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Abstract

We review some of the basic mathematical results on solutions of the water-wave
problem, such as existence of traveling waves and the well-posedness of the initial value
problem. We also discuss rigorous results which concern the various asymptotic scalings
that lead to the principal canonical equations of mathematical physics.

1 Equations of Motion

The water-wave problem refers to the motion of a three-dimensional, incompressible,
inviscid fluid with a free surface X(t) = {z = n(z,t),z = (z1,z2) € R?} satisfying the
Euler equations

(1.1) Ou+ (u-V)u=—-Vp—ges
(1.2) V.ou=0

where e3 is the unit vertical vector (0,0,1). The fluid is under the influence of gravity g
and surface tension whose strength (normalized by the density) is 5. The domain of the
fluid Q(t) = {(z,2), z € R?, —h < z < 5(=,t)} is infinite in the horizontal directions and
has a fixed bottom at z = —h (which can be infinite).

The fluid is assumed to be irrotational,V A u = 0, so that the motion is described by a
velocity potential ¢ that satisfies

(1.3) Ap=0 in Q(t),

with the boundary conditions

(1.4) O,0p=0 on z=—h,

and

(1.5) Bup = —%(Vw)2 — gn + Br(n),
(1.6) Oyn = —0pp - 0o + 020,

on the free surface z = 7n(z,t) over the fluid domain. Here 0, = (0;,,0z,) is the horizontal
gradient, and

’{(77) _ 77$1$1(1 + 773202) + 77$2$2(1 + 773201) - 27718177162771112
(1+ |0yn[2)3/2

is the mean curvature of the free surface.

(1.7)
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1.1 Equations Governing the Interface Motion

Equations (1.3)—(1.6) can be reduced to a system of integro-differential equations for the
values of the above functions evaluated at the free surface only. Introducing the trace
&(z,t) = (z,n(z,t),t) of the velocity potential ¢ at the surface, and we define the
Dirichlet—-Neumann operator G that relates ¢ to the normal derivative 0, of the potential
by

(1'8) G(”])f =41+ |8m77|2 an(p‘z:n = (—az(P < Ogm + az(p)‘z:n
On the free surface z = n(z,t), we additionally have
(1.9) i€ = Opp — OO, p, 05,6 = 03,0 — 0,0, p.

PROPOSITION 1.1. [11] The free surface elevation n(z,t) and the trace &(x,t) of the velocity
potential on this surface satisfy the system

(1.10) O — G(n)¢ =0,

O+ gn + oy (1957 = (G&)* — 20 - )G )¢

1
2(1 + |0zn|?
(111) e[ |0aE[* — (8um - 02€)”) — Br(n) = 0

In fact this system is in Hamiltonian form, as we will see in the following paragraph.

1.2 The Water-Wave as a Hamiltonian System

The water-wave problem is a Hamiltonian system, where the Hamiltonian is given by the
total energy of the fluid (Zakharov [34]) and the canonical variables are given by the pair
of functions (7,&). Let n be the dimension of the space (n = 2 or 3) and z = (21, ..., Tp—1)-
The kinetic energy is the Dirichlet integral for the fluid domain

1 n(z,t) 9
(1.12) K= —/ / |Vol|“dzdz
2 Jrn-1 Jop
and the potential energy is
1
(1.13) V= E/Rn— +ﬂ/ Y1+ (@am)? = 1)da.

The total energy is H = K + V. Expressing the Hamiltonian in terms of the canonical
variables (7755 = ‘P(ﬂ”aﬁ(% t))a

1 n(x,t) 1
(1.14) H(n&) = —- / / oApdzds + = / oV - ndS
Rn-1 2 Jy= n(w t)
(1.15) 2/ gn’dz +ﬂ/ 1+ (@am)? — 1)da.
Since ¢ is harmonic, it follows that [11]
(1.16) me) =3 / Mé + gn?)dz + BAreal(r),

where the operator G(n) is the Dirichlet-Neumann operator for the fluid domain, and
Area(n) is the added surface area of X(¢) due to the perturbation 7(z,t).
The water-wave system is rewritten

