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ABSTRACT

Experimentsare conductedin a three-dimensionalvave
basinwith awavemaler systemcomprising32 side-by-sidepad-
dlesfor which thereis precisecontrol. Two typesof wavemaler
forcingsareusedto createtwo-dimensionakurfacepatternsi(1)
two symmetriccarrierwavesinteractingat an obliqueangleand
(2) a single carrier wave propagatingn the x-directionwith a
Jacobielliptic, sn-functionmodulationin the y-direction. Data
are presentedrom overheadphotographsand from time series
obtainedby traversinga wave-gagethroughthe patterns. Two
parametersiresystematicallyaried: the horizontalaspectatio
of the cells comprisingthe surface patternand the measureof
nonlinearityof the input wave eld. Unlike suchwavesin shal-
low waterfor which the surfacepatternis madeup of six-sided
cells,thewave patternfor wavesin deepwateris madeup of rect-
angularcells. Both the overheadbhotograph&ndthetime series
shav thatfor mostvaluesof the two parametersthe wave elds
evolve with signi cant modulationsin both the x andy direc-
tions. In particular whenthe aspectratio of the cellsis below
about0.4for a x edmeasuref nonlinearity thereis signi cant
modulationin they-directionthatresultsin cellswith smalleras-
pectratios. For aspectatio above about0.4, the cells appeatto
be stable(exceptfor viscousdecay)for smallervaluesof nonlin-
earity. However, for largervaluesof nonlinearityeventhesecells
modulatein they-direction,furtherincreasinghe aspecratio of
the evolving cells. For the largestvalue of nonlinearityconsid-
ered thepatternevolvesinto onethatcomprisesellswith aspect
ratiosof aboutl.
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I. Intr oduction

In this paperwe reportresultsfrom experimentson waves
in deepwaterthat have two-dimensionakurfacepatterns. The
aimis to determinethe shapeof suchpatternan spaceandtime
so that we may then searchfor theseresultsin the full equa-
tionsandin approximateequations.This work is motivatedby
three considerations:(1) Thereis a large literature on theory
and experimentsfor waves on shallav water In this regime
permanent-formwaves with two-dimensionalpatternsare ob-
sened experimentally (seeHammacket al 1989,1991,1995),
are found in approximatemodels(see,eg. Segur & Finkel,
1985), and have beenproven to exist in Euler's equationsby
Craig & Nicholls, 2000;(2) Permanent-fornsolutionswith 2D
patternshave beenobsenedin numericalexperimentsor waves
in deepwater by Roberts(1983), Roberts& Perayrine (1983),
Roberts& Schwartz(1983),Bryant(1985),Nicholls (1998)and
others;(3) The existenceproof for permanent-fornwaveswith
2D surfacepatternsby Craig & Nicholls (2000)is for waveson
arbitrarydepthandso,appliesfor waveson deepwater

Previous experimentsusing deepwater have shavn a vari-
ety of behaviours. Suetal (1982),andSu (1982)found at least
two typesof waveswith 2D surface patterns. Figure 4 of Su
(1982) shaws patternsthat he called“skew wave patterns”that
resembldhe patterndfoundin thenumericsdiscusseébove. Su
describedhesewavesasoccuringfrom a bifurcationthatoccurs
on 1D Stokeswavetrainswith a narrav rangeof slopes.He also
obsenedanadditionaltype of 2D surfacepattern referredto as
“crescentwaves” or “horseshoe’patternswhich have alsobeen
obsenedin wavetanksby Caulliezetal. (1998)andCollard &
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Caulliez(1999). Suet. al did not describe2D waveswith rect-
angularpatterns.

More recentexperimentshave beenreportedby Kimmoun
etal (1999),who useda single,long wavepaddleto createa 1D
wavetrainthat re ected off awall. The interactionbetweenthe
incidentandre ecting wavesresultedn rectangulapatternghat
look like the computednesof Nicholls (1998).

