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Abstract: The Kadomtsev-Petviashvili (KP) equation is known to admit explicit periodic
and quasi-periodic solutions with N independent phases, for any integer N, based on a Riemann
theta-function of N variables. For N = 1 and 2, these solutions have been used successfully in
physical applications. This paper addresses mathematical problems that arise in the computation
of theta-functions of 3 variables, and with the corresponding solutions of the KP equation. We
identify a set of parameters and their corresponding ranges, such that every real-valued, smooth
KP solution associated with a Riemann theta-function of three variables corresponds to exactly
one choice of these parameters in the proper range. Our results are embodied in a program that
computes these solutions efficiently, and that is available to the reader. We also discuss some

properties of three-phase solutions.

1 Introduction and main results

In their original paper, Korteweg & deVries [19] derived an equation equivalent to

uy + (3u?) g + Ugge = 0 (KdV)

to describe approximately the slow evolution of long water waves of moderate amplitude as they
propagate under the influence of gravity in one direction in shallow water of uniform depth. We
now know that the KdV equation describes approximately the evolution of long, one-dimensional
waves in many physical settings, including long internal waves in a density-stratified ocean, ion-

acoustic waves in a plasma, acoustic waves on a crystal lattice, and more [25].

If one relaxes the restriction that the waves be strictly one-dimensional, then one often



derives instead a natural generalization of KAV that was first discovered by Kadomtsev & Petvi-
ashvili [18],

Ut + (3U?) 2z + Uszzz + SUyy = 0. (KP)

Depending on the physical problem, one can derive one of two KP equations, which differ in the
sign of their u,,,,-terms. The equation given above is sometimes called KP2. In particular, this
KP equation describes approximately the slow evolution of gravity-induced waves of moderate
amplitude on shallow water of uniform depth when the waves are nearly one-dimensional. (For

example, see [26] for a derivation of the KP equation in this setting.)

The KP equation admits a large family of exact quasiperiodic solutions. Each such solution
has N independent phases. Recent comparisons with experiments [14, 15, 16] show that the
family of two-phase solutions of the KP equation describes waves in shallow water with surprising
accuracy. This success suggests that more complicated KP solutions might provide accurate

physical models of more complex wave phenomena.

The purpose of this paper is to develop a larger family of KP solutions, in order to make these
solutions available as physical models. Specifically, we address mathematical problems arising in
the computation of Riemann theta-functions of three variables and in their appplication to three-
phase solutions of the KP equation. In order to make these three-phase solutions as accessible

as possible, our results are encoded in a computer program that we provide to the reader.

The organization of this paper is as follows. In this section, we review briefly what is known
about one- and two-phase solutions of KP, and then we state our main results on three-phase
solutions. These results form the basis of a computer program that permits one to specify
the parameters of a three-phase KP solution, and then to view that solution as it evolves in
time. In §2, we discuss some three-phase solutions obtained in this way, and we explore some
wave phenomena described by three-phase solutions. We will show that three-phase solutions
differ from one- and two-phase solutions in the following important way: almost every one- or
two-phase solution is time-independent in some uniformly translating coordinate system; almost
every three-phase solution is time-dependent, in every coordinate system. Thus, nontrivial time-
dependence is an essential feature of a three-phase solution, and viewing its time-evolution is
necessary to understand its behaviour. We provide two methods for this viewing: either watching

a video of specific solutions, or accessing the program and creating one’s own animations.

In order to simplify the presentation of results, technical details and mathematical proofs are
deferred to a series of Appendices to the paper. The first Appendix gives detailed instructions to



run the program, which allows the reader to supplement the solutions discussed in §2. Subsequent

Appendices provide proofs of the theorems presented below.

All of the solutions considered in this paper have zero mean:
/ u(z,y,t)dr = 0. (1.1)

Among the simplest KP solutions are periodic travelling waves. These are plane-wave solutions
of the form

u(z,y,t) =U(d), ¢ =kx+ly+ wt+ ¢y, (1.2)

where U(¢) is a 2m-periodic function and ¢ is an arbitrary phase constant. These solutions can

be expressed in terms of a Jacobian elliptic function:

KK\ K
U(p) =2 (—) (/-620712 [—qﬁ; K,] — ﬁ) , (1.3a)
m m
where cn[z; k] is an elliptic function with modulus £ (0 < £ <1), and
E
B=1e—1+r5 (1.3b)

the wavenumbers and frequency are related by a nonlinear dispersion relation,

2 K? [ E

e (1.3c)

:4F

and K (k) and F(k) are the complete elliptic integrals of the first and second kinds, respectively
[5]. Solutions of this form (with [ = 0) were named cnoidal waves by Korteweg & deVries [19]. A
cnoidal wave is completely specified by three parameters (e.g., k, 1, k), plus one arbitrary phase

constant (¢). Figure 1 shows a cnoidal wave solution of KP, for one choice of the parameters.

If [ = 0, then these results reduce to those for the KdV equation. A cnoidal wave solution
with [ # 0 can be transformed into one with [ = 0 by using the invariance of KP with respect to

a two-parameter group of transformations of the form

x — bx + ab’y — 3a?b3t, y — b*y — 6abt,

1.4
t — bt, u — b 2u, (1.4)

for arbitrary real numbers {a,b} with b # 0. Clearly, every KdV solution is a y-independent
solution of KP. Conversely, for a y-independent solution, the KP equation can be integrated
once in z. If the solution also satisfies (1.1), then the constant of integration must vanish, so the
solution must satisfy KdV.



Thisisafigure

Figure 1: A cnoidal wave solution of the KP equation, with parameters:
k2=0.99, k=1, 1=0.3, w=—1.2954.
Every cnoidal wave solution is one-dimensional, and it is time-independent in a uniformly trans-

lating coordinate system.

Alternatively, we can represent these solutions in terms of Riemann theta-functions:

u(z,y,t) = 202log 0(kx + ly + wt + ¢y + 7; k), (1.5a)
where -
O(;0) =142 ¢" cosmap, (1.5b)
m=1
(k) = exp [—n ) nd K(k) = K(VI= 1) (1.5¢)
q P K(r) ) : :

When wk + 312 — k* = 0, then necessarily x = 0, K'/K = +o00, and ¢ = 0, corresponding to
the trivial solution u = 0. (Observe that wk + 31> — k* = 0 is just the dispersion relation for
a plane-wave solution of the linearization of KP.) For a small negative ¢ = wk + 31> — k*, one

obtains approximately a plane-wave solution,
u ~ Acos(kx + ly + wt + ¢y), (1.6)

with the small amplitude A = 4/ @

More general N-phase solutions of KP have the form
U,(CC, Y, t) = U(kll’ + lly + wit + ¢01, ceey ]{IN.QJ + lNy + wyt + (bON), (17)
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for arbitrary constants {¢q1,. .., don}, where the smooth function U(¢1, ..., ¢n) is 2m-periodic
in each variable separately (i.e., it is quasi-periodic). Construction of such multiphase solutions
for any number of phases was first proposed by I.M. Krichever [20, 21] using algebro-geometric
methods. A KP solution of the form (1.7) requires

U(¢17"'7¢N):28§10g0(¢17"'7¢]\7|z)7 (18&)
where 0, = Zfil kia%i’ and a theta-function of N variables is defined in terms of an N-fold
Fourier series:

0(d1,--,ON|Z) = D Cmyymy €XP (i(mahy + - - + myody)) (1.8b)
mi,...,mnN
the summation is over all choices of integers {m;,...,my}, i = v/—1, the Fourier coefficients

have the form
1N
Crmy,.imy, = €XD (—5 Z zi]-mimj) , (1.8¢)
ij=1

and Z is an N X N, symmetric, real, positive-definite matrix that we call the period matriz of
the theta-function. The entries z;; of the period matrix can be considered as free parameters of
the theta-function. (To compare notation, we note that [7] and [26] refer to a Riemann matriz,
B = —Z.) Because Z is positive-definite, the series in (1.8b) converges for arbitrary values of
the phase variables {1, ..., ¢xn}. However, we cannot in general distinguish the phases uniquely.

Indeed, any linear transformation of the phases,
¢ =D aij¢; (1.9)

with integer coefficients a;; and with det(a;;) = 1, gives another representation of the same

solution with different wavenumbers and frequencies.

The period matrix Z, wave-vectors k = (ki,...,kn), | = (l1,...,In), and frequencies w =
(w1, .-.;wn) are not all independent. An N-phase solution is specified by 3N independent pa-
rameters, plus N phase constants. The other parameters are related to these by a complicated
system of “dispersion relations” that generalize (1.3c). We discuss these relations for three-phase
solutions in Appendices G and H.