(1.17) om = b,H = Gn)
(1.18) 0 = 0pH = —gn—6,K + Br(n) -
which expresses the Hamiltonian form of the system (1.10)-(1.11).
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1.3 The Linear Problem

When linearizing the water-wave equations about the static solution n = 0, £ = 0, solutions
decompose into components which are harmonic waves given by

. k2
119)  n =G pee, gt = LTI e
where c - ¢ stands for complex conjugate, and w = w(|k|) obeys the dispersion relation
(1.20) w? = |k|(g + B|k|*)tanh(h|k]).

The graph of w(|k|) has an inflection point, which leads to the definition of a critical
wavelength A, = 27(8/ g)l/ 2 for the relative importance of gravity and surface tension
(see, e.g., Whitham [32], Chap. 12). For perturbations whose wavelength is large compared
to Am, surface tension is negligible, and such perturbations are referred to as gravity waves.
In the opposite regime where the wavelength of the perturbation is small compared to A,
gravity is negligible and the waves are capillary waves. The regime where both effects are
comparable corresponds to gravity—capillary waves. The depth h also plays a role in the
distinction between gravity and capillary waves especially with regard to traveling waves.
For Bond number 0 < B/gh? < 1/3, both gravity and capillarity play important role, while
for 1/3 < B/gh?, the capillarity has prime importance.

2 Traveling Waves

Traveling waves refer to periodic solutions which propagate uniformly without change of
form. They satisfy the relation

(2.1) n(x+v,t) =n(z,t) Yy eT, om(z,t)=—ciyn(z,t)

where I' C R"! is a lattice defining the spatial period. The simplest solutions of this form
are in two dimensions, bifurcating from uniform flow, and are called Stokes waves [32].

THEOREM 2.1. For any spatial period, there exist non-trivial periodic traveling wave
solutions of the two-dimensional water-wave problem, with or without surface tension.

Existence of such solutions in two dimensions, without surface tension, was first proved
by Levi-Civita [23] in infinitely deep water, and by Struik [28] in water of finite depth. Their
method uses strongly the close connection between the water wave in two dimensions and
complex analysis. With the presence of surface tension, existence theorems for traveling
waves are given in Zeidler [35], Beale [4], and Jones and Toland [19].

A new proof of this result, including the case where surface tension is present, was
recently obtained by Craig and Nicholls [9]. Partially for this reason, they also constructed
traveling wave solutions for the three-dimensional problem. Their method is based
on the formulation (1.10)-(1.11) and in particular, is independent of complex variables
techniques. Using the Hamiltonian structure, traveling solutions can be characterized
as stationary points of the Hamiltonian H under the constraint of fixed momentum
Li(n,&) = [n0y,&dx = a1, Is(n,€) = [N0g,€dxr = as. The existence theorem is analogous
to Weinstein’s resonant Lyapunov center theorem [31]. Both H and I are invariant under
the torus action by spatial translations o € R\l = T? — (n(z + «),&(z + «)), and
a topological argument based on a T? equivariant cohomological index provides a lower
bound on the number of distinct critical orbits.

THEOREM 2.2. [9] For any periodic fundamental domain T? C R?, there exist non-
trivial periodic traveling wave solutions of the three-dimensional water-wave problem with
surface tension 3 > 0.
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Existence of periodic traveling wave solutions of the three-dimensional water-wave problem,
without surface tension is still an open problem, due to the presence of small divisors.

3 The Initial-Value Problem

We consider the initial value problem without surface tension (8 = 0). It is convenient to
study the motion of the surface elevation X(¢) in the form

(31) X(O[,,B,t) = ('Tl(aaﬁat)a'T?(aa/Bat)az(aaﬁ’t))
where (a, §) are the Lagrangian coordinates, i.e

dX

(32) E - 'u'(X(aa:Bat)’t)'

Let n be the unit normal vector pointing out of the fluid domain. Taking the normal
component of (1.3), one gets

(33) (Xit +ge3) -m = —%-
In the above equation, the first term in the l.h.s is the normal component of the acceleration
and the second term ins the normal component of the gravity.