In the remainderof this paper we discussour experiments
usingawavetankthathasa wave paddlearraycomprising32in-
dividual paddlesgachcontrolledpreciselyto performa desired
displacementvith adesiredvelocity. We presenspatialandtem-
poralmeausrementsf waveswith 2D patterndor which values
of two parametersrevaried: the aspectratio of x andy length
scalesandthe measureof nonlinearity Sectionll describeghe
experimentafacility. Sectionlll presentsesultsconcerninghe
shapeof wave patternsn deepwater SectionlV presentsesults
of experimentausingtwo symmetriccarrierwavesinteractingat
obliqueangles.SectionV presentsesultsof experimentsusing
a carrierwave propagatingn the x-directionthat hasa Jacobi
elliptic sn-functionmodulationin they-direction.

Il. Experimental Facility and Approach

Experimentareconductedn awave basinthatis 12-ftlong,
6-ft wide and 1-ft deep. The basinhaspreciselyalignedglass
walls anda at bottommadeof (white) Corian. Along one 6-ft
endwall is a sggmentedvavemaler comprising32, side-by-side,
vertically oscillatingwedgeqpaddles}hatintersecia watersur
face. Thereareno gapsbetweenadjacentpaddlesandthey are
lessthan 0.5 mm from the tanks' glasswalls. Hence,no o ws
from behindor betweenthe paddlesoccurthat would contam-
inate the generatedvave eld. The motion of eachpaddleis
independentlyprogrammableand controlledby dedicatedreal-
time computerausing dual feedbackdrom eachpaddle. (Dual
feedbackf positionandvelocity enablethe mostprecisecon-
trol availabletoday) The segmentedwavemaler can generate
complex wave elds comprisingmultiple waves propagatingat
arbitraryangles. It canbe programmedo modulatewave elds
with ary desiredfunctional dependencen both the x (along
basin)andthey (acrossbasin)directions. The basinalsohasa
programmablegontrolledxyzpositioningsystenthatridesover
the basin. In addition, thereis an overhead,high-resolution,
CCD camerawhosex-motion alongthe basinaxis is also pro-
grammableand controlled. The realtimecomputerscontrolling
thewavemaler, xyzandcameragpositioningsystemsareall syn-
chronized.

In all of theexperimentgiscussedtherein,eachpaddleoscil-
latesatthesamedrequeng for thatexperimentandwith thesame
phaseonly the amplitudesaredifferentfor a given experiment.
Typical paddleamplitudesare shavn in Figure 1. It shows the
amplitudesof forcing for eachof the 32 paddledor thetwo types
of experimentsve reportherein.Figure lashavs theforcing for
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Figure 1. Amplitude for paddleforcing for (a) obliqueinteractionsof
two 3.33 Hz waves and (b) a sn-modulated.33 Hz wave with m=
0:960.

anobliqueinteractionof two symmetricwaves. For this casewe
createtwo symmetriccarrierwavesat anobliqueangle like:

% cogkx+ ly wt)+% cogkx ly wi);

whereay is theamplitude k is the x-wavenumbeiperpendicular
tothepaddlearray),y is they-wavenumbe(parallelto thepaddle
array),andw is the frequeng. This linear sumgivesa cosine
ervelopein y suchthatwe canrepresenthe paddledisplacement
hp as

hp = ag coqly) cogkx wt): Q)

Figure 1b shaws the forcing when a carrierwave is modulated
with a Jacobi-ellipticsn-function. For this casethe paddledis-
placements

hp = ag sn(ly;m)cogkx wt); (2)

wherem s theelliptic modulus.The paddleforcing correspond-
ing to Figurelb, hasm= 0:960andcorresponds$o Experiment
S2of Table3. In general0 < m< 1 with m= 0 corresponding
to the cosinemodulationshavn in Figure 1a,andm= 1 cor
respondingo thein nite line casefor which the pro le would
behaeliketanh(ly).