For the one-phase case, N = 1, we obtain just the travelling wave solution discussed above.
For N > 1, if Z is exactly diagonal, then these formulae are degenerate and they do not give KP
solutions. If Z is close to being diagonal with numerically large diagonal entries {z11, 222, -.., 2NN }

then the N-phase solution can be approximately represented as a sum of N small-amplitude



waves:

N
un~ —4 " [Ejk: cos ¢, (1.10)
j=1

g =exp{—2;;}, ;= k;jz + Liy + wit + do;, (1.11)
o 512N, |

The off-diagonal entries of the period matrix describe interactions between the phases. This

result follows from the expansion of the theta-function:
N N
O(p1, B2, ..., On) ~ 142D \fEjcos dj+ D \/EiE; [e_z”' cos{¢; + ¢} + e*7 cos{p; — qﬁj}] . (1.12)
i=1 i#j
When all £; — 0, one obtains in the leading-order approximation:

k22 (ki + k)2 + (kily — kjl;)?
k7K (ks — k3)? + (kily — kjli)?

2ij ~ log [ ] , 1F . (1.13)

This interpretation fails when the period matrix, Z, is not almost diagonal.

Two-phase solutions of KP (i.e., N = 2) fall into two categories. If [1ky — lok; = 0, then the
solution is actually one-dimensional, and a transformation of the form (1.4) with {a = ;/k; =
la/ky, b = 1} transforms it into a two-phase solution of KdV. Alternatively, if l1ky — loky # 0,
then the solution is genuinely two-dimensional, and it is spatially periodic in two independent
directions in the z-y plane. Two-phase solutions with ks — [k # 0 are time-independent in a

uniformly translating (or “Galilean”) coordinate system:
u(z,y,t) = v(z + &,y + i), (1.14a)

where
woly — wily wiky — woky

S b=tk 1T ok — ik
In other words, every two-phase solution of KP that is genuinely two-dimensional has perma-

(1.14b)

nent form in an appropriately moving coordinate system. The spatial structure of this wave
of permanent form can be found by solving one of three versions of the Boussinesq equation
(6 =+41,0, or—1):

30Uz = 3Vyy + Vogaz + (307) 2, (1.15)

because v(x + £t, y + nt) satisfies one of these equations after a transformation of the form (1.4).

We call a KP solution stationary if it is time-independent in some Galilean coordinate system.

Figure 2 shows a two-phase solution of KP, for one choice of the parameters. The wave

pattern in Figure 2 is spatially periodic, and the basic cell of the pattern is a hexagon: six steep

7



wave crests form the edges of each hexagon and a broad wave trough fills each interior. The
hexagon need not be regular, and that shown in Figure 2 is not a regular hexagon. However,
the six crests surrounding a trough can be identified in pairs: opposite crests are parallel, they
have equal amplitudes and equal lengths along the crests. The direction of propagation of the

hexagon is not obvious from the figure itself, but it can be found from (1.14).

Thisisafigure

Figure 2: A two-phase KP solution, with parameters:

211 =2, 210=0.8, 200=282 (soa=2, (=25 A=04 in (1.16)),

ky =06, ko=0.8, [1=02, ly=-0.8059, w;=-19065 w,=—4.0238.

This solution is stationary, as are all two-phase solutions that are genuinely two-dimensional.

(a) Perspective view of the solution. (b) Overhead view, with contour lines shown.

Every two-phase solution that is two-dimensional, like that in Figure 2, is spatially periodic
in two directions, but it need not be periodic in either the z- or y-directions. A subset of the
solutions that are periodic both in z and in y were called symmetric solutions in [14]. A two-
phase solution is specified by six (= 3N) parameters, but a symmetric two-phase solution has
only three independent parameters, because it requires {211 = 299, k1 = ko and ; = —Iy}.

Symmetric solutions propagate purely in the z-direction. An example is shown in Figure 3.

Two-phase solutions of KP were first computed in [26]. The results of these computations
turned out to be in very good agreement with measurements from physical experiments on
spatially periodic waves of permanent form in shallow water [14, 15, 16]. This good agreement
suggests that every spatially periodic, two-phase solution of KP might well be of theta-function
form, as conjectured in [26]. The main goal of the present paper is computation of three-phase



Thisisafigure

Figure 3: A symmetric two-phase solution, with parameters:

a=2, (=168 A=04 (soz; =20=2, 2135=0.23)

ki =ky=0.8, [y =—ly=0.6155175, w; = ws = —5.924798.

Every symmetric two-phase solution is periodic in z and in y, and it translates purely in the

z-direction.

solutions of KP, along the lines of the papers [1]-[4], [26]. As we explain below, three-phase

solutions differ from two-phase solutions in two important respects.

(i) Every two-phase solution that is genuinely two-dimensional is periodic in two spatial direc-
tions. A typical three-phase solution is not periodic in any direction; it is quasi-periodic in
space. As a result, two-phase solutions can be obtained by solving the KP equation with
appropriate periodic boundary conditions, but three-phase solutions generally cannot be

obtained in this way.

(ii) Every two-phase solution that is genuinely two-dimensional is stationary (i.e., time-independent
in some Galilean coordinate system); almost every three-phase solution is time-dependent,
in every Galilean coordinate system. (See Theorem 4 for a precise statement of this asser-
tion.) Thus, the three-phase solutions are among the simplest KP solutions that exhibit

intrinsic time-dependence.

We now summarize our main results about real-valued, three-phase solutions of the KP
equation. A three-phase solution is determined by nine (= 3N) real parameters with dynam-
ical significance, plus three (= N) arbitrary phase constants {¢o1, o2, P03} [7]- Of the nine



parameters, three are wavenumbers {k1, ko, [, }, and six specify the period matrix:

211 212 213 « aA oL
Z=| 219 200 203 | =] X aX2+3 au + Bv (1.16)
213 293 233 ap alp+ B ap®+ pr?+y

We use both parameterizations of the period matrix in what follows.

As discussed in Appendices B and C, a given period matrix can be transformed into another
(equivalent) period matrix, so each theta-function has several equivalent representations, as does
the corresponding KP solution. A fundamental region D is defined to be a closed set in the space

of period matrices with two properties:

(i) Every period matrix is equivalent to some matrix in D.

(ii) If two matrices in D are equivalent, then each belongs to the boundary of D.

Theorem 1 A fundamental region of parameters of a real-valued theta-function of three variables

s given by the following inequalities:

0 < 211 < 299 < 233,
0 <2219 < 24, 0 <2213 < 211, (1.17)

2| z93] < 299, 2(z12 + 213 — 223) < 211 + 290.

In what follows, we refer to the set defined by (1.17) as the fundamental region. Its significance
is that it contains a period matrix of every three-phase KP solution of interest. Theorem 1 is
proved in Appendix D.

A second problem with theta-function representations of KP solutions is that some theta-
functions give only trivial KP solutions. Specifically, a period matrix is said to be decomposable

if it can be transformed into block-diagonal form,

Z' 0
7 = : (1.18)
0 ZII

and indecomposable otherwise. (See Appendix B for the set of allowable transformations.) A
decomposable period matrix corresponds to a theta-function that factors into a product of two

theta-functions with fewer variables, and to a trivial KP solution.

10



Theorem 2 In the fundamental region, the only decomposable period matrices are in block-

diagonal form. Therefore, if a period matriz lies in the fundamental region and if
(Aw)* + (Ww)* + (uv)? > 0, (1.19)

then the period matriz is indecomposable and the corresponding KP solution is nontrivial.

Theorem 2 is proved in Appendix E. (To compare terminology, we note that in [26] a period
matrix for a two-phase solution of KP is said to be “in basic form” if it lies in the fundamental

region and is indecomposable.)

Given an indecomposable period matrix, Z, and three wavenumbers, {k1, ko,[;}, the next
step is to compute the remaining wavenumbers and frequencies. Following [7], we show in
Appendix H that if the period matrix is indecomposable, then k3 satisfies an algebraic equation
of degree 4; the coefficients in this equation depend on ki, k9, and on the period matrix. After

k3 has been found, the wavenumbers (I1, 1y, [3) are determined up to the ambiguity
(12, I3) — £ [(l1, I, I3) + alky, kg, k3)], (1.20)

where {a} is an arbitrary parameter corresponding to that in (1.4). The ambiguity can be
resolved by choosing a definite value of (say) /. After such a choice, the wavenumbers (I1, I3, [3)

are determined uniquely, up to a transformation
l
(ll,lg,lg) — —(ll,lg,l:),) +2k—1(k1,k2,]€3). (121)
1

The last step is the computation of the frequencies (w1, ws,ws). These are determined uniquely

once the wavenumbers are fixed. The validity of these steps is assured by

Theorem 3 Let Z be a 3 x3 indecomposable period matriz in the fundamental region. Then
the quartic equation (H.2) has 4 one-parameter families of nonzero, real-valued solutions k =
(k1, ko, k3), considered as curves on the real projective plane. For each such solution, the real-
valued vectors | = (I1,1a,13) and w = (w1, wq, w3) are determined uniquely, up to the ambiguity
in (1.20). For each set of parameters obtained in this way, (1.7) and (1.8) provide a smooth,
real-valued KP solution with three phases. This procedure generates all smooth, real-valued, three-
phase KP solutions that can be expressed by (1.7) and (1.8a) in terms of Riemann theta-functions

of three variables.

