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ABSTRACT
Experimentsare conductedin a three-dimensionalwave

basinwith awavemakersystemcomprising32side-by-sidepad-
dlesfor which thereis precisecontrol.Two typesof wavemaker
forcingsareusedto createtwo-dimensionalsurfacepatterns:(1)
two symmetriccarrierwavesinteractingat anobliqueangleand
(2) a single carrier wave propagatingin the x-direction with a
Jacobielliptic, sn-functionmodulationin the y-direction. Data
arepresentedfrom overheadphotographsandfrom time series
obtainedby traversinga wave-gagethroughthe patterns. Two
parametersaresystematicallyvaried: thehorizontalaspectratio
of the cells comprisingthe surfacepatternand the measureof
nonlinearityof the input wave�eld. Unlike suchwavesin shal-
low waterfor which thesurfacepatternis madeup of six-sided
cells,thewavepatternfor wavesin deepwateris madeupof rect-
angularcells.Both theoverheadphotographsandthetimeseries
show that for mostvaluesof the two parameters,thewave�elds
evolve with signi�cant modulationsin both the x and y direc-
tions. In particular, whenthe aspectratio of the cells is below
about0.4 for a �x edmeasureof nonlinearity, thereis signi�cant
modulationin they-directionthatresultsin cellswith smalleras-
pectratios. For aspectratio above about0.4, thecellsappearto
bestable(exceptfor viscousdecay)for smallervaluesof nonlin-
earity. However, for largervaluesof nonlinearityeventhesecells
modulatein they-direction,furtherincreasingtheaspectratioof
theevolving cells. For the largestvalueof nonlinearityconsid-
ered,thepatternevolvesinto onethatcomprisescellswith aspect
ratiosof about1.

� Thisauthorreceivesthecorrespondenceconcerningthis paper.

I. Intr oduction

In this paperwe report resultsfrom experimentson waves
in deepwater that have two-dimensionalsurfacepatterns.The
aim is to determinetheshapeof suchpatternsin spaceandtime
so that we may then searchfor theseresultsin the full equa-
tionsandin approximateequations.This work is motivatedby
threeconsiderations:(1) There is a large literatureon theory
and experimentsfor waves on shallow water. In this regime
permanent-formwaves with two-dimensionalpatternsare ob-
served experimentally, (seeHammacket al 1989,1991,1995),
are found in approximatemodels(see, eg. Segur & Finkel,
1985), and have beenproven to exist in Euler's equationsby
Craig& Nicholls, 2000;(2) Permanent-formsolutionswith 2D
patternshavebeenobservedin numericalexperimentsfor waves
in deepwaterby Roberts(1983),Roberts& Peregrine (1983),
Roberts& Schwartz(1983),Bryant(1985),Nicholls (1998)and
others;(3) The existenceproof for permanent-formwaveswith
2D surfacepatternsby Craig& Nicholls (2000)is for waveson
arbitrarydepthandso,appliesfor wavesondeepwater.

Previous experimentsusingdeepwaterhave shown a vari-
ety of behaviours. Suet al (1982),andSu(1982)foundat least
two typesof waves with 2D surfacepatterns. Figure 4 of Su
(1982)shows patternsthat he called“skew wave patterns”that
resemblethepatternsfoundin thenumericsdiscussedabove. Su
describedthesewavesasoccuringfrom abifurcationthatoccurs
on1D Stokeswavetrainswith a narrow rangeof slopes.He also
observedanadditionaltypeof 2D surfacepattern,referredto as
“crescentwaves” or “horseshoe”patterns,which have alsobeen
observedin wavetanksby Caulliezet al. (1998)andCollard &
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Caulliez(1999). Suet. al did not describe2D waveswith rect-
angularpatterns.

More recentexperimentshave beenreportedby Kimmoun
et al (1999),who useda single,long wavepaddleto createa 1D
wavetrainthat re�ected off a wall. The interactionbetweenthe
incidentandre�ecting wavesresultedin rectangularpatternsthat
look like thecomputedonesof Nicholls (1998).