Precisemeasurementef wave elds are madeusing two
methodologies. First, capacitance-typavave gagesare sup-
portedabove the basinusingthe xyzpositioningsystem.These
gagesneasurdhe instantaneousyatersurfacedisplacemenat
a “point” (a circular areaof aboutl mm diameter). The posi-
tioning systemenableghe dynamiccalibrationof thesegagesas
well astheir precisepositioningandmotionacrosgshewatersur
faceduring experiments.The analogsignalsfrom the gagesare
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Figure 2. Overheadhotograplof wavesin shallav water (from Ham-
macketal, 1995)

low-pasq30Hz) Itered, ampli ed anddigitizedwith 16-bitac-
curag/ usinganothersynchronizedealtimecomputer Second,
instantaneousiverheadmagesof thewave eld aremadeusing
theoverheaccamera Eachimagecoversa surfaceareaof about
91.6cmby 114.5cmandcomprises bit graylevelsrecordecdht
1.2million pixels. An imageof thewave eld is producednthe
Coriantank bottomby high-intensitylampsaimedobliquely at
the watersurface. Wave crestscreatelight bandson the Corian
andwave troughscreatedark bands,e.g. seeFigure4b. Previ-
ouswork by Perlin & Hammack(1991) hasshawvn that a time
seriesof gray levels at a pixel site hasa correlationcoefcient
of about0.89with a nearbywave-gagetiime series.Hence gray
levelsstronglyre ect watersurfacedisplacements theseover-
headimages.

Ill. Surface Patterns

It is well-known that permanent-fornwavetrainswith 2D
surfacepatternsn shallov waterhave a six-sidedgeometrywith
azig-zagstructureconnectingdifferentcells. Figure2 shovs an
example.lt is anoverheadghotograptof anexperimentn which
the patternhasa symmetrichexagonalshape. Thesepatterns,
symmetricor not, arewell-modelledby genus-2solutionsof the
KP equation,anasymptoticevolution equationfor weakly non-
linear, weakly two-dimensionalvavesin shallov water (seefor
example,Hammacket al, 1989). In contrast,Nicholls' (1998)
computationshav that the patternsare quite differentin deep
water In particular insteadof the 6-sided(hexagonal)cells ob-
senedin shallov water, thecellsin deep-vaterare4-sided(rect-
angular)and have a nodallline separatingcells, insteadof the
zig-zagstructureobsenedin shallov water Thisdifferences il-
lustratedin Figure3, which shavs contoursof Nicholl's (private
communicationhumericalsolutionsof the full Euler equations
for wavesin shallov andin deepwater

Deep-vaterrectangulacontourswereobsenedexperimen-
tally by Kimmounetal (1999)in experimentausingincidentand
re ectedwavetrains.Bridgesetal (2000)reportthatfor somepa-
rameterregimesthey alsoobsene, numerically hexagonalpat-
ternsin deepwater Figure4 shavstwo views of typical experi-
mentsdiscussedherein.

Figure4ais an oblique view of a wave surface,for which

(@) (b)
Figure 3. Numerically generateccontoursof travelling wavesin (a)
shallav and(b) deepwater (Dave Nicholls, privatecommunication.)

Figure 4. (@) Obliqueimageof 3-Hz waves shawving apparentlysix-
sidedcells. (b) Overheadimage of 4-Hz waves shaving apparently
rectangulacells.

the patternsappearto be hexagonal Figure4b is anoverhead
view turnedat 45 deg to the directionof propagation.Herethe
patternappeardo berectangularwith off-setcrests-troughand
with nodallinesof zeroamplitudein thedirectionof wave prop-
agation|.e., parallelto thex-axis. Thesedifferentinterpretations
of the wave eld imagesdependingon cameraangleare typical
of all our experimentsusingdeepwatet How do we reconcile
thesetwo views?