PROPOSITION 3.1. Consider solutions to the water-wave problem in a fluid domain ()

which are asymptotic at |z| — oo to an equilibrium solution. One has
(3.4) a=(Xy+ges) n>c>0.

This inequality is often referred to as the Taylor sign condition. The proposition states
that it is always satisfied for smooth solutions in two and three dimensions.

A simple proof of this fact was given by Caflisch and Hou. Applying the divergence
operator to the Euler equation (1.1), one obtains

(3.5) —Ap = |Vul|?> > 0 in Q(2)

Thus the pressure p is super-harmonic in Q(¢). On the other hand, p is constant at the
interface (without loss of generality p =0). The strong minimum principle implies that
p(z) > 0 inside (). As a consequence,

op

(3.6) —

>0 on X(t).
At infinity, where the fluid is asymptotically at rest, —g—g ~ ¢g. Therefore, there is a constant
¢ such that (3.4) holds. This proposition is a key point in the proof of the local existence
theorem (Wu [33]).

Suppose that initially, the interface Xg = {X = Xy(«, 8)} divides R? into two simply
connected regions. Suppose that it is smooth and non-self-intersecting, and that the fluid
is asymptotically at rest. The hypotheses are expressed in the following conditions:

(1) [Xo(e, B) — Xo(c!, 8")| > C(Ja— | + |8 — B']), (multi-dimensional cord-arc condition)

(ii) OnXo,08X0 € H 12 9,X|i—o € H*/2, for some s > 5/2, (asymptotic to equilibrium
surface)

(i) |0aXo A 0gXo| > p. (non-degeneracy)
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THEOREM 3.1. Then there exists a finite time T depending on the initial conditions such
that the interface exists for t € (=T, +T), and it satisfies X € C((—T,T), Ht/2(R?)).
Earlier works on the two-dimensional water-wave problem in Sobolev spaces are due to Yosi-
hara [30] and Craig [8] who proved the wellposedness of the problem locally in time when
the interface is a small perturbation of the water at rest. In two and three dimensions, Kano
and Nishida [20] proved local existence of solutions in spaces of analytic functions, without
smallness conditions on the initial interface, using the Cauchy-Kowalevska theorem [24] [25].
Using that the Taylor sign condition is true for any local solution of the water-wave
problem, the result of Beale et al.[5] in two dimensions and of Hou et al. [18] in three
dimensions can be restated in the following way:
THEOREM 3.2. The linearization of the water-wave problem near an arbitrary solution is
well-posed in Sobolev spaces.

4 Asymptotic Scalings

For the purpose of asymptotic expansions, it is useful to introduce the non-dimensional
coefficients o = 7 and J = %, where h is the depth of the channel, a is a typical amplitude
and [ a typical wavelength.

The question that we address in this section is in which precise sense solutions obtained
through formal asymptotic expansions approximate the full Euler equations (1.1)-(1.2).
There are several formulations of convergence for asymptotic scaling regimes. We illustrate
them on the model abstract system given by a vector field which depends upon a small
parameter e.

(4.1), 0-2° =V(z%¢), z2%(z,0) = zo(x)-

Let us denote the flow z¢(7) = ®°(7,2p). The strongest statement of approximation of
solutions of (4.1)y by solutions of (4.1) is

(A) For 7 € [0,0(1)), 2°(7) exists and sup ||2°(T) — 2(7)||x — 0, as e — 0.

Weaker statements either exhibit a time of existence dependent upon e,

(A" For 7 € [0,0(€)), 2°(7) exists and sup||z°(7) — 2(7)||lx — 0, as e — 0,

or express the degree to which the solutions z¢ is an approximate of (4.1)g

(B) For 7 €0,0(1)), 2°(r) € X exists and sup||0,2°(7) — V(25,0)||x, < O(€?)]|20] x,

or express the degree to which the solution 2° of (4.1)¢ is an approximate solution of (4.1),

(©) For 7 € [0,0(1)), =z(t) exists and sup ||0-z — V(z,¢€)||x, < O(")||z0]|x,

with X C X;.