Theorem 3 is part of a longer theorem (Proposition 2) that is stated in Appendix H, and finally
proved in Appendix I.

11



Once the free parameters of the solution have been chosen and the remaining parameters
determined in this way, then the KP solution is defined in terms of a multiple Fourier series
according to (1.7)-(1.8). These series necessarily converge (because the period matrix is positive-
definite), but the convergence could be very slow. However, the equivalent representations of a
theta-function allow us to write these series in more than one way. In Appendix F, we show that
every period matrix in the fundamental region has a representation in which the multiple series
converge quickly. It follows that theta-function representations of three-phase solutions of KP
are always computationally efficient. These efficient representations are used in the computer
program discussed in Appendix A.

Finally, we note that an alternative approach to the computation of multiphase KP solutions
was proposed and implemented by Bobenko and Bordag [3]. In their approach, multiphase
solutions are parameterized by configurations of circles in a plane, and the solutions themselves
are computed in terms of certain Poincaré series. To our knowledge, the two approaches produce
the same solutions. In fact, we used the numerical results in [3, 4] to validate our own computer
program. A more refined comparison of the methods would be based on the computational

efficiency of the two approaches, but such a comparison has not yet been undertaken.

2 Properties of three-phase solutions of the KP equation

2.1 Time-dependence

Theorem 4 Let k = (ki1, ko, k3), | = (I1,12,13), w = (w1, wa, w3) be the parameters of a real-valued
KP solution with three phases.

(i) If
kllg - llkg = kllg - llkg == k2l3 - lgkg == 0, (21)

then the solution is one-dimensional. It can be transformed into a three-phase solution of
KdV, using (1.4). Every bounded three-phase solution of KdV is necessarily time-dependent,
in every Galilean coordinate system.

(i) If any part of (2.1) is false, then the KP solution is genuinely two-dimensional. The

necessary and sufficient condition that such a solution be stationary (i.e., time-independent

12



in some Galilean coordinate system) is that

ki ko ks
det ll 12 l3 =0. (22)
W1 Wy W3

(1i) If (2.2) is false, then the three-phase solution is time-dependent in every Galilean co-
ordinate system. Moreover, then the KP solution is genuinely two-dimensional and there

1s a Galilean coordinate system in which the solution is periodic in time.

(iv) Under transformations of the form (1.4), KP solutions that are stationary (or not)
transform into other solutions that are stationary (or not); i.e., stationarity is not affected

by such transformations.

It follows that a generic three-phase solution of KP is genuinely two-dimensional, periodic in

time in a uniformly translating coordinate system, and not stationary.

Proof of Theorem 4

(i) Given (2.1), using (1.4) with {a = —]le—ll = —,% = —,lc—i, b = 1} transforms the solution into
one that is y-independent. If it also satisfies (1.1), then it must satisfy KdV. But a KdV
solution that is stationary satisfies a third-order ordinary differential equation. A bounded
solution of this equation is an elliptic function, so it has one phase, not three. Therefore a

three-phase solution of KdV cannot be stationary.

(ii) , (iii) For definiteness, assume that kilo — koly # 0. A three-phase solution of KP has the
form
u(z,y,t) = U(kiz + Ly + wit, kox + loy + wot, k3x + I3y + wat). (2.3)

Under a Galilean change of coordinates,
=2 +&, y=y +nt', t="1, (2.4a)

with {&,n} given by (1.14b), the solution becomes

u(z,y,t) = U(k1a" + Ly, kot' + by, kar’ + I3y' + Qst’) (2.4b)
where
ki ko kg -
Qu=det| I, I, Is /det(ll z2> (2.4¢)
W1 Wy W3 ! 2

13



If (2.2) holds, then Q3 = 0 and the solution is ¢-independent. If (2.2) fails, then the
solution is periodic in #, because it is constructed to be quasi-periodic in its three phases.
(This observation is due to Martin Kruskal.) Any other Galilean change of coordinates
would make one of the other two phases time-dependent, so there is no Galilean coordinate
system in which the solution is time-independent.

(iv) Under a transformation of the form (1.4), wavevectors change according to

kj — b_lkj, l]’ — b_2lj — ab_lkj,

2.5
Wy — b_3(.<)j — 6ab_2lj — 3a2b_1kj. ( )

Substituting these into (2.2) shows that the determinant is changed by a factor of b7,
and is independent of a. Thus, a nonzero determinant remains nonzero under (1.4), and a
nonstationary KP solution remains nonstationary. One can show that for a generic three-
phase solution of KP, this determinant does not vanish (see Appendix I below). This
completes the proof.

Thisisafigure

Figure 4: A three-phase KP solution, with parameters:

o =2, 8 =4, v =4, A= 0.5, u=0.5, v =0.1,

ki1 = 0.5, ko = 1.0, ks = 1.2060, Iy =-0.2, ly = —1.3974, I3 =0.6148,

wy = —1.1427, w; = —6.2228, wy = —0.3940, +,/.

This solution is periodic in a moving frame, with a period 7" = 3.1908. It is shown at four times:
(a) t =10.0, (b) t = 0.5, (c) t = 1.5, (d) t = 3.1908, (e) t = 3.1908, but translated according to
(1.14).

14



Figure 4 shows a three-phase solution of KP, for one choice of the parameters. The solution

is time-dependent, and the figure shows the solution at four different times. We now note some

features of the solution.

(i)

(iii)

One can think of a three-phase solution of the KP equation as a nonlinear superposition of
three independent single-phase waves, with the superposition specified by (1.7) and (1.8).
In Figure 4a we have drawn three sets of parallel lines, corresponding roughly to the crests
of three underlying plane waves. For this particular solution, it is evident that one of the

three underlying plane waves is stronger than the other two.

The waves interact nonlinearly (according to KP), so each wave crest in Figure 4a undergoes
a phase shift wherever it interacts with another wave crest. For this solution, the most
obvious phase shifts are those experienced by the two weaker waves where they interact

with the single strong wave.

At each time shown in Figure 4, one can find wave crests corresponding to those identified
in Figure 4a. Thus, it is meaningful to discuss wave “crests” and “troughs” in this time-
dependent solution. However, the amplitude of a wave is not uniform along a crest. Instead
there are localized “peaks” where two (or three) underlying crests intersect. One such peak

is identified in Figure 4a.

These peaks evolve in time as they propagate. For example, the peak identified in Figure

4a is also identified in Figure 4b, and one can see that it has grown larger in Figure 4b.

The wave troughs also evolve in time as they propagate in space. Typical troughs are not
hexagonal. A single wave trough (i.e., a shallow valley surrounded by mountains) can grow

in size, or shrink, or disappear, or coalesce with a neighbouring trough.

The entire solution is periodic (in time) in a moving coordinate system. The solution shown
in Figure 4e is the same as that shown in Figure 4a, but Figure 4e is drawn one period
later with x shifted by (2.25387) and y shifted by (—12.59596), in accord with (1.14b) and
(2.4).

The solution shown in Figure 4 is time-dependent, and one gains a better sense of its time-

evolution by watching it evolve in time, rather than by viewing a set of snapshots, as in Figure

4. Two methods to observe this evolution are available. First, a set of short videos, showing the

time-evolution of several three-phase solutions of KP, have been placed on the world-wide web
at hitp : //amath.colorado.edu/appm/other/kp/kp.html.
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Second, Appendix A provides instructions to run the computer program (called kp) that we
used to produce both the snapshots in Figure 4 and the videos mentioned above. The program
is configured to run on any one of several UNIX platforms. To observe the time-dependent
behaviour of the particular solution in Figure 4, one needs to follow the instructions in Appendix

A, using the parameters listed in the caption of Figure 4.

2.2 Nearly stationary solutions

As discussed above, a typical three-phase solution of KP is two-dimensional, and it is not sta-
tionary. To our surprise, however, we found large families of nearly stationary solutions. These
solutions are not strictly stationary (the determinant in (2.2) is not zero), but they appear to
the eye to be stationary, and the determinant in (2.2) might differ from zero only in the second
or third decimal place.

Thisisafigure

Figure 5: A three-phase KP solution that is nearly stationary, with parameters:

a=3, [=63/25 ~v=281/35, A=pu=04, v=2/7,

ki1 = ko = 1.0, ks = 0.574979, ly = =l = 0.6412115, I3 = 0.0,

w) = wy = —3.260237, w3 = —1.882164, +/

The period matrix of this solution is completely symmetric: 213 = 200 = 233 =3, 2;; =6/5
for ¢ # j. Consequently, there is another, identical solution with the same period matrix and
with the phases renumbered: k; = 0.574979, ky = k3 = 1.0, lh=0, I[y,=-Il3=0.6412115.