A measurabldifferencebetweerthepatternsn shallov and
deepwateris thatthe time seriesobtainedin the shallov-water
hexagonalpatternsexhibit either one or two temporalperiods,
dependingon the location of the measurementyhile time se-
ries obtainedin rectangulampatternsexhibit only onetemporal
periodor aconstantalueif takenin thenodalline. A schematic
drawing of the level lines of patternsin shallov anddeepwater
is shavn in Figure 5 to illustrate this difference. If measure-
mentsare obtainedthroughthe patternsat a locationindicated
by the dashedines, thentherewill betwo periodsobseredin
thehexagonsput oneperiodin therectanglesMeasurementsf
time seriesin shallov waterby Hammacket al (1995)con rm
this temporalbehaior for hexagonalpatternsin shallov water
Our temporalmeasurementssing a wavegagethat traversesin
x ata x ed y-location shav that the temporalbehaior of the
wave elds in bothviews of Figure3 is consistentvith arectan-
gular pattern;i.e., the time seriesshavs only one periodwhen
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Direction of propagation

(@) ' ' (b)
Figure 5. Schematicdrawing of level lines for wave patternscorre-

spondingto (a) hexagonsin shallav waterand (b) rectanglesn deep
water

insidethe cell, the same singleperiodnearthe nodalline region
correspondindo the dashedine in Figure5b, andessentiallya
constantamplitudewheninsidethe nodalline region.

In the remainderof the paperwe discussexperimentsin
which we vary aspectratio and nonlinearity We presentover-
headimagesof the surfacepatternsandtime seriesobtainedby
traversingthe gagein the x- andy-directions. In most experi-
mentssigni cant modulationsare apparentoth in the images
andthetime series.

IV. Obliquel y interacting waves

Herewe considerexperimentsn which thewave paddlear
ray is programmedo createan obliqueinteractionbetweenwo
symmetriccarrierwavesasdescribedoy (1) in Sectionll. The
wave paddlesare programmedising (1) for their positionsand
thetime-dervative of (1) for their velocities.

IV.A. SpatialViews

Therearetwo parameterivolvedin characterizin@D sur
facepatterns.The rst is a measuref nonlinearityof the prop-
agatingwavetrains,which we will takg to bee= agk, whereag
is theinitial wave amplitudeandk = * k2+ [2 is the wavenum-
bercomprisingk, thex-wavenumbeiandl, they-wavenumbeiof
the carrierwaves. The seconds the aspectratio of the pattern,
which is relatedto the anglebetweenthe two underlyingwave-
trains. Theaspectatiois givenby r = 2=k andcorresponds$o
the x-wavelengthover the distancebetweennodallines parallel
to the x-axis (half the y-wavelength). Sincethe y-wavelength
hasto t in the tank, the y-wavenumberis | = np=W, where
W = 18288 cm is the tank width andn is the numberof nodal
linesacrosghetank. Tablesl and?2 list both parameter$or our
experimentshereinon obliquelyinteractingwavetrains.

Figure 6 showns overheadphotographsf wave elds with
x ednonlinearityandvaringaspectatio. Forn= 0 (r = 0), the
wavemaler paddlesscillatetogetherasa singleunit to generate

Experiment n r I k
C1 0 O 0 0.63
2 011 0.034 0.62
3 0.16 0.051 0.62
C4 4 0.22 0.069 0.62
5
6
7
8

0.27 0.086 0.62
0.33 0.10 0.62
0.38 0.12 0.61

Cs8 0.44 014 061

Table 1. Parameters for experiments using the linear superpostion of
two cosines. The frequency of the carrier waves for all of the experi-
ments is 4Hz; The wavenumber for all of the above experiments is K =
0:63cm L. The amplitude for all waves is 0.32cm, so that agk = 0:20.

Experiment ag(cm) apk

C9 0.24 0.15
C10 0.32 0.20
C11 039 0.24
C12 0.47 0.29
C13 0.55 0.34
C14 0.63 0.39

Table 2. Parameters for experiments using the linear superpostion of
two cosines. The frequency of the carrier waves for all of the exper-
iments is 4Hz; The wavenumber for all of the above experiments is
k= 0:63cm 1. The y-wavenumber for all waves is 0.10/cm, corre-
sponding to a mode N = 6 wave eld, for whichr = 0:33.