4.1 The shallow water limit
The shallow-water limit corresponds to the case where § is small, while « remains of order

one. Friedrichs [16] proposed a Taylor expansion of the solution in powers of § in the form

oo o

(4.2) 5(5 — Zéﬂngn’ ,'75 — Zéﬂn n’

0 0
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where the coefficients (0,£™,n™) satisfy hyperbolic systems. In particular, (8,£° 7°) is
solution of

(43) QL0+ LB 400 =0, B’ + div(n0,%) = 0.

A rigorous justification of Friedrichs expansion is given in [20] [22]. It is a convergence
theorem in the sense (A), with X being the space of analytic functions B, equipped with
the norm ||ul|, = ||(1 + |k|?)/2e2™/*l4(k)|| 12, where @ is the Fourier transform of w.

THEOREM 4.1. Let the initial conditions (£3,m3) be in B,,. For any p < po, the solution
(€9,1°) of the water-wave problem is approzimated by (€°,7°), solution of (4.3), in the sense
that for all t < a(po — p),

(4'4) ||a:c§6 - awf()”p = 0(52), ||3w77‘5 - 8m770||p = 0(52)'
In addition, (£°,m°) is infinitely differentiable with respect to &, with 0 < § < 1.

4.2 The weakly nonlinear shallow water limit

We discuss here to the two-dimensional water-wave problem in the long-wave, small
amplitude limit, in the case where the nonlinearity and the dispersion exactly balance:
a = 62 = e. Under the scaling

(4.5) o =lr, ¢ =€, X=Xy, X, =€e1X,,

where (z + X1 (z,t), Xo(z,t)) is the Lagragian coordinate of the free surface, the quantity
q(z',t") = =0y X{(a',1'), is governed by the Boussinesq equation quy — Guz — $quatarer —
3

2€(¢®)wr = 0. An additional translation y = #'—¢' and slowing of the time variable ¢” = €t’,
formally lead in the new variables to the Korteweg-de Vries equation gy + 6qgy + qyyy = 0.

The article [8] gives a rigorous justification of the derivation of the Boussinesq and KdV
equations. Because both of these equations are posed in a regime describing slow time
variations, comparisons of the evolution of water waves and solutions of the asymptotic
limiting equations require an existence result for (1.3)-(1.6) valid over long time intervals.
Introducing the space and time scaling of (4.5), there is a long time existence theorem for
solutions with Sobolev-class initial data.

THEOREM 4.2. There ezists a constant Ay such that for initial data (X9, X9,, X9)(z")
satisfying

(4.6)  |X°lcr + (XD, X0y, X9) (&) s < Ao, (XD, XDy, X§) (&) || grrr < 400
then there is a time interval [-T',T'], T' > C/e, in which there exists a unique solution
(4.7) (X1, X5) () e C(-T', T, H 2 x HYnCH[-T', T'; H" ' x H™ ') .

and the solution satisfies ||(X1, X2)| ar < K, a bound which is independent of .

Because of the arbitrary freedom in Lagrangian variables to parametrize the initial fluid
domain, there is an additional compatibility condition that X must satisfy. Define the
Boussinesq operator to be

3
—€
2
THEOREM 4.3. Assume that the initial data satisfies (4.6) for v > 7, and that the following
compatibility condition holds for the initial parametrization

(4.8) B(Y)=82Y - 82Y — ga;;,y + e (V?) .