Figure 5 shows one such solution, at a particular time. As time changes, this solution

appears simply to translate directly to the right (i.e., purely in the z-direction) with a constant
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speed. (The reader can observe this motion by viewing one of the videos mentioned above, or
by running the kp program, using the parameter values listed in the caption to Figure 5.) In
fact, the solution also evolves as it translates, but the nontranslational motion is very slow and
very weak. Using (2.4c) for this solution, one obtains {23 = 0.00487, corresponding to a period
of T'= 1290 (instead of T' = 3.2 for the solution in Figure 4).

Thisisafigure

Figure 6: Another three-phase KP solution that is nearly stationary, with parameters:
a=3/2, [(=63/25, ~y=81/35, A=u=04, v=2/T,

k1 = 0.3248453, ko =k3=1.0, 1[4 =0.0, [y=-Il3=0.818674,

w; = —1.631909, ws = w3 = —5.004516, -

Figure 6 shows another nearly stationary solution. As with that in Figure 5, this solution
appears to translate purely in the z-direction. In this respect, these nearly stationary three-phase
solutions are similar to symmetric two-phase waves, like that shown in Figure 3, but there is an
important difference. Two-phase waves that are two-dimensional are spatially periodic, and the
basic template of the periodic pattern is the hexagonal cell. If either of the wave patterns in
Figures 5 and 6 is spatially periodic, then the basic template of the pattern must be much larger
than the simple hexagonal cell. Both figures exhibit spatial patterns of hexagonal cells that vary
in the z-direction.

All of the nearly stationary solutions that we found appear to translate purely in the z-

direction. Their parameters fit into one of two categories:

(i) 211 = 200 < 233,213 = 223, k1 = ko = 1.0, 11 = —lp, I3 = 0, w1 = wy;
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(ii) 211 < 290 = 233,212 = 213, ko = k3 = 1.0,1; = 0,1y = —l3,ws = ws.

We had no trouble finding nearly stationary solutions within these categories. For each such
solution, the wave pattern is periodic in y (with a spatial period of 27/l5), but it is not periodic
in = unless {k1, ko, k3} are rationally related. Even for those solutions that are periodic in z, the
basic template of the pattern is not a simple hexagonal cell unless k; = ky = k3. Every nearly
stationary solution in one of these categories generates a two-parameter family of other nearly
stationary solutions via (1.4). Whether nearly stationary solutions exist elsewhere in parameter

space is unknown.

As stated above, two-dimensional two-phase solutions of KP have the identifying property
that they are almost the only KP solutions that are stationary. However, the existence of large
families of three-phase solutions that are nearly stationary means that the property of stationarity
does not provide a practical means to identify two-phase solutions. A simple and effective method
to identify the number of phases in a KP solution is unknown.

Acknowledgements. We are grateful for helpful comments from A.I. Bobenko, J.L. Ham-
mack, and especially from L.A. Bordag, who helped us find some errors in our computer program.
This work was supported in part by the U. S. Office of Naval Research, N 000 14-92-J-1274.

A Running the kp program

1. Starting

When you enter the kp program, two windows open on the screen: a long “control panel”
and a viewing window in which a picture of the solution appears. Separate these windows,
and enlarge the viewing window if desired. (To do this, move the arrow to the lower right
corner of the viewing window, then hold down the left button on the mouse while moving
the corner to the desired location.)

2. Choosing parameters

Choose the parameters of the KP solution by moving the arrow into the appropriate input
box of the control panel, and then changing the value in this box. Press “enter” after your
changes.

(a) Choose values for {«, 3,7, A, u,v}. These determine the period matrix, Z, according

to (1.16). Your choices must satisfy the inequalities in (1.17). [Example: a = 3,
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(e)

B=252,7y=10, A= pu=0.4, v =4/7=0.285714286, “enter”.]
Comment 1: The solution drawn in the viewing window changes each time you change

a parameter of the solution, perhaps after a pause. To speed up the process, click on
“Hold”, then enter all changes, then click on “Hold” again.

Choose nonzero values for k; and ko. [Example: k; = 0.8, ky = 0.8, “enter”.]

The program now solves a quartic equation for k3, so there are up to 4 real-valued
choices for k3. Go to the input box for k3, hold down the left button, and up to 4
choices for k3 will appear. Slide down to the desired choice and release the left button.
[Example: k3 = 0.459.. ]

Comment 2: Every real value of k3 corresponds to a solution of the KP equation.
However, very large values of |k3| correspond to solutions with short wavelengths and
large amplitudes. In physical problems, the KP equation typically arises in the limit
of small amplitudes and long wavelengths, so KP solutions with large values of |k3| are
nonphysical and should be rejected. Moreover, the kp program itself does not draw

solutions with very large values of |k3| accurately.

Comment 3: The kp program is designed to generate three-phase solutions of the KP
equation, but it also generates two-phase solutions or single-phase cnoidal waves. This
feature is discussed in more detail at the end of this Appendix.

Choose [;. This corresponds to choosing the parameter “a” in (1.4). [Example:
Il = 0.41045, “enter”.]

Choose “Sqrt (P;;)” by clicking on this button. This corresponds to the choice of a
sign in equation (H.9). [Example: +|

At this point you have selected the KP solution. All other choices affect how the solution

is displayed in the viewing window, but not the solution itself.

. Representing the solution

A theta-function of three variables has four representations, all of which involve nested

infinite series, discussed in detail in Appendix F. The representations are:

#1
#2
#3
444

a triple Fourier series;
a double Fourier series + a sum of “solitary” waves;
a single Fourier series + a double sum of solitary waves;

a triple sum of solitary waves.
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Depending on the period matrix, the series in the different representations can have very
different convergence rates, so it can be computationally efficient to use one representation
instead of another. “Recommended Form = 3” means that for the period matrix chosen,
representation #3 is the most efficient way to represent the solution in a neighborhood of
=0,y =0,t =0, and the minimal number of terms in each series (my, my, m3) is shown.
The total number of terms in the nested series is: {2m; + 1} *{2mg+ 1} % {2m3+1}. These
numbers are chosen so that 6 and its derivatives are computed at {z = y = ¢ = 0} accurately
to the level of € in the control panel. (Independently, the theta-constants are computed
to an accuracy of 1072°. The kp program uses as many terms as it needs to achieve this
accuracy. The tolerance (and hence the number of terms) for theta-constants cannot be
seen or altered by the user.) For 6 itself, you may choose any of the four representations (by
clicking in “Displayed Form”) and you may choose the number of terms in each series. This
choice of representation affects only the display. It does not affect the (double-precision)

accuracy of the parameters in the control panel.

Comment 4: The recommended form always provides an accurate representation of the
KP solution with relatively few terms in each series. For the same solution, the three
representations that are not recommended might require many more terms to achieve the

same accuracy.

Comment 5: Only representation #1 is uniformly valid in space-time. Each of the other
representations has a limited region of validity. You can see this in the example being
developed in this Appendix by using form #3 (which is recommended), then by clicking
“Recommended”, and then comparing the representation of the solution shown with that
obtained after clicking on “222” which has more terms in its series. The “Recommended”
picture is accurate near x = 0,y = 0,¢ = 0, but not far away from it. In this case, one
should use “222” or higher. In fact, it is rarely wise to go below “222”. [Example: use
form #3, 222.]

4. Viewing the solution at a fixed time

(a) Everything is drawn on a mesh (that you often don’t see). To increase the accuracy
of the figure, increase the number shown in the “Mesh” input box. However, higher
mesh resolution implies slower computation, so keep this number low while you are

deciding what you want to see. [Example: mesh = 35, “enter”.]

(b) The height of the solution surface can be displayed in different ways: by using contour
lines, or a mesh, or shading, or any combination of the three. If you want to see contour
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lines drawn in, click on the “Contour (c)” button. (For the buttons at the bottom
of the control panel, up = off, down = on.) The contours may look ragged. If you

increase the “Mesh” (e.g., 35 — 50, “enter”), the contour lines smooth out.

(c) The input box marked “Contours” gives the spacing between contour lines. When
the contouring option is on, zero is always the value of one contour line. If you want
more contour lines, increase the resolution in this input box, then press “enter”. As

with the mesh, more resolution means less speed.

(d) Click on the “Mesh” button to see the mesh superimposed on the figure. The mesh
becomes useful when the figure is viewed as a graphic projection. To do this, move
the arrow from the control panel to the viewing window. Now the perspective can be

changed in several ways.

(i) Hold down the left button on the mouse and move it north, south, east, or west.
The picture rotates as you move the mouse (and “Mesh” becomes useful).

(ii) Hold the center button down and move the mouse again. The picture translates.

(iii) Hold the right button down, move the mouse, and rotate the picture about an
axis through the origin, straight out of the screen.

Comment 6: As seen originally, the z-direction is to the right. Once you use (iii),

then the z-axis is wherever you put it.

Comment 7 To see the coordinate axes in the figure, click on the “Axes” button.