a 1D wavetrain.We obsene slightmodulationsn they-direction
developingin thiswavetrain. Forn= 2 (r = 0:011),thesurface
patternhasnodal lines at the edgesof the image. Large mod-
ulationsin the middle of the imageare the resultof wave eld
evolution. For n=3 (r = 0:16), the surfacepatternhasa nodal
line down the centerof the image. The othertwo nodallines
areoutsidetheimage.However, additionalmodulationsn they-
directionhave becomesigni cant. In generalgxperimentswith
smalleraspectratios have wave creststhat modulateacrossthe
tank. Experimentswith larger aspectratiosr = 0.38and0.44
(n= 7;8), have wave creststhat appearto remainstraight,and
surfacepatternghatremainrectangular

Figure 7 shavs imagesof wave elds with x ed aspectra-
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(©) (d)
(e) ®
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Figure 6. Imagesof 4-Hz waves with agk = 0:20 and aspectratios,
r =2=k=(a)0, (b) 0.11, (c) 0.16, (d) 0.22, (e) 0.27, (f) 0.33,(9)
0.38and(h) 0.44. Experimentga)-(h) correspondo C1-8in Table 1.
(Imagedareasizeis 91.6x 114.5cm?. Surfacepatterngpropagateérom
top to bottomof theimage.)

tio of r = 0:33 andvaryingnonlinearity e = apk. For smalle
(lessthanabout0.20),the surfacepatterncomprisegectangular
cells. As nonlinearityincreasescrestscurve, asin Figures7b
and7e,andevenappeato pinch-of to form new patternsasin
Figure7f. For example,in thee = 0:39 experiment the original
rectangulapatternhasall but disappeareth the bottomhalf of
theimage. What hasevolvedlooks like a patternof cells with
aspectatior 1. In fact,it appeardrom theimagethatthese
smallercellsmaybe hexagonalratherthanrectangularhowever
we have not beenable to con rm that visual conclusionwith
time seriesdata. Thereis alsoevidenceof signi cant small-scale
structuredormingin they-directionwith largenonlinearity It is
not clearyet, wherethesestructuresoriginateand how they are
propagatedind evolved. The parametergor theseexperiments

15 .20

.24 .29

.34 .39

Figure 7. Images of 4-Hz waves with aspect ratio I = 0:330and vari-
able apk (a) 0.15, (b) 0.20, (c) 0.24, (d) 0.29, (e) 0.34, (f) 0.39, (g) 0.39.
Experiments (a)—(g) correspond to C9-14 in Table 2). (Image area size
is 91.6 x 114.5 CM?. Surface patterns propagate from top to bottom of
image.)

aregivenin Table2. We notethat Figure 6f andFigure 7b are
the sameexperiment.

IV.B. Tempoal Views

As statedabove it is importantto have temporalmeasure-
mentsaswell as spatialmeasurementskigure 4a seemgo in-
dicatethe patternsare hexagonal;however, temporalmeasure-
mentsindicatethat they arerectangular Herewe presentdata
from time series(experimentsC1-14)that shav the wave elds
obtainedusing (1) for variousvaluesof aspectratio, r, andfor
variousvaluesof nonlinearity e. Thetime tracesareobtainedby
traversingtwo wave gageswith differentx-locationsacrossthe
tankin they-directionata x edspeedThewave patternis prop-
agatingunderthe gagesn the x direction. Thus,thetime series
representatraversethroughthespatialpatternataknown angle.
We notethatatabout25 secondsthe moving carriagesupporting
thegagesstopssothatafterthistime thedatacomefroma x ed
location. Eachsetof two time seriesfor a particularmodenum-
bercorrespondo theexperimentwith anoverheadmageshown
in Figure6.

Figures8 and9 presentime seriesfor varyingaspectatio.
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Figure 8. Time seriesfrom a y-traceof two gagesfor experimentsin

which the modenumbervariesasindicated. For the left/right column,
the x-locationof the gagesare 50/200cm from the wave paddles.For
all experimentsg= 0:20. Row 1-4correspondso experimentsC1-C4
of Tablel.