In the remainderof this paper, we discussour experiments
usingawavetankthathasa wavepaddlearraycomprising32 in-
dividual paddles,eachcontrolledpreciselyto performa desired
displacementwith adesiredvelocity. Wepresentspatialandtem-
poralmeausrementsof waveswith 2D patternsfor which values
of two parametersarevaried: theaspectratio of x andy length
scalesandthemeasureof nonlinearity. SectionII describesthe
experimentalfacility. SectionIII presentsresultsconcerningthe
shapeof wavepatternsin deepwater. SectionIV presentsresults
of experimentsusingtwo symmetriccarrierwavesinteractingat
obliqueangles.SectionV presentsresultsof experimentsusing
a carrier wave propagatingin the x-direction that hasa Jacobi
elliptic sn-functionmodulationin they-direction.

II. Experimental Facility and Appr oach
Experimentsareconductedin awavebasinthatis 12-ft long,

6-ft wide and1-ft deep. The basinhaspreciselyalignedglass
walls anda �at bottommadeof (white) Corian. Along one6-ft
endwall is a segmentedwavemakercomprising32,side-by-side,
verticallyoscillatingwedges(paddles)thatintersecta watersur-
face.Thereareno gapsbetweenadjacentpaddles,andthey are
lessthan0.5 mm from the tanks' glasswalls. Hence,no �o ws
from behindor betweenthe paddlesoccur that would contam-
inate the generatedwave �eld. The motion of eachpaddleis
independentlyprogrammableandcontrolledby dedicatedreal-
time computersusingdual feedbacksfrom eachpaddle. (Dual
feedbacksof positionandvelocity enablethemostprecisecon-
trol available today.) The segmentedwavemaker can generate
complex wave�elds comprisingmultiple waves propagatingat
arbitraryangles.It canbe programmedto modulatewave�elds
with any desiredfunctional dependencein both the x (along
basin)andthe y (acrossbasin)directions.The basinalsohasa
programmable,controlledxyz-positioningsystemthatridesover
the basin. In addition, there is an overhead,high-resolution,
CCD camerawhosex-motion alongthe basinaxis is alsopro-
grammableandcontrolled. The realtimecomputerscontrolling
thewavemaker, xyzandcamerapositioningsystemsareall syn-
chronized.

In all of theexperimentsdiscussedherein,eachpaddleoscil-
latesatthesamefrequency for thatexperimentandwith thesame
phase;only theamplitudesaredifferentfor a givenexperiment.
Typical paddleamplitudesareshown in Figure1. It shows the
amplitudesof forcingfor eachof the32paddlesfor thetwo types
of experimentswereportherein.Figure1ashowstheforcing for
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Figure 1. Amplitude for paddleforcing for (a) obliqueinteractionsof
two 3.33 Hz waves and (b) a sn-modulated3.33 Hz wave with m =
0:960.

anobliqueinteractionof two symmetricwaves.For this casewe
createtwo symmetriccarrierwavesat anobliqueangle,like:

a0

2
cos(kx+ ly� wt) +

a0

2
cos(kx� ly� wt);

wherea0 is theamplitude,k is thex-wavenumber(perpendicular
to thepaddlearray),y is they-wavenumber(parallelto thepaddle
array),andw is the frequency. This linear sumgivesa cosine
envelopein y suchthatwecanrepresentthepaddledisplacement
hp as

hp = a0 cos(ly) cos(kx� wt): (1)

Figure1b shows the forcing whena carrierwave is modulated
with a Jacobi-ellipticsn-function. For this casethe paddledis-
placementis

hp = a0 sn(ly;m) cos(kx� wt); (2)

wherem is theelliptic modulus.Thepaddleforcingcorrespond-
ing to Figure1b,hasm= 0:960andcorrespondsto Experiment
S2of Table3. In general,0 < m< 1 with m= 0 corresponding
to the cosinemodulationshown in Figure 1a, and m = 1 cor-
respondingto the in�nite line casefor which the pro�le would
behave like tanh(ly).

