ(s") = 1. 2
1= [ p6.8)00) )
Typically, the phase function is symmetric with respect to its arguments, and is written as a
function the cosine of the angle between the two orientation vectors,

p(8,8") = p(§-§') = p(cos O).

In addition, the phase function is often written in a Legendre basis,
p(cos ©) Z an P, (cos ©),

where P,(cos ©) are the Legendre polynomials of order n. Another useful quantity comes about
from the first moment of the phase function

1
—/ p(cos ©) cos © d(cos ©) = 3p. (3)
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This first moment is proportional to the mean cosine or asymmetry parameter denoted by . The
asymmetry parameter gives a measure of the anisotropy of the medium. An isotropic medium has
an asymmetry parameter value of zero. An entirely forward scattering phase function corresponds
to the limit where g — 1.
One specific example is the Henyey-Greenstein phase function [2] whose expansion coefficients
are defined as
anp = (2n+ 1)a". (4)

This phase function is often used for biomedical imaging applications [3], and is a scalar approx-
imation to Mie Theory [3, 4, 5] which describes electromagnetic wave scattering from dielectric
spheres.
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Figure 1: A sketch of the geometry associated with the one-dimensional radiative transfer equation.
The azimuthal angle is denoted by ¢ and the polar angle is denoted by 8. In this setting, the
orientation vector is defined as § = (0, ¢).

1.2 One-Dimensional Radiative Transfer

In order to simplify the mathematical analysis in this report, we shall only consider the one-
dimensional, azimuthally-independent, radiative transfer equation,
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Here, we define p = cosf as the cosine of the polar angle (see Fig. 1). The azimuthally averaged
phase function is defined as

1 2r 1 2w
polit) = 3= [ 50 | ps8)dgds 6)
= anpn(,u)Pn(Nl)a (7)
n=0

where wy = 1 and wy = 3ji.

1.3 Nondimensionalization

The mean-free path, £, = 7, ! is the characteristic length scale between two scattering events. Its
presence in (5) motivates the following spatial and temporal change of variables,

x = z/ly =z
t — te/ly = yct.

This change of variables in (5) leads to

8tI($7éat) + /’taw'[(w’/j"t) + I(LE,/I,,t) = PI(%M’J) - (1 - WO)PI(waulat)a (8)



where L
PI(xauat) = E‘Klpo(ﬂaﬂl)l(xaulat)dﬂ'la (9)

and Wy = (v — 7a)/7: is called the albedo. The albedo gives a measure of the absorption of the
medium. A medium does not absorb any power and scatters all light radiation if Wy = 1. As
W, — 0, the medium becomes more absorbent.

2 The Diffusion Limit

As light undergoes significant multiple scattering, the angular distribution of the specific intensity
becomes nearly isotropic [6, 7, 8, 9, 10, 11] . This idea is the main intuition associated with the
diffusion limit. In order to examine this limit, we shall consider a medium for which W, ~ 1 so
that there is little absorption present. Furthermore, we shall examine the behavior of the specific
intensity at large distances and times away. To qualify these assumptions, let us define a small
parameter,

e€=01-W,) <1, (10)

and consider the following “slow” variables,

¢ = ex
= €t

In addition, let us define a new dependent variable,
U(& p,73€) = I(ex, i, €1).
Upon substituting these new variables into (8), we obtain the following equation for U (&, u, T;€),

(€0 +end +1 U p,75¢) = (1= EYPU(E, p, 7). (11)

2.1 Pertur ation nal sis

In order to compute a solution that is asymptotically valid as € — 0, let us consider the following
perturbation expansion [12, 13],

U(&,M,T;C) ~ UO(&?MaT) +€U1(§a/1‘17_) +€2U2(£1M’7—) + (6 ) (12)

Upon substituting this expansion into (11) and collecting powers of € we obtain

(1) : U,="PU, (13)

() : poU,+U; =PU; (14)

(€?) : 0.Uy+ ud Uy + Uy = PUy — U, (15)
and soon ...

To solve the (1) equation, recall that the phase function is normalized so that
]‘ ! ! !
3 / lpo(u,u )dp' = 1. (16)
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Also recall that the specific intensity develops a nearly isotropic angular distribution in this limit.
Therefore, a p-independent function is an eigenfunction of the P operator with an eigenvalue of
unity and so these ideas imply that

U, = Uo(&a'r)- (17)

yzhik et al have rigorously shown that this eigenfunction is the only physically relevant one in
general due to the inherent properties of the phase function [12, 13].
To solve the (€) equation, let us recall that

o
Dol 1) =D wn Pr(p) P (1) (18)
n=0
Then, if we consider P operating on linear function of u,

1 1
Pl pl = 5/_1po(u,u') ' dy!

_ li P()L
B 2n:0wnnu2(1)+1 nl

= wiPi(p)/3= wip/3= pu,

Here we note that Pj(z) = z and that w1/3 = [ by definition. Furthermore, we have used the
orthogonality relation for the Legendre functions [14],

2
2n+1

1
/ P,(z)P (x)dx = n o
-1
in the fourth step where , is the ronecker delta function. Therefore, ud U, is an eigenfunction
of P with eigenvalue zi. Upon substituting U; = pd U, into (14), we find that = —1/(1 — )
and so i
Ui(& p,7) = —qa Uo(&; 7)- (19)

ote that the first two terms in the perturbation expansion can be written as the first two terms
in a Legendre basis expansion,

Uo(fa My T) = Uo(fa T)PO (,LL)
1
Ui, pm,7) = _ﬁa Uo(&, ) Pr(p)-
In general we find that each order of the perturbation expansion corresponds to a each mode of a
Legendre basis expansion,

Z ERUn(£7 My T) = Z enUn(ga T)Pn(ll),
n=0 n=0



which is consistent with the diffusion limit s assumption that the specific intensity develops a
nearly isotropic angular distribution. Therefore, if we substitute our results from the (1) and
(€) analysis into (15), and integrate the equation with respect to y, we obtain

1

0:Uo(&,7) = 307

azUo(fa T) - Uo(é-, T)' (20)
This equation is the governing diffusion equation for the (1) term for the specific intensity in the
diffusion limit and is the main result of this report.

on udin Remar s

In this report, we have derived the diffusion equation for the (1) term in a perturbation series for
the specific intensity in the diffusion limit. If we define = [3(1 — ji)]~!, then (20) takes the form,

2

7‘9[]‘5(5’7) - UL Ué’éf’ﬂ — Uo(é, 7). (21)
This diffusion equation agrees exactly with the diffusion equation given in efs. [8, 9, 10] that were
obtained by different derivations.

Although the diffusion limit is a well-accepted approximation to the radiative transfer equation
for a variety of problems, its results are not valid near sources and boundaries. One simple example
to illustrate this idea is backscattering from a semi-infinite scattering medium [15]. For short
times, the backscattered light has only been scattered a few times and the intensity can be highly
anisotropic. In this setting, the diffusion approximation is not valid. However, for longer times,
the diffusion approximation approaches the true solution.

In the analysis presented in this report, we have derived a singularly perturbed integro-differential
equation, (11) and found that its “outer” solution satisfies a diffusion equation given by (20). y
examining the “inner” solutions within boundary and initial layers associated with this perturbation
problem, we hope to obtain an asymptotically valid solution near boundaries and sources. Larsen
and eller s [16] describe one means to examine these inner limits and asymptotically match them
to the outer solution. Future work will be directed towards applying these techniques to relevant
problems in imaging biological media and remote sensing the environment.
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