€
(49) ||(Xg + X{Jx’ + §X?$’$’$/ - 6(‘X?m’)Q)HHH'?’ < 6207‘ .
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Then the solution (X1, Xs) satisfies
(4.10) IB(=0p X1) | e < €Cr (X7, X0y, X2) (@)l rr1/2-

To adapt the evolution to the KdV regime, we set t” = et’, and we anticipate a condition
to be imposed upon the initial data. Consider a one parameter family of solutions
(X1, X2) (', t'; €) which satisfy [|(X?, XYy, X2)(z";€))||gr+6 < Cr , and which converge in
H" as € tends to zero.

THEOREM 4.4. Suppose that (4.6) holds for some r > 10, and that the higher order
analogue of the compatibility condition (4.9) holds (see eq.(4) page 914 of [8]). Set
T" = limeo€T" > 0. If the initial data (X9,X%,X9)(z';¢) satisfies the KdV equation
approzimately to second order,

€ 3
(4'11) ||(X?t’ + X?w’ + gX?w’z’z’ + §€(X?z’)2“HT+1 < €2CT

then the function ¢°(z',t") = —0p X1 (' +t' /€', t";€) € CL([0,T"]; H" ') has a limit q(z', ")
as € tends to zero which is a solution of the KdV equation.

This is an approximation result of type (A). Theorem 4.3 is not as strong; it is of type
(B), due to the fact that the Boussinesq equation is quite ill-posed. Kano and Nishida
[21] proves a similar result as Theorem 4.4 for the KdV equation in spaces of analytic
functions, however it is of type (A’) as they do not provide a long time existence theory for
solutions. Recently, improvements to Theorem 4.4 were achieved by Schneider and Wayne
[27]. In particular, they showed that for arbitrary initial data (in a particular weighted
Sobolev space) the solution asymptotically decouples into two components, one satisfying
a left-moving KdV equation and the other a right-moving KdV equation.

4.3 The modulational limit

The purpose here is to describe the weakly nonlinear dynamics of a wave train propagating
at the surface of the fluid. Over short time intervals and small propagation distances, the
dynamics are linear, but cumulative nonlinear interactions result in a modulation of the
amplitude on large spatial and temporal scales. We thus introduce the slow variables T' = et
and X = ex, where € measures the magnitude of the wave amplitude. The solution is also
expanded in the form

(4.12) n=elm+ep+en...), =l +ert+e..)

(m,&1) satisfy the linearized problem around the water at rest
. 2 .
m = w(Xa T)ez(kzl—wt) +ce, &= M"ﬁ("ﬁ T)ez(kzl—wt) +c.c+ ¢(X, T)a
w

where the amplitude now depends on the slow variables, and ¢ is a mean field that has to be
retained because of the quadratic character of the water-wave equations [29]. A multiple-
scale analysis performed under the above assumptions leads to the Davey-Stewartson (DS)
system, which, after rescaling of the dependent and independent variables, takes the form

(4.13) iy + 01922, + Px, + (02|9° + ¢z, )9 = 0
(4'14) a¢Z1Z1 + ¢X2X2 = _b(|¢‘2)Z1'

In the above system, 7 = €?t, Z; = e(x; —w'(k)t), X2 = ez and 01, 09, @ and b are constant
coefficients. The original derivations of the modulation equations for three-dimensional
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water-wave problem appeared in [6] and [13] in the case of pure gravity waves. The effect
of surface tension was analyzed in [14] and [1]. When the wave is modulated in the direction
of propagation only, the long-time large-scale dynamics of the envelope is governed by the
cubic Schrédinger equation in one space dimension [34] [17].

Let us rewrite the system (1.10)-(1.11) in the form W(n,¢) = 0.

THEOREM 4.5. [12] [10] Let (v, ) denote a solution of the DS system. It defines
through the modulation expansion an approxzimate solution (7, E) of the water-wave problem
that during a time interval I = [0, € 27(] with 7, finite and satisfies the error estimate:

(i) For a >0,
(4.15) sup [W (7, €)[5,g < Me* /1,
tel

where the constant M is bounded when the supremum over t € I of |Y|cs+s, |dlos+e,
||¢||s+6,q: and ||¢||s+6,q are bounded.