Precisemeasurementsof wave �elds are madeusing two
methodologies. First, capacitance-typewave gagesare sup-
portedabove thebasinusingthexyz-positioningsystem.These
gagesmeasurethe instantaneous,water-surfacedisplacementat
a “point” (a circular areaof about1 mm diameter). The posi-
tioningsystemenablesthedynamiccalibrationof thesegagesas
well astheirprecisepositioningandmotionacrossthewatersur-
faceduringexperiments.Theanalogsignalsfrom thegagesare
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Figure 2. Overheadphotographof wavesin shallow water. (from Ham-
macketal, 1995)

low-pass(30Hz) �ltered, ampli�ed anddigitizedwith 16-bitac-
curacy usinganothersynchronizedrealtimecomputer. Second,
instantaneous,overheadimagesof thewave�eld aremadeusing
theoverheadcamera.Eachimagecoversa surfaceareaof about
91.6cmby 114.5cmandcomprises8 bit graylevelsrecordedat
1.2million pixels.An imageof thewave�eld is producedonthe
Coriantank bottomby high-intensitylampsaimedobliquely at
thewatersurface. Wave crestscreatelight bandson theCorian
andwave troughscreatedarkbands,e.g. seeFigure4b. Previ-
ouswork by Perlin & Hammack(1991)hasshown that a time
seriesof gray levels at a pixel site hasa correlationcoef�cient
of about0.89with a nearbywave-gagetime series.Hence,gray
levelsstronglyre�ect water-surfacedisplacementsin theseover-
headimages.

III. Surface Patterns
It is well-known that permanent-formwavetrainswith 2D

surfacepatternsin shallow waterhaveasix-sidedgeometrywith
a zig-zagstructureconnectingdifferentcells. Figure2 showsan
example.It is anoverheadphotographof anexperimentin which
the patternhasa symmetrichexagonalshape. Thesepatterns,
symmetricor not,arewell-modelledby genus-2solutionsof the
KP equation,anasymptoticevolution equationfor weaklynon-
linear, weakly two-dimensionalwavesin shallow water(seefor
example,Hammacket al, 1989). In contrast,Nicholls' (1998)
computationsshow that the patternsarequite different in deep
water. In particular, insteadof the6-sided(hexagonal)cellsob-
servedin shallow water, thecellsin deep-waterare4-sided(rect-
angular)and have a nodal line separatingcells, insteadof the
zig-zagstructureobservedin shallow water. Thisdifferenceis il-
lustratedin Figure3, whichshowscontoursof Nicholl's (private
communication)numericalsolutionsof the full Eulerequations
for wavesin shallow andin deepwater.

Deep-waterrectangularcontourswereobservedexperimen-
tally by Kimmounetal (1999)in experimentsusingincidentand
re�ectedwavetrains.Bridgesetal (2000)reportthatfor somepa-
rameterregimesthey alsoobserve, numerically, hexagonalpat-
ternsin deepwater. Figure4 shows two viewsof typical experi-
mentsdiscussedherein.

Figure4a is an obliqueview of a wave surface,for which
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Figure 3. Numerically generatedcontoursof travelling waves in (a)
shallow and(b) deepwater. (Dave Nicholls,privatecommunication.)

(a) (b)

Figure 4. (a) Oblique imageof 3-Hz waves showing apparentlysix-
sidedcells. (b) Overheadimageof 4-Hz waves showing apparently
rectangularcells.

the patternsappearto be hexagonal. Figure4b is an overhead
view turnedat 45 deg to thedirectionof propagation.Herethe
patternappearsto berectangularwith off-setcrests-troughsand
with nodallinesof zeroamplitudein thedirectionof waveprop-
agation,i.e.,parallelto thex-axis.Thesedifferentinterpretations
of the wave�eld imagesdependingon cameraanglearetypical
of all our experimentsusingdeepwater. How do we reconcile
thesetwo views?

A measurabledifferencebetweenthepatternsin shallow and
deepwateris that thetime seriesobtainedin theshallow-water,
hexagonalpatternsexhibit eitherone or two temporalperiods,
dependingon the location of the measurement,while time se-
ries obtainedin rectangularpatternsexhibit only one temporal
periodor aconstantvalueif takenin thenodalline. A schematic
drawing of the level linesof patternsin shallow anddeepwater
is shown in Figure 5 to illustrate this difference. If measure-
mentsareobtainedthroughthe patternsat a location indicated
by the dashedlines, thentherewill be two periodsobserved in
thehexagons,but oneperiodin therectangles.Measurementsof
time seriesin shallow waterby Hammacket al (1995)con�rm
this temporalbehavior for hexagonalpatternsin shallow water.
Our temporalmeasurementsusinga wavegagethat traversesin
x at a �x ed y-location show that the temporalbehavior of the
wave�elds in bothviews of Figure3 is consistentwith a rectan-
gular pattern;i.e., the time seriesshows only oneperiodwhen
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(b)