5. Time-dependence

All of the pictures shown so far have been at whatever time is shown in the input box
marked “¢” (probably ¢ = 0). To view the same solution at a different time, enter the

desired time in the “t”-input box, and press “enter”.

Comment 8: For every representation except #1, one can choose “¢” large enough that the
figure drawn in the viewing window is quite inaccurate unless the number of terms in its
series is increased. One can check for this possibility by increasing (by one) the number of
terms in each series, and seeing whether the figure changes noticeably.

Alternatively, go to the “A#”’-input box, enter a value for At¢, and press “enter”. The
“proper” size of At depends on the values of {w;,ws, w3} in the solution in question. Now

the solution can be updated in increments of At, in two different ways.

(i) To increase t by At, click on “step”, then wait for the picture to change.
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(i)

To watch a solution evolve in time (i.e., to observe a sequence of snapshots, At apart),

click on “pause”. To stop the animation, click again on “pause”.

Comment 9. If the animation goes too slowly, increase the computational speed by de-

creasing mesh size, or by turning off “Shade”, or by turning off “Contour”, etc. (“Shade”

is slowest, then “Contour”; “Mesh” is relatively fast.)

Comment 10: In the animation mode, commands are sometimes carried out slowly. DO

NOT enter a command a second time.

6. Other options available in the kp program:

(a)

(b)

If the input box marked “XY Range” shows “10.”, then the solution is computed in
a square: —10 <z < 10, —10 < y < 10. To view the solution in a larger or smaller

square, change the number in “XY Range”, and press “enter”.

By changing the number in the “Scale” input box, one can magnify or shrink the
figure drawn. (To change “Scale” interactively, hold down both the shift-key and the
middle button on the mouse, and move the mouse forward or backward.)

By changing the number in the “Z Scale” input box, you can magnify or shrink the
vertical scale (only) of the figure. (To change “Z Scale” interactively, hold down both
the alt-key and the middle button on the mouse, and move the mouse forward or
backward.)

Comment 11: A transformation of the form (1.4) with {a = 0,b # 1} also rescales
the KP solution, without distorting the figure. In a sense, this is an alternative to “Z

Scale”.

Clicking on the “Rendering” button opens up another control panel, from which you
can control colors in the figure, features of shading, and some other options shown in
the control panel.

The input boxes marked {¢o1, do2, do3} allow for changes in the three phase constants
in (1.7).
“Reset View” returns the viewing screen to its original configuration, with the picture

centered. The viewer is above the surface, looking directly down on it.

Once you have found a suitable set of parameters, “Save Parameters” allows you to
store the list of parameters in a file that you name. Use “Load Parameters” to retrieve
the list from the file.
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(h) To save the figure itself (instead of the parameters that generated the figure), use

“Save Picture As”. The figure can be saved in any one of several formats.

(i) “Print Picture” pipes a Postscript version of the figure to the UNIX command specified
in the input box. You may choose whether to invert the colors in the saved figure.

(j) “Make Movie” allows you to save a sequence of figures, with a temporal spacing of At,
to create a movie. Two formats are available: GIF and FLI. A program to view the

movie, called “xanim”, is available at http://www.portal.com/ podlipec/home.html.
(k) “Dump Solution” writes the values of the solution on a grid to a file that you name.

(1) “Options” opens another control panel with several options that can be displayed
in a window as the program runs, for debugging purposes. “M” is the coefficient
matrix implicit in (H.1); “d4x(theta-hat)” is the matrix of fourth derivatives of the
theta-constants, also in (H.1). “Quartic” gives the coefficients of the quartic equation
defined by (H.2). “Pij” are defined by (H.8).

7. Constructing one- and two-phase solutions

The kp program can be used to generate approximate two-phase solutions of the KP equa-
tion, or single-phase cnoidal waves. To obtain a two-phase solution, let v — oo with k3
bounded. To obtain a cnoidal wave, let 3 — oo and v — oo while satisfying the constraints
in (1.17) with (a, k2, k3) all bounded.

In practice, for 0 < a < aA\? + § < 5, it is usually sufficient to take v > 30 (with a
similar condition on # when generating single-phase waves). To decide whether 7 (or ) is
large enough, check whether the relevant parameters of the solution (such as w;) change

when «y (or ) is increased further.

If v is large enough then the approximate two-phase solution does not depend (to within
numerical precision) on {u, v, and the choice of va }, all of which should affect primarily the
third phase. However, the kp program cannot construct some two-phase solutions unless
these “irrelevant” parameters lie in a particular range. Specifically, the program requires
that k3 be real-valued, and even though the numerical value of k3 does not affect the two-
phase solution, the program stops if k3 is not real. Consequently, if the program refuses to
construct a one-phase or two-phase solution, it may be necessary to adjust the “irrelevant”

parameters.

The KP solutions shown in Figures 1, 2, and 3 were obtained from kp in this way. The

input values used for these solutions are the following:
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(a) Figure 1: o = 2.677326, 6=25 v=30, A=pu=0.5, v=20.2,
ki=ky=10, ky=109, UL=03 — /.

(b) Figure 2: « =2, (=25 =30, A=pu=04, v=0.2,
ki=06, k=08, k=03535 L =02 +/.

(c) Figure 3: « =2, (=168, ~=30, A=p=04, v=0.2,
ki=ky =08, ky=359, I =0.6155175, +./-

B Basic properties of multidimensional theta-functions

This Appendix contains basic information about theta-functions of several variables. More details
can be found in [7, 17]. A general theta-function of N variables is defined in terms of an N-fold

Fourier series

0(61,-- -, ONZ) = Y Comypomy XD (i(m1 6y + - - + My dN)) (B.1)
mi,...,mN
where the summation is over all choices of integers {m,...,my}, i = v/—1, the Fourier coeffi-

cients have the form

1 N
Cmi,ymy, = €XD (—5 Z Zijmimj> ) (B-Q)

5,j=1
and Z = (%;)1<ij<n is an N x N symmetric, complex-valued matrix with positive-definite real

part:
7Z = 7" Re{v'-Z-v} >0, for all real-valued N-component vectors v # 0. (B.3)

Z is the period matriz, and its entries z;; can be considered to be the parameters of the theta
function. The space of all period matrices is called the Siegel (right) half-plane. The series in
(B.1) defines an entire function of N complex variables {¢1, ..., ¢n}, and it is 27-periodic with

respect to any of the ¢;.

There are natural identifications in the space of parameters of theta-functions. Two period

matrices Z and Z' are called equivalent if they are related by a Siegel modular transformation

7' = —2mi(AZ — 2miB)(CZ — 2miD) ™", (B.4)

A B
Here the 2N x 2N matrix, c Dl must belong to the group Sp(N,Z). This means

that all the entries of the N x N matrices A, B, C, D are integers and these matrices satisfy the
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condition -
A B 0 I A B 0 I
= (B.5a)
C D -1 0 C D -1 0
(I is the identity matrix) or equivalently
ABT = BAT, ADT -BCT=1, D" =DC". (B.5b)

For equivalent period matrices the corresponding theta-functions coincide up to an appropriate
change of the arguments (¢1,...,dn) = ¢ and multiplication by an exponential of a quadratic

form:

0(¢'y,...,9',|7") = exp %qﬁ(CZ — 2miD) ' C¢T — %gng —iagT +is| -

/det(CZ — 2miD)4(61, ..., $u|2) (B.6a)
where
"= (@), 9)) = —2mi¢(CZ — 2miD) "' + 2+ iBZ' (B.6b)
= (@), B=(Brr-es B (B.6¢)
o = 3 jzi:lakjbk] (B.6d)
O = %éckjdkj (B.6e)
A = (ay), B=(by), C=(cy), D=(dy). (B.61)

The constant s does not depend on Z or on ¢ (see [17]). We call these two equivalent theta-

functions. Equivalent theta-functions give essentially the same solution of the KP equation.

We restrict our attention to theta-functions with real period matrices Z. They are real-
valued for real arguments ¢q, ..., ¢,. For brevity we call them real theta-functions. For real

theta-functions we consider equivalencies of theta-functions with respect to the subgroup' of

1 The transformations (B.7) are not the only ones that preserve reality of the period matrix. For example, the
inversion Z' = Z~! (one should put, in (B.4), A = D = 0 and B = —C = I) also preserves reality. We motivate
our restriction of the class of general Siegel modular transformations (B.4) to the transformation (B.7) by the
algebraic-geometrical theory of KP-2: according to this theory (see below), Z should be the matrix of periods of
holomorphic differentials on a Riemann surface of genus N, with a real structure (i.e. with an antiholomorphic
involution). The corresponding basic a-cycles on the Riemann surface should coincide with ovals of this involution.
Ambiguity in the choice of a-cycles precisely gives the ambiguity (B.7) in the period matrix.
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Sp(N, Z) of transformations of the form

A 0

Zw— 7'=AZAT, )
0 AT

> € Sp(N, Z). (B.7)
This coincides with action of the group GL (N, Z) of invertible NxN integer matrices (the deter-
minant of these matrices equals +1). Following Minkowski [23], we call the two matrices Z’, Z
related by the transformation (B.7) arithmetically equivalent. The law (B.6a-f) of transformation
of the theta-functions becomes for (B.7) very simple:

0 ,...., 0N Z")=0(d1,...,0n8|2), (B.8a)

(1, 0'5) = (61,..., 6n) AT. (B.8D)

As motivation for considering here only real theta-functions we refer to the theory of the KP-2
equation? where only real theta-functions give real-valued smooth solutions that we construct in
this paper for N = 3 (see also Appendix I below).