The modenumber n, of the patternis indicatedin the gure. It
representshe numberof nodallines parallelto the thedirection
of propagationthat are acrossthe tank. The time seriesfrom
the two gagesareshown in the left andright handcolumns,so
evolutionof thewave eld canbeobsenedatadistance®f50cm
and100cm from thewave paddles.Thesedistancesorrespond
to about5 and10wavelengthsof the carrierwaves.

Recall that the wave eld hasbeengiven an initial cosine
modulationin they-direction. For modes2, 3 and8, this cosine
modulationis apparent wavelengthsdrom thewave paddle(the
left-handcolumnof data). However, 5 morewavelengthsdown
thetank,themode2 and3 wave elds have lost this initial mod-
ulation. The mode3 hasbroken up into almosttwice as mary
cosinesOnly themode8 experimentiookslike amode8 cosine
atboth5 and10 wavelengthdrom thepaddle.

The mode4, 5, 6, 7 experimentsshov that even 5 wave-
lengthsfrom thewave paddle thewave eld hasdevelopedasig-
ni cant “dip” alongits y-ernvelope.In themode4 experimentthis
dip seemgo be halving the period of the y-modulation. In the
mode5 and6 experimentsthe dip disappearsindthe wave eld
recoversits initial cosinemodulation.In themode7 experiment,
thedip hasdecreasedyut hasnotdisappeared.

Thesedatafrom temporalmeasuremensupportheconclu-
sion one obtainsfrom the overheadmagesshawn in Figure 6.
Thatis, for larger aspectatios (smallernodenumber),the pat-
tern undegoessigni cant variation during its evolution, while
for thehigheraspectatiosof about0.4,thereis lessvariation.

Figures10 and 11 shav how the wave elds evolve in the
y-directionwhentheamplitude,.e.,themeasuref nonlinearity
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Figure 9. Time seriesfrom a y-traceof two gagesfor experimentsin

which the modenumbervariesasindicated. For the left/right column,
the x-locationof the gagesare 50/100cm from the wave paddles.For
all experimentse = 0:20. Row 1-4correspond$o experimentsC5-C8
of Tablel.

isincreasedAgain, tracesrom two gageghattraversein y with
different, x edx positionsareshowvn for eachof the six exper
iments. The gagesclosestto the wavemaler is about5 wave-
lengthsfrom the paddleandshowvn in (@), (c) and(e). The same
type of dip or modulationis obsened on thesewave elds. The
amplitudeof this dip increasesvith increasinge. We seehow it
evolves5 morewavelengthsdown the tankin (b), (d), and(f).
For experimentswith e < 0:25, the ervelopeevolvesbackinto
a cosinemodulationwith the input period. For the more non-
linearexperimentsthe dip continuedo evolve furtherdown the
tank. For the experimentwith largestnonlinearity (e = 0:39),
shavn in Figureslleand11f, thedip hasevolvedalmostto the
point whereit causeghe wave eld to split into additional co-
sinemodulations.Thesedatacorrespondo theimageshawvn in
Figure7f. Both the spatialview andthe temporalview suggest
thatfor theseparametersfr = 0:33ande= 0:39,thewave eld
perioddoublesin they-direction.

What is happeningas the pattern propagatesin the x-
direction? Figure 12 shavs time seriesfrom gagesthattraverse
down thetankin the x-directionat x edy positions.Thesedata
arefor experimentC3,whichhasn= 3,r = 0:33,ande= 0:20.
They-locationsof the gagesusedto obtainthe datain Figure12
were chosenso that one gagewould be in a nodal line (Fig-
ure 12a)of the patternandthe otherwould be in anantinodal
line (Figure 12b)of thepattern.