Direction of propagation

(a)

Figure 5. Schematicdrawing of level lines for wave patternscorre-
spondingto (a) hexagonsin shallow waterand(b) rectanglesin deep
water.

insidethecell, thesame,singleperiodnearthenodalline region
correspondingto thedashedline in Figure5b, andessentiallya
constantamplitudewheninsidethenodalline region.

In the remainderof the paperwe discussexperimentsin
which we vary aspectratio andnonlinearity. We presentover-
headimagesof thesurfacepatternsandtime seriesobtainedby
traversingthe gagein the x- andy-directions. In most experi-
mentssigni�cant modulationsare apparentboth in the images
andthetimeseries.

IV. Obliquel y interacting waves
Herewe considerexperimentsin which thewave paddlear-

ray is programmedto createanobliqueinteractionbetweentwo
symmetriccarrierwavesasdescribedby (1) in SectionII. The
wave paddlesareprogrammedusing(1) for their positionsand
thetime-derivativeof (1) for their velocities.

IV.A.SpatialViews
Therearetwo parametersinvolvedin characterizing2D sur-

facepatterns.The�rst is a measureof nonlinearityof theprop-
agatingwavetrains,which we will take to bee= a0k, wherea0
is the initial wave amplitudeandk =

p
k2 + l2 is thewavenum-

bercomprisingk, thex-wavenumberandl , they-wavenumberof
thecarrierwaves. The secondis theaspectratio of thepattern,
which is relatedto theanglebetweenthe two underlyingwave-
trains. Theaspectratio is givenby r = 2l=k andcorrespondsto
thex-wavelengthover thedistancebetweennodallines parallel
to the x-axis (half the y-wavelength). Sincethe y-wavelength
has to �t in the tank, the y-wavenumberis l = np=W, where
W = 182:88 cm is the tank width andn is thenumberof nodal
linesacrossthetank. Tables1 and2 list bothparametersfor our
experimentshereinonobliquelyinteractingwavetrains.

Figure 6 shows overheadphotographsof wave�elds with
�x ednonlinearityandvaringaspectratio. For n = 0 (r = 0), the
wavemakerpaddlesoscillatetogetherasasingleunit to generate

Experiment n r l k

C1 0 0 0 0.63

C2 2 0.11 0.034 0.62

C3 3 0.16 0.051 0.62

C4 4 0.22 0.069 0.62

C5 5 0.27 0.086 0.62

C6 6 0.33 0.10 0.62

C7 7 0.38 0.12 0.61

C8 8 0.44 0.14 0.61

Table 1. Parameters for experiments using the linear superpostion of

two cosines. The frequency of the carrier waves for all of the experi-

ments is 4Hz; The wavenumber for all of the above experiments is k =
0:63cm� 1. The amplitude for all waves is 0.32cm, so that a0k = 0:20.

Experiment a0(cm) a0k

C9 0.24 0.15

C10 0.32 0.20

C11 0.39 0.24

C12 0.47 0.29

C13 0.55 0.34

C14 0.63 0.39

Table 2. Parameters for experiments using the linear superpostion of

two cosines. The frequency of the carrier waves for all of the exper-

iments is 4Hz; The wavenumber for all of the above experiments is

k = 0:63 cm� 1. The y-wavenumber for all waves is 0.10/cm, corre-

sponding to a mode n = 6 wave�eld, for which r = 0:33.

a1D wavetrain.Weobserveslightmodulationsin they-direction
developingin this wavetrain.For n = 2 (r = 0:011),thesurface
patternhasnodal lines at the edgesof the image. Large mod-
ulationsin the middle of the imageare the resultof wave�eld
evolution. For n=3 (r = 0:16), the surfacepatternhasa nodal
line down the centerof the image. The other two nodal lines
areoutsidetheimage.However, additionalmodulationsin they-
directionhave becomesigni�cant. In general,experimentswith
smalleraspectratioshave wave creststhat modulateacrossthe
tank. Experimentswith larger aspectratios r = 0.38 and0.44
(n = 7;8), have wave creststhat appearto remainstraight,and
surfacepatternsthatremainrectangular.