C Need for a fundamental region

Theorem 1 identifies a fundamental region in the space of 3 x3 period matrices. This Appendix
explains why such a region is needed: without a fundamental region, it is virtually impossible to
calculate theta functions effectively. This difficulty might seem surprising, since the Fourier co-
efficients in the theta-series (1.8), (B.1) eventually decrease faster than exponentially. Moreover,
in the case N = 1 (elliptic theta-functions of Jacobi), the coefficients decrease monotonically,

and it is easy to estimate how many terms are needed to achieve whatever accuracy is desired.

For N > 2, however, computation is a nontrivial problem, as we now demonstrate. Take
the 2x2 matrix with entries

Z11 = 111207, 212 = 96616, 299 = 83.943. (Cl)
The first few Fourier coefficients are as follows:

_ _ _ —114 _ _ —152 _ _ —530
Co,0 = 1, Co,1 = Cp,—1 = 10 y Clo0=°C-10= 10 y €11 =C-1-1= 10 y e (02)

2In the theory of the KP-1 equation, other types of real theta-functions also occur [7, 9]. We do not consider
them in the present paper.
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Nevertheless, the theta-function is far from being identically 1:

0(p1, p2) = 14 0.41 cos(Tdy — 8¢y) + 0.11 cos(6¢; — Tda) + 0.11 cos(13¢; — 15¢9)
(the truncation error is less than 102).

It is easy to understand how to find the relevant coefficients c,,,...m, of the theta-series in
(1.8¢c): the coefficient exceeds a given positive € if and only if the integer vector (my,...,my) is
inside of the ellipsoid defined by the inequality

N
> zijmim; < 2log2e". (C.3)
ij=1

In the above example, the ellipsoids (in fact, ellipses) are squeezed along one of the axes. So
the points (0, 0), £(7, —8), £(6, —7), £(13, —15) of the integer lattice give the main contributions
in the theta-series. In general, a numerical code for computation of the theta-series with a given
period matrix must contain an algorithm for finding integer solutions my, . .., my of the inequality

(C.3) for a given period matrix (z;;) and a given accuracy €. The significance of the fundamental

region identified in Theorem 1 is that for a period matrix in this region, the lowest terms in the

series (i.e., the points closest to the origin) satisfy the inequality (C.3).

A second difficulty in the computation of theta-functions occurs because two different period
matrices that are equivalent under (B.7) lead to the same solution of the KP equation. To
eliminate this ambiguity, we need a fundamental region for the action (B.7) of the group GL(N, Z)
in the space of period-matrices. This is defined to be a closed set D in the space of period matrices
that satisfies the following two requirements.

(i) Every period-matrix is equivalent to some matrix belonging to D.

(ii) If two matrices in D are equivalent then each belongs to the boundary of D.

In other words, we need to describe a canonical form to which one can reduce any positive
definite symmetric matrix Z by the transformations (B.7), where all the entries of the invertible
matrix A are integers. (In [11], this canonical form was called “basic form”.) The basis of the
theory of reduction was created by Lagrange, Hermite and Minkowski (see [28]). Here we give

an explicit description of the fundamental region for the case N = 3.

Example. For real theta-functions of 2 variables, the fundamental region of the parameters

211, 212, 292 was described in [11, 26]. This is specified by the inequalities

0< z11 < 2zp (C4a)
0 S 2212 S Z11- (C4b)
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(A quadratic form z1,p? + 2219pq + 220¢> satisfying (C.4a,b) is sometimes called Lagrange
reduced [28].) On the boundary of the domain, at least one of the inequalities (C.4a,b) becomes
equality.

A fundamental region is not determined uniquely. The particular region (C.4a,b) is a conve-
nient one for calculation of theta-series. Indeed, for the example in (C.1), applying a transform

(B.7) with
a4 7 —8
B -6 7 |’

one obtains the following parameters of the transformed theta-function:
2111 = 0503, 2112 = 0250, 2122 = 0.915.

The main contributions in the corresponding theta-series come from the points closest to the
origin:
0(¢',¢'5) 21+041cos¢’y +0.11cos ¢’y + 0.11 cos(¢'; — ¢'5). (C.5)

Similarly, for N = 3, the problem is to find a “good” fundamental region on which the
summation of the theta-series can be done easily, i.e. with the property that the first few terms

of the theta-series dominate the rest of the series.

After this brief discussion of the problem, let us formulate our first main result.

Theorem 1 The fundamental region of parameters of real theta-functions of three variables is

given by the following inequalities:

0< 211 < 299 < 233 (C.6a)

0 <2219 < 211 (C.6b)
0<2z13 <21 (C.6¢)

2| zo3| < 229 (C.6d)

2(z12 + 213 — 223) < 211 + 299 (C.6e)
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This theorem is proved in Appendix D3.

D A fundamental region of parameters for real theta-

functions of three variables

The theory of fundamental regions for the group SL(N,Z) of unimodular N x N matrices with
integer entries acting as in (B.7) on the space of positive definite symmetric matrices was created
by Minkowski [23] (see also [28]). We need to formulate his result in order to prove our Theorem
1.

For a given symmetric N x N matrix Z = z;;, let us denote by Z(my, ..., my) the positive

definite quadratic form
N

Z(ml,...,mN) = Z Zij M. (Dl)

iyj=1
We say that the quadratic form is Minkowski-reduced (or, briefly, M-reduced) if the following
infinite set of inequalities holds true:

211:Z(]-:Oa"'ao)SZ(mla-"va) Ml(m17-":mN)
for all relatively prime mq, ..., my

Z22:Z(O:1a"'50)SZ(mla"'amN) MQ(mla"':mN)
for all my and relatively prime ms, ..., my

3A description of the fundamental region announced in [30] (Theorem 2) seems to be wrong. Indeed the two
positive-definite matrices
1 01 1 1 01 0
B= 01 1 01 |, B'= 01 1
1 01 2 0 0 1
both belong to the fundamental region of [30], and moreover B belongs to its inner part. But they are equivalent:
B' = ABAT for

1
A= 0
-1

O = O

0
0
1
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ZN-1,N—1 = Z(0,0,,].,O) < Z(mla"':mN) MNfl(mla"')mN)

for all mq, ..., my_o, and relatively prime my_; and my

ZNN = Z(0,0,...,O, 1) S Z(ml,...,mN) MN(ml,...,mN)
for all mq,...,my_1, and my = %£1.

For every choice of {m, ..., my}, each of the inequalities My(my, ..., my) is a linear inequality

among the entries of the matrix z;;.

Theorem of Minkowski [28]. The set of all M-reduced positive-definite, symmetric, NxN
matrices is a fundamental region of the group SL(N,Z) acting as in (B.7) in the space of real,

symmetric, positive-definite N X N matrices. In other words,

(i) every Z-matriz is equivalent under (B.4) to some matriz in this set, and

(1) if two matrices in this set are equivalent under (B.4), then for each matriz, at least one

inequality My(myq,...,my) must be an equality.
Moreover, the fundamental region is specified by a finite number of the inequalities My(my, ..., my),
ceey MN(ml, ce ,mN).

Example. For N = 2 we have the following three basic Minkowski inequalities:

z11 < 222 Ml(O, 1)
—z11 < 2219 M(1,1)
2212 < 211 Ms(1, -1)

Other inequalities M;(mq, mso), Ms(mq, my), follow from these three. This gives a fundamental
region for the group SL(2,Z) acting in the space of symmetric positive-definite 2 x 2 matrices.
Note that the condition 0 < z1; together with the above inequalities provides positive-definiteness
of the Z-matrix.