Thespatialimagefor this experimentis shavn in Figure6c.
It shaws signi cant modulationoccuring. It alsoseemdo indi-
catethatthe nodalline in the centerof the tankremainsa nodal
line. Thetime seriesobtainedfrom a y-traverseof the gagesare
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Figure 10. Time seriesfrom ay-traceof two gagesfor experimentsn

which the amplitudevaries: (a,b)ag = :24 cm, (c,d)ag = :32cm, (e,f)

ag = :39 cm. For the left/right column,the x-locationof the gagesare
50/100cm from the wave paddles.For all experimentsn = 6 sothat
r = 0:330. Eachrow of time seriescorrespondso experimentC9-C11
of Table2.
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Figure 11. Time seriesfrom ay-traceof two gagesfor experimentsn
which the amplitudevaries: (a,b)ag = :47 cm, (c,d) ag = :55¢cm, (e,f)
ap = :63 cm. For all experimentsh = 6 sothatr = 0:33. Rows 1-3
correspondo experimentsC12—C14of Table2.

shavn in Figure 8 (third row). Thesey-tracesshav thatthe y-
ervelopeis evolving down the tank suchthat it is splitting into
additionalmodulationsin fact,it appearshata period-doubling
is occurring. If they-modulationhadtruly period-doubledthen
thenodalline in the middle of the tank would have evolvedinto
an anti-nodalline. Figure 12ashaws that the nodalline down
the centerof thetank doesindeedremaina purenodalline. No
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Figure 12. Time seriesfrom an x-traceat (a) a nodalline alongthe
centerlineof the tank (y = 91:5 cm) and (b) an antinodalline of the
pattern(y = 60 cm). For both experiments,f = 4 Hz, e= 0:20 cm,
m= 3,andr = 0:330.

wave modulationsoccur along this line. In the antinodalline

of the pattern,shavn in Figure 12b, thereis signi cant modu-
lation. This modulationis reminiscentof a classicalBenjamin
Fier instability, exceptthat that calculationappliesonly to the
modeO (r = 0) wave elds. Carter(2001)investigatecstability

of then > 0 wave elds andwe are presentlyconductingexper

imentsto testhis predictions.His calculationsuseJacobiellip-

tic, sn-functionmodulationsin y, insteadof cosinemodulations.
Neverthelessaswe will discussin future work, we expecthis

calculationgto applyto theseexperimentsaswell.

5 10 15 20 25

L ® 1

Water surface displacement (V)
w

8 10 1‘5 2‘0 2‘5 30

x (cm)
Figure 13. Time seriesof wave®eldsfrom experimentya) S2 and(b)
S3,modulatedwith sn-ewelopesasin (2). Experimentaparametergre

in Table3.
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Experiment f (Hz) n m I=k agk k(rad/cm)
S1 400 3 0.954 0.16 0.15 0.63
S2 3.33 3 0960 0.23 0.22 0.44
S3 400 6 0.965 0.32 0.31 0.63

Table 3. Parameters for experiments using the sn modulation of (2).

Experiments with Jacobi elliptic sn-envelopes

The secondype of forcing we have consideredo dateuses
acarrierwave propagatingn x with a Jacobi-ellipticsn-function
modulationin y so that the paddledisplacementsire described
by (2) in Sectionll. Paddlevelocitiesare programmedo bethe
time derivative of (2). Parameterdor threeexperimentghatwe
have begunconductingarepresentedh Table3. Figurelbshavs
theamplitudeof eachpaddlefor experimentS1listedthere.This
forcing waschoserbecausét is anexactsolutionto the nonlin-
earSchrodingeequation(NLS) in (2+1) dimensions.The NLS
equationis a modelfor weaklynonlinear narrov-bandedvaves
in deepwater(see for example, Ablowitz & Segur, 1977).1t has
a plethoraof exact solutions,oneof which is the Jacobielliptic
sn-function.So,althoughit describeshe ervelopeof wave elds
that propagateprimarily in one direction, Segur (private com-
munication)notedthatthe ervelopeof a carrierwave modulated
by the sn-solutionhas2D surfacepatternghat have rectangular
contoursandarethereforesimilar to thoseobtainedby Nicholls
(1998)from Euler's equatongFigure3b). We notethatthe pad-
dleforcingusingacosinemodulationasdescribedy (1) is nota
solutionof theNLS. It correspond$o (2) whentheelliptic mod-
ulusandthewave amplitudebothgoto zero.