Figure7 shows imagesof wave�elds with �x ed aspectra-
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Figure 6. Imagesof 4-Hz waves with a0k = 0:20 and aspectratios,
r = 2l=k = (a) 0, (b) 0.11, (c) 0.16, (d) 0.22, (e) 0.27, (f) 0.33, (g)
0.38and(h) 0.44. Experiments(a)-(h) correspondto C1-8 in Table1.
(Imagedareasizeis 91.6x 114.5cm2. Surfacepatternspropagatefrom
top to bottomof theimage.)

tio of r = 0:33 andvaryingnonlinearity, e = a0k. For smalle
(lessthanabout0.20),thesurfacepatterncomprisesrectangular
cells. As nonlinearityincreases,crestscurve, as in Figures7b
and7e,andevenappearto pinch-off to form new patterns,asin
Figure7f. For example,in thee= 0:39 experiment,theoriginal
rectangularpatternhasall but disappearedin thebottomhalf of
the image. What hasevolved looks like a patternof cells with
aspectratio r � 1. In fact, it appearsfrom the imagethat these
smallercellsmaybehexagonalratherthanrectangular;however
we have not beenable to con�rm that visual conclusionwith
timeseriesdata.Thereis alsoevidenceof signi�cant small-scale
structuresforming in they-directionwith largenonlinearity. It is
not clearyet, wherethesestructuresoriginateandhow they are
propagatedandevolved. The parametersfor theseexperiments

.15 .20

.24 .29

.34 .39

Figure 7. Images of 4-Hz waves with aspect ratio r = 0:330and vari-

able a0k (a) 0.15, (b) 0.20, (c) 0.24, (d) 0.29, (e) 0.34, (f) 0.39, (g) 0.39.

Experiments (a)–(g) correspond to C9–14 in Table 2). (Image area size

is 91.6 x 114.5 cm2. Surface patterns propagate from top to bottom of

image.)

aregiven in Table2. We notethat Figure6f andFigure7b are
thesameexperiment.

IV.B.Temporal Views
As statedabove it is importantto have temporalmeasure-

mentsaswell asspatialmeasurements.Figure4a seemsto in-
dicatethe patternsarehexagonal;however, temporalmeasure-
mentsindicatethat they are rectangular. Herewe presentdata
from time series(experimentsC1–14)that show the wave�elds
obtainedusing(1) for variousvaluesof aspectratio, r , andfor
variousvaluesof nonlinearity, e. Thetime tracesareobtainedby
traversingtwo wave gageswith differentx-locationsacrossthe
tankin they-directionata�x edspeed.Thewavepatternis prop-
agatingunderthegagesin thex direction. Thus,thetime series
representsatraversethroughthespatialpatternataknown angle.
Wenotethatatabout25seconds,themovingcarriagesupporting
thegagesstopssothatafterthis time thedatacomefrom a �x ed
location.Eachsetof two time seriesfor a particularmodenum-
bercorrespondto theexperimentwith anoverheadimageshown
in Figure6.

Figures8 and9 presenttime seriesfor varyingaspectratio.
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Figure 8. Time seriesfrom a y-traceof two gagesfor experimentsin
which themodenumbervariesasindicated.For the left/right column,
thex-locationof thegagesare50/100cm from the wave paddles.For
all experiments,e= 0:20. Row 1–4correspondsto experimentsC1–C4
of Table1.

Themodenumber, n, of thepatternis indicatedin the �gure. It
representsthenumberof nodallinesparallelto thethedirection
of propagationthat are acrossthe tank. The time seriesfrom
the two gagesareshown in the left andright handcolumns,so
evolutionof thewave�eld canbeobservedatadistancesof 50cm
and100cm from thewave paddles.Thesedistancescorrespond
to about5 and10wavelengthsof thecarrierwaves.