Note also that the group of transformations is slightly bigger than SL(2,Z): we are allowed,
particularly, to change the sign of any of the basic vectors. Using this we can always make z15
non-negative. This gives the fundamental region (C.4a-b) of parameters of real theta-functions
of two variables.
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Using Minkowski’s theorem it is easy to obtain an algorithm to reduce any 2 x2 symmetric

positive-definite matrix to the M-reduced form.
Let us come to the case of three variables. Proof of Theorem 1 is based on two lemmas.
Lemma 1. Let
Z(p,q,r) = 20D’ + 2210Pq + 2224° + 22137 + 2203qT + 2337 (D.2)
be a positive-definite quadratic form with
0 < 219, 0 < 23. (D.3)

Then the infinite set of Minkowsk: inequalities,

z11 < Z(p, q,r) for all relatively prime p, g, r Mi(p,q,r)
299 < Z(p, q,r) for all p, ¢, r with relatively prime ¢, r Msy(p,q,r)
233 S Z(pa q, r) fOI' all b,q,Tr Wlth r= 13 M3(pa q, T)

15 satisfied if and only if the following seven inequalities are satisfied:

211 < 299 M;(0,1,0)

Zo2 < 233 M5(0,0,1)

2210 < z11 M,(1,-1,0)

2213 < z11 Ms(1,0,-1)

+2293 < 299 M3(0,1,¥1)

2(z12 + 213 — 223) < 211 + 202 M3(—-1,1,1)

Proof immediately follows from

Lemma (Minkowski). The inequalities M,(1,p,q), Ms(p,1,q), Ms3(p,q,1) for p, q equal £1
or 0 imply all other inequalities My(p, q,r) for arbitrary integers p, q, r.

For completeness we reproduce here the proof following [23].

It is sufficient to prove the inequalities M;(p, g, ) for nonnegative integers p, ¢, r only. In-
deed, if some of p, g, r are not positive then we change the signs

(p,g,r) — @, ¢, ") = (£p, £q, £r)
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in such a way that
Z(p,q,r)=Z'(p',q, 7).
Note that z;; = z;. So the inequality M;(p, q,r) for the coefficients of the quadratic form (z;;)
coincides with the inequality M;(p',¢',r’) for the quadratic form (z;).
Let us redenote
(p,q,7) = (M1, Mg, m3).
We need to prove the inequalities

2 < Z(mq, mg, m3) (M;(mq, mg, m3))

for any | =1, 2,3 where m;, m;11, ...are nonnegative and not all equal to zero. It is enough to
consider only the inequality Mj(mq, ma, m3) where all my, mq, ms are positive (otherwise the

problem reduces to quadratic forms with two arguments).

Let

m = ming—193my > 0

and

J = MaXp,—m k.
We introduce the vector (mf, m,, mj) putting

;e —m ifk#j
M = m; for k=7
We have

mj, > 0 for any k, mj > 0.

Using the elementary identity
Z(my, mg, mg) — Z(my, my,my) =m? [Z(1,1,1) — 2] +2m Y [(mk —m) szl]
k#j I#]

we obtain

Z(mlla mf‘z’ mg) S Z(mla ma, mS)

since
Zjj S Z(l, 1, 1)
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due to M;(1,1,1),

0<) 2

I£]

(follows for N = 3 from My(p, q,r) where one of p, g, r is 0 and two others are +1).

Thus the inequality Mj(my, mg, m3) follows from the inequality Mj(m), m), m}) where m;

are still nonnegative and smaller than m;, 7 = 1,2, 3. This gives the recursion procedure to prove

the lemma.

Remark. The same arguments show that the lemma holds true also for N = 4. Starting

from N = 5 the theory of Minkowski inequalities is more complicated.

Lemma 2. Inequalities (C.6a-¢) imply that the quadratic form in (D.2) is positive-definite.

Proof. According to a theorem of Sylvester [12, p. 306], the positive-definiteness of the

quadratic form follows from the following three inequalities:

. 5 211
11 212
z11 > 0, det > 0, det | 291
221 222 .
31

212 213

299 293 > 0.

232 X33

The first two are obvious from (C.6a) and (C.6b). For the 3 x 3 determinant we obtain from

(C.6a-d) the inequalities

2 2 2
211292233 — 211293 + 2219213223 — 219433 — 21322

2 2 2
211299 2117233 211722
> 2117227233 — - 22’12213|223| - -
4 4 4
> 1211222233 — 2219213| 223
1 1
2
> qF11%22%83 = 211222 > 0. (D.4)

If any one of the inequalities among the z;; in (C.6a-d) is strict, then at least one of the

inequalities in (D.4) is strict, and we have shown that the 3x3 determinant is positive. Otherwise,

we have from (C.6a-e) that

211 = 299 = 233 = 2219 = 2213 = £2z93 = @

for some positive constant a and for just one sign before 2z53. The 3x 3 determinant equals

1 1 1 1

3 3 3 3 3
—Zad+ e = g = s,

@ — ot ke — gt —a
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This is positive if 293 = %a. For z93 = —%a, the determinant vanishes. But such a quadratic form

does not satisfy the inequality (C.6e). Indeed, for
m=am =2 =222 = 2213 =0, 2= 50,

this inequality (C.6e) reads
2a > 3a.

This contradicts the positivity of @ > 0. Lemma 2 is proved.

Proof of theorem 1. Let us prove first that any 3 x 3 positive-definite matrix Z can be
reduced by the transformations (B.7) to a Z-matrix from the fundamental region (1.17). Indeed,
due to Minkowski’s theorem we can find an integer unimodular matrix A such that the matrix
7' = AZ AT satisfies the inequalities of Lemma 1. Changing, if necessary, signs of the coordinates
¢2 and ¢3, we can always meet the requirements zj, > 0, 2{3 > 0. Such changes do not violate

the inequalities of Lemma 1. As the result we obtain a matrix in the fundamental region (1.17).

Let us prove now that in the interior of the fundamental region (i.e., in the region of
parameter space where all the inequalities in (1.17) are strict), no two matrices are equivalent
with respect to (B.7). Let us assume that some two matrices Z(!) and Z(® satisfying (1.17)
are equivalent, Z() = AZM AT where A is an invertible matrix with integer entries. The case
det A = 1 is impossible due to Minkowski’s theorem since (C.6a-e) are part of the Minkowski
fundamental region. If det A = —1, then det(—A) =1, and Z®? = (—A)ZW(—-A)T. Again, this

contradicts Minkowski’s theorem.

To complete the proof of Theorem 1 we note that, due to Lemma 2, the condition of positive-

definiteness of the Z-matrix is contained in the inequalities (1.17). The theorem is proved.

E Indecomposable period matrices

As discussed in Appendix C, one practical difficulty in calculating theta-functions is solved
by restricting one’s attention to period matrices that lie in the fundamental region, defined in

Theorem 1. A second difficulty remains: if a period matrix Z can be reduced to block-diagonal

, (7 0
7=(% 0 ®1)

form,

34



by a Siegel modular transformation (B.4), then its theta-function factors into a product of two

theta-functions with fewer variables, and the corresponding KP solution is trivial.*

The problem of decomposability is to specify explicitly the period matrices inside the fun-
damental region that correspond to decomposable theta functions. For theta-functions of two
variables (N = 2), this problem was solved in [11], where it was shown that a period matrix in

the fundamental region is decomposable if and only if it is diagonal.

We show next that for N = 3, a corresponding statement holds.

Theorem 2 In the fundamental region, the only decomposable period matrices are in block-

diagonal form. Therefore, if a period matriz lies in the fundamental region and if
(M) + (W) + (uv)? > 0, (E.2)

then the period matriz is indecomposable and the corresponding KP solution is nontrivial.

Proof: In this proof (also in the summation formulae of the next Appendix) we will use
Jacobi’s decomposition of a symmetric positive-definite matrix [12, p. 41]. We recall that the
Jacobi theorem provides a unique factorization of a symmetric, positive-definite matrix Z into
the product

Z =85pPs” (E.3a)

where P is a diagonal matrix and S is a lower triangular matrix with ones on the diagonal. For
N = 3 this reads

Z11 212 213 e} Ao o
Z=| 219 200 203 |=| M B+ Na VB + A (E.3b)
213 %23 233 po v+ A v+ 123+ pPa

4The main motivation for addressing the problem of decomposability again comes from the algebraic-
geometrical theory of the KP equation: only theta-functions associated with (connected) Riemann surfaces provide
solutions to KP, and all of these theta-functions are indecomposable. An important starting point for the ap-
plication of our results to nonlinear equations like KP is the theorem [28] (see also [7]) that for N < 3, every
indecomposable theta-function is associated with a Riemann surface; i.e., there are no other constraints. For
N > 3, this is not true: the Schottky problem arises [7, 8, 27]. For N > 3 an approach of [1, 2, 3, 4] based
on a representation of the parameters of the multiphase solutions of KP by Burnside-type series could be useful
to solve the Schottky constraints for the period matrix. However, in this way one could face the problem of
improving convergence of Burnside series. Thus, for N > 3, our three main problems are still important in the
calculation of theta-functions, but other problems arise as well.
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a 0 0
P=|0 80 (E-3¢)
0 0 v
1 00
S=]1 X210 (E.3d)
uw v 1
For the parameters «, 3,7, A, u, v we obtain
— 22 det Z
a=m, f=22275 - 08 (E.4a)
211 211222 — 212
\ = @’ §= Zﬁ’ Y= 211223 — 2122213. (E.4b)
211 211 R11%222 — 212

Lemma 3. A matriz Z in the Jacobi representation (E.3a-d) belongs to the fundamental region

(1.17) if and only if the parameters «, 3,7, A, u, v satisfy the following inequalities.