Figure13 shawvs two time seriesobtainedfrom experiments
listedin Table3. Figure 13acorrespondgo experimentS2 of
Table3 for which thereare3 nodallines parallelto the x-axis of
the tank. Figure 13b correspondgo experimentS3 of Table 3
for which thereare 6 nodallines. For both experimentsthe x-
locationof thewave gageis x edandits y positionvarieswith
a speedof 5.72cm/s. Here, both the aspectratio andthe mea-
sureof nonlinearityare differentfor the two experiments. For
theexperimentwith smallernonlinearity S2,the sn-ewvelopere-
mainscoherent. For the more nonlinearexperiment,S3, a dip
hasdevelopedon the sn-evelope,similar to thoseobsened on
the cosine-modulate@xperiments. We are conductingfurther
studiesto investigatethe evolution of wave elds whoseinitial
ervelopesareexactsolutionsto NLS.

ACKNOWLEDGMENT

We gratefully acknavldege nancial supportfor this work
from Packardand Sloan Fellowships (dmh) and from the Na-
tional ScienceFoundation(NSF-DMS9972210).

REFERENCES

Ablowitz, M.J., Segur, H. 1977, The Inverse Scattering
Transform SIAM.

Bridges, T.J., Dias, F., Menasce,D., 2001, Steadythree-
dimensionalvaterwave patternson a nite-depth uid. J. Fluid
Medh, 436, 145-175.

Bryant, PJ., 1985, Doubly periodic progressie permanent
wavesin deepwater J. Fluid Med, 161, 27-42.

Carter J. 2001, Stability and Existenceof Traveling Wave
Solutionsof the Two-DimensionaNonlinearShcibdinger Equa-
tion and its Higher-Order Genealizations Ph.D. Thesis,Uni-
versityof Coloradoat Boulder

CaulliezG., Ricci N., DupontR., 1998, The generatiorof
the rst visible wind waves,Phys.Fluids, 10(4), 757—-759.

Collard, Caulliez 1999, Oscillating crescent-shapedater
wave patternsPhys.Fluids, 11(11) 3195-3197.

Craig, W., Nicholls, D., 2000, Traveling two andthreedi-
mensionalkapillary gravity waterwaves.SIAM: Math Analysis
32,No.2, 323-359.

Hammack,J., Schefner, N., Seggur, H., 1991,A noteonthe
generatiorand narravnessof periodicrip currents.J. Geophys.
Res, 96, 4909-4914.

Hammack,).,McAllister, D., Schefner,N., Segur, H., 1995,
Two-dimensionaperiodicwavesin shallov water Part2 Asym-
metricwaves.J. Fluid Med, 285,

Hammack, J., Schefner, N., Segur, H., 1989, Two-
dimensionaperiodicwavesin shallov water J. Fluid Mech, 209,
567-589.

Kimmoun, O., Branger H., Kharif, C., 1999, On short-
crestedwaves: Experimentaland analyticalinvestigationsEur.
J. Mech. B, 18, 889-930.

Nicholls, D.P, 1998, Traveling waterwaves: spectralcon-
tinuation methodswith parallel implementation.J. Computa-
tional Phys 143 224-240.

Roberts,A.J., 1983, Highly nonlinearshort-crestedvater
waves.J. Fluid Medh., 135 301-321.

RobertsA.J., Pergyrine,D.H., 1983,Noteson long-crested
waterwaves.J. Fluid Medh., 135, 323-335.

Squr, H., Finkel, A., 1985,An analyticalmodelof periodic
wavesin shallov water Stud.Appl. Math., 73, 183-220.

Su,M.-Y., 1982, Three-dimensionaleep-vaterwaves.Part
I. Experimentameasurementf skew andsymmetricwave pat-
terns.J. Fluid Med, 124, 73-108.

Su,M.-Y., Bergin, M., Marler, P, Myrick, R., 1982,Exper
imentson nonlinearinstabilitesand evolution of steepgravity-
wave trains.J. Fluid Mech 124, 45-72.

Copyright & 2002by ASME