Recall that the wave�eld hasbeengiven an initial cosine
modulationin they-direction.For modes2, 3 and8, this cosine
modulationis apparent5 wavelengthsfrom thewavepaddle(the
left-handcolumnof data).However, 5 morewavelengthsdown
thetank,themode2 and3 wave�elds have lost this initial mod-
ulation. The mode3 hasbroken up into almosttwice asmany
cosines.Only themode8 experimentlookslikeamode8 cosine
at both5 and10wavelengthsfrom thepaddle.

The mode4, 5, 6, 7 experimentsshow that even 5 wave-
lengthsfrom thewavepaddle,thewave�eld hasdevelopedasig-
ni�cant “dip” alongits y-envelope.In themode4 experimentthis
dip seemsto be halving the periodof the y-modulation. In the
mode5 and6 experiments,thedip disappearsandthewave�eld
recoversits initial cosinemodulation.In themode7 experiment,
thedip hasdecreased,but hasnotdisappeared.

Thesedatafrom temporalmeasurementssupporttheconclu-
sion oneobtainsfrom the overheadimagesshown in Figure6.
That is, for larger aspectratios(smallernodenumber),the pat-
tern undergoessigni�cant variationduring its evolution, while
for thehigheraspectratiosof about0.4,thereis lessvariation.

Figures10 and11 show how the wave�elds evolve in the
y-directionwhentheamplitude,i.e., themeasureof nonlinearity,
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Figure 9. Time seriesfrom a y-traceof two gagesfor experimentsin
which themodenumbervariesasindicated.For the left/right column,
thex-locationof the gagesare50/100cm from thewave paddles.For
all experiments,e= 0:20. Row 1–4correspondsto experimentsC5–C8
of Table1.

is increased.Again, tracesfrom two gagesthattraversein y with
different,�x edx� positionsareshown for eachof thesix exper-
iments. The gagesclosestto the wavemaker is about5 wave-
lengthsfrom thepaddleandshown in (a), (c) and(e). Thesame
typeof dip or modulationis observedon thesewave�elds. The
amplitudeof this dip increaseswith increasinge. We seehow it
evolves5 morewavelengthsdown the tank in (b), (d), and(f).
For experimentswith e < 0:25, the envelopeevolvesback into
a cosinemodulationwith the input period. For the morenon-
linearexperiments,thedip continuesto evolve furtherdown the
tank. For the experimentwith largestnonlinearity(e = 0:39),
shown in Figures11eand11f, thedip hasevolvedalmostto the
point whereit causesthe wave�eld to split into additionalco-
sinemodulations.Thesedatacorrespondto the imageshown in
Figure7f. Both thespatialview andthe temporalview suggest
thatfor theseparametersof r = 0:33ande= 0:39,thewave�eld
perioddoublesin they-direction.

What is happeningas the pattern propagatesin the x-
direction?Figure12 shows time seriesfrom gagesthat traverse
down thetankin thex-directionat �x edy positions.Thesedata
arefor experimentC3,whichhasn = 3, r = 0:33,ande= 0:20.
They-locationsof thegagesusedto obtainthedatain Figure12
were chosenso that one gagewould be in a nodal line (Fig-
ure 12a)of the patternandthe otherwould be in an antinodal
line (Figure 12b)of thepattern.

Thespatialimagefor thisexperimentis shown in Figure6c.
It shows signi�cant modulationoccuring. It alsoseemsto indi-
catethat thenodalline in thecenterof thetankremainsa nodal
line. Thetime seriesobtainedfrom a y-traverseof thegagesare
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Figure 10. Time seriesfrom a y-traceof two gagesfor experimentsin
which theamplitudevaries: (a,b)a0 = :24 cm, (c,d)a0 = :32 cm, (e,f)
a0 = :39 cm. For the left/right column,thex-locationof thegagesare
50/100cm from the wave paddles.For all experiments,n = 6 so that
r = 0:330.Eachrow of timeseriescorrespondsto experimentsC9–C11
of Table2.
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Figure 11. Time seriesfrom a y-traceof two gagesfor experimentsin
which theamplitudevaries: (a,b)a0 = :47 cm, (c,d) a0 = :55 cm, (e,f)
a0 = :63 cm. For all experiments,n = 6 so that r = 0:33. Rows 1–3
correspondto experimentsC12–C14of Table2.