(ii) When o < 0, let 7 = 7j(v, x¢) and € = E(w, Xx$), where the mean field has been truncated
at large distance by the cut-off function x centered at the origin. Then,

(4.16) sup [x1W (7, €)|s,q < Me*=2/4
tel

where the constant M is bounded when the supremum over t € I of ||cs+s, |P|os+2,
%s+6,q, and ||xPlls+6,q4 are bounded, and x1 a CC(R?) cut-off function centered at the
origin with supp(x1) C supp(x)-

This is a convergence result of type (C). It expresses that the approximation constructed
from the solution of the DS equations, defined on a time scale O(e~2), solves the water-
wave equations up to an error that for large g, scales almost like ¢*. This does not however
demonstrate that, on a comparable time scale, it provides an accurate approximation of
the solution of the water-wave problem because the latter is proved to be well-posed only
on a time scale O(e '), a time during which the variation of the envelope is weak and only
the simple translational motion of the solution at the group velocity is significant.

When rotational perturbations are allowed in the modulation analysis near water at
rest, the amplitude equations have the same form as for an irrational motion [7].

4.4 The modulational limit for two-dimensional rotational flows

We consider here Euler flows with free surface which are rotational. The simplest situation

is to study perturbation of a shear flow, analogous to the work of Rayleigh on the linearized

stability and the subsequent papers of Fadeev [15] and Arnold [2] on the nonlinear stability

of a shear flow between two fixed plates. Such a shear flow is given by u = (U(y),0) a

solution of the Euler equations, where U(y) = 9,%¢(0,y). The classical result of Rayleigh

is that such a flow is linearly stable only when the shear flow has no inflection points.
The Euler equation is written in terms of the stream function ¥ ( u = Curl¥)

(4.17) O AY + 0, V0, A¥ — 0, ¥9,AV = 0,

with boundary condition on the bottom ¥(z, —h) = 0, and on the free surface
(4.18) Oy VU — 03005tV — Oy VW 0ryV + 0510z VOV + 0pN0gV0py ¥ = —g0zn
(4.19) 0 + 05V + 0;n0y ¥ = 0.

The linearized equations around the flow (U(y),0) have solutions, after separation of
variables, of the form

(4.20) U(z,y,t) = To(y) + Yo(y)e!Fo=“D yc.c, n(z,t) = gilke—wt) 4 o o
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where Ul (y) = U(y), w? = gktanh(hk), 0 = w/k and Y, (y) is solution of

(4.21) Y+ VY, =-kY,, —-h<y<0
(4.22) Y7(0) =Y, (0) =0,  Y,(—h)=0.

In the above equations,

(4.23) V(y,o) = & and (o) =

Tl o (U’(O) + L) .

U) —o U) —o
Without loss of generality, one can assume that U(0) = 0 and U'(0) = A > 0. Let
Ah:t A2h2

oy = —5 1~ + gh. Using Sturm-Liouville comparison theorems, one has

THEOREM 4.6. If U" > 0, and o > max(supU,oy), or if U" < 0, and o <
min(inf U,0_), then there ezists a negative eigenvalue —k? = —k?(o) with eigenfunction
Yo (y).

A more elaborate comparison argument exhibits a number of additional regimes in
which negative eigenvalues —k?(c) exist, for certain intervals of o, both for U” > 0 and
0 <0, and for U" < 0 and o > 0.

Under the assumption that the base flow U(y) is stable and monotone, modulation
theory based on the ansatz

(4.24) U(z,y,t) = Uo(y) + (X, T) Y, (y)e!*=9D 4 ¢ ¢,
(4.25) 1) = T ) e

leads to the nonlinear Schrodinger equation for the amplitude ¥ of the perturbation.

The effect of the shear flow on the stability properties of three-dimensional perturbations
is studied in [26]. In two dimensions, the case of a linear shear flow was studied in [3] both
analytically and numerically and it is shown that depending on the direction of propagation
(along or against the shear) of the finite-amplitude waves, the effect of the shear is different.
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