shown in Figure8 (third row). Thesey-tracesshow that the y-
envelopeis evolving down the tank suchthat it is splitting into
additionalmodulations.In fact,it appearsthataperiod-doubling
is occurring.If they-modulationhadtruly period-doubled,then
thenodalline in themiddleof thetankwould have evolvedinto
an anti-nodalline. Figure12ashows that the nodal line down
thecenterof thetankdoesindeedremaina purenodalline. No
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Figure 12. Time seriesfrom an x-traceat (a) a nodal line along the
centerlineof the tank (y = 91:5 cm) and (b) an antinodalline of the
pattern(y = 60 cm). For both experiments,f = 4 Hz, e = 0:20 cm,
m= 3, andr = 0:330.

wave modulationsoccur along this line. In the antinodalline
of the pattern,shown in Figure12b, thereis signi�cant modu-
lation. This modulationis reminiscentof a classicalBenjamin
Fier instability, except that that calculationappliesonly to the
mode0 (r = 0) wave�elds. Carter(2001)investigatedstability
of then > 0 wave�elds andwe arepresentlyconductingexper-
imentsto testhis predictions.His calculationsuseJacobiellip-
tic, sn-functionmodulationsin y, insteadof cosinemodulations.
Nevertheless,aswe will discussin future work, we expecthis
calculationsto applyto theseexperimentsaswell.
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Figure 13. Time seriesof wave®eldsfrom experiments(a) S2and(b)
S3,modulatedwith sn-envelopesasin (2). Experimentalparametersare
in Table3.
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Experiment f (Hz) n m l=k a0k k (rad/cm)

S1 4.00 3 0.954 0.16 0.15 0.63

S2 3.33 3 0.960 0.23 0.22 0.44

S3 4.00 6 0.965 0.32 0.31 0.63

Table 3. Parameters for experiments using the sn modulation of (2).

Experiments with Jacobi elliptic sn-envelopes

Thesecondtypeof forcing we have consideredto dateuses
acarrierwavepropagatingin x with aJacobi-ellipticsn-function
modulationin y so that the paddledisplacementsaredescribed
by (2) in SectionII. Paddlevelocitiesareprogrammedto bethe
time derivative of (2). Parametersfor threeexperimentsthatwe
havebegunconductingarepresentedin Table3. Figure1bshows
theamplitudeof eachpaddlefor experimentS1listedthere.This
forcing waschosenbecauseit is anexactsolutionto thenonlin-
earSchrodingerequation(NLS) in (2+1) dimensions.TheNLS
equationis a modelfor weaklynonlinear, narrow-bandedwaves
in deepwater(see,for example,Ablowitz & Segur, 1977).It has
a plethoraof exactsolutions,oneof which is theJacobielliptic
sn-function.So,althoughit describestheenvelopeof wave�elds
that propagateprimarily in one direction, Segur (privatecom-
munication)notedthattheenvelopeof a carrierwavemodulated
by thesn-solutionhas2D surfacepatternsthathave rectangular
contoursandarethereforesimilar to thoseobtainedby Nicholls
(1998)from Euler'sequatons(Figure3b). We notethatthepad-
dleforcingusingacosinemodulationasdescribedby (1) is nota
solutionof theNLS. It correspondsto (2) whentheelliptic mod-
ulusandthewaveamplitudebothgo to zero.

Figure13shows two time seriesobtainedfrom experiments
listed in Table3. Figure13acorrespondsto experimentS2 of
Table3 for which thereare3 nodallinesparallelto thex-axisof
the tank. Figure13b correspondsto experimentS3 of Table3
for which thereare6 nodal lines. For both experiments,the x-
locationof thewave gageis �x edandits y positionvarieswith
a speedof 5.72cm/s. Here,both the aspectratio andthe mea-
sureof nonlinearityaredifferent for the two experiments.For
theexperimentwith smallernonlinearity, S2,thesn-envelopere-
mainscoherent.For the morenonlinearexperiment,S3, a dip
hasdevelopedon thesn-envelope,similar to thoseobservedon
the cosine-modulatedexperiments. We are conductingfurther
studiesto investigatethe evolution of wave�elds whoseinitial
envelopesareexactsolutionsto NLS.
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