0<a (E.5a)
1

0< A\ NS§ (E.5b)
1-M)a<p (E.5¢)
a(M=p?)+8(1-v?) <~ (E.5d)
v < I o) (E.5e)

<3 'u’2ﬂ .0€
_1+£(A+2 —1D(1=XN<v for A+ .- (E.5f)
2 g T =0 AT '
Lo <y for Ap< (E.5g)
5 MQB_V or ,u_2 08

Proof can be obtained by direct substitution of (E.3b) into (1.17).
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Lemma 4. The following inequalities hold for a matriz (E.8b) in the fundamental region
(1.17):

4
0<%gg (E.6a)
2
<2 (E.6b)
v _ 11
" > = (E.6c)
v 11
3 > = (E.6d)
Proof. From (E.5c) we obtain
e} 1
0<Z<1Tw (E.7)

This, together with (E.5b) gives (E.6a).

Let us prove now that v < 2. For A > 2 we obtain, from (E.5e) and (E.7),

A2—2Au_ 1—2\u

1
<3z = .
VST o) T 20— A
The RHS of the inequality in the domain 0 < A < 2,0 < p < 3, 2u < A, has its maximum (3)
at the point A = 2, = 0. So in this domain, v < 2. For A < 2y, from (E.5e), we obtain v < 3.

The inequality v < % is proved.

Let us prove that —2 < v. In the domain A 4 p < 3, from (E.5g) and (E.7) we obtain

1+ 2\p 1 AN +2p)
S it R e A i s )
21— A2) 2 2(1-)2) -
The LHS of the inequality in the domain 0 < A, u < %, A pu < % has its minimum (—%) at
the point A = %, 4 = 0. So in this domain, —% <v. IfA+p> %, A+2p—1 <0, then from
(E.5f) we have —3 < v. Finally, if A4+ p > £ and A +2p — 1 > 0, then from (E.5f) and (E.7),

A+2u—1D(1=N) p—1

1
> = - .
Y= 2(1— )2 A+1

The RHS has its minimum (—%) at the point A = %, = 0 of the above domain. This completes
the proof of (E.6b).
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For the ratio v/, from (E.5¢) and (E.5d) we now have

1—p@ =21 =) =N -2+ (1 -1 - <

Q1>

The LHS has its minimum (3) at the points A = 0, u = 3, » = +2. This proves (E.6c).
We now prove (E.6d). From (E.5d) we obtain

« v
— (M=) +1 -2 < 2.
5 (¥ =) 5
For \ < p, this and (E.6b) give 3 < 2. Let A > pu. We obtain
9 B
1—p° 2 N — P 2 7
Ll U 1—2< 2,
T U B UHR

The LHS has its minimum (3) at the points A =0, =3, v

+2. Lemma 4 is proved.

Remark. The inequality (E.6b) can be attained, say, for the matrix

o

7 =

O NI= =
Nl— = N
— N

Proof of Theorem 2.
[ Note: In this proof, we renormalize the period matrix Z — 277 for the sake of technical
simplicity. This change does not affect the inequalities in (E.5a-g) or (E.6a-d).]
For N = 3, there are three classes of block-diagonal symmetric matrices:

ZI O O Z” O Z” Z”l Z”I 0
11 11 13 11 12
I __ ! ! " __ /] " __ m 17

Z = 0 2y 295 | AR 0 25 0 ) 20 = | 2y 25 0

! ! 1 " mn

0 295 233 zi3 0 233 0 0 =25

(Recall that the real parts of the matrices must be positive-definite.) In fact, these are equivalent
with respect to Siegel modular transformations (B.4), (B.5a,b). Indeed, taking

0 01
A=D=]1010
1 00

, B=C=0,

we obtain a transformation (B.4) of a matrix of the third type into one of the first type, and

vice-versa. Similarly, the modular transformation with

010
A=D=|100|, B=C=0,
0 01
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interchanges the first and the second classes of block-diagonal matrices.

So we need to prove the following statement. If a real symmetric matrix Z, in the funda-

mental region (1.17), is equivalent to a block-diagonal matrix of the first type,

zi;, 0 0
iZ'=i| 0 2y zs | =(GAZ+ B)(iCZ+ D)™, (E.8)

! !
0 253 233

where the 3 x 3 matrices A, B, C, D with integer values satisfy (B.5a,b), then Z itself is a

block-diagonal matrix.

Let us substitute the Jacobi representation (E.3a) into (E.8). We obtain

iz = (iAP + B) (icP+ D), (E.9)

F0-8)(s)
C D C D 0 S

is again a real symplectic matrix (not integer!), as a product of two symplectic matrices. So the

where

matrices

A=4S, B=BS"' (¢=cS, D=DSsS"' (E.11)

still satisfy (B.5a,b). Note that the action (E.9) of the full symplectic group Sp(N,R) is also
well-defined on the Siegel half-plane (B.3).

Let us put
iZ' =U +1iV, (E.12)

where U, V are real symmetric matrices, and V' is positive-definite. Rewriting (E.9) as
(U +iV) (iCP+ D) =iAP + B, (E.13)
and separating the real and imaginary parts, we obtain
A=UC+VDP, (E.14)
B=UD-VCP. (E.15)

Substitute these into the equation ADT — BCT = I. Taking into account the equation
CDT = DCT, we obtain
V(DPD" +CPCT) = 1. (E.16)
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We now write out explicitly certain entries of the matrix equations (E.14)—-(E.16). Denote
by aij, bij, ¢ij, dij the entries of the matrices A, B, C, D (these are integers), and by a;;, Bij, Cijs
d;; the entries of the matrices A, B, C, D (real numbers). The relations (E.11) for the first rows

of these matrices read as follows:

a1 = a1+ Aag + pass (E.17a)
12 = a2+ vags (E.17b)
i3 = a3 (E.17¢)
by = by (E.18a)
by = —Aby + bi (E.18b)
bz = (—p + Av)byy — vbig + b3 (E.18c¢)
11 = c11+ Aep + pcis (E.19a)
¢z = c2tves (E.19Db)
¢13 = Ci3 (E.19¢)
dyy = dy (E.20a)
dip = —Mdii +di (E.20b)
dis = (—p+ \)dy — vdy + dis. (E.20¢)
Also set
T =uy, y=uvy >0. (E.21)

(These are the non-zero entries in the first rows of the matrices U and V.)
The (1, 1)-entry of (E.16) is particularly important:
a_ld% + ﬁ_ld% + ’7_162?3 +aély + Bé, + ’Yéfs =y (E.22)

Note that because (y,«, 3,7) are all finite and positive, (E.22) implies that the entries in the

first rows of the matrices C, D cannot all vanish simultaneously.

The first lines of (E.14) and (E.15) read

a1 = o ‘ydy + zéy (E.23a)
app = ﬂ_lyczu + xC1o (E-23b)
a1 = v 'ydis + zés (E.23¢)
by = zdy — oy (E.24a)
by = zdyy— Byér (E.24b)
by = xdiz— Yyéi3 (E.24c¢)
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Let us assume that the matrix Z is not block-diagonal, so that (E.2) holds. We will show
that this assumption is not consistent with the equations (E.15)-(E.22).

The first step is to derive the following equations:
ai3diy = biicas, (E.25)

aiadir = bricra. (E.26)

To prove (E.25), multiply (E.23c) by di; and (E.24a) by c;3, and subtract the results. Using
(E.19c¢), (E.20a) and (E.22), one obtains

a13di1 — biicis =y (’)’_lczndw + 04511@13)

-153 7 PN
v didiz + i3
~1,72 —1,72 ~2 A2 ~1,72 A2
a~tdi; + iy + acty + e + BHdie + e,

Set
r=Vorldy +yid,  p= ol i, (E.27)

and . .

di3 di .

— =rcosf, — =rsinf,

val Va

VY613 = pcos ¢, Vaé = psin .

We obtain

%\/% (r?sin 20 + p? sin 2¢)
r2 4 p2 + B dly, + Be%,
The RHS cannot be more than %\/% . From (E.6¢) we conclude that

1 /o 3
aiadis — biier| < =, [ — < — < 1.
la13d1 11 13|_2”7_\/ﬁ

Since ay3d11; — byic13 is an integer, we obtain (E.25).

a13diy — biicz =

Equation (E.26) can be derived in a similar way. Multiply (E.23b) by dy; = di1, multiply
(E.24a) by ¢;9, and subtract the results. Using (E.25) and (E.22) we obtain

ﬁfldndm + 11612
a~ld} + 7Yy + adty + BEl, + Nl + s
%\/% (r?sin 20 + p? sin 2¢)
r2 4 g2yl iy

a12d11 — biicie =
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where we have used

_ 1,72 1,72 _ ~2 A2
r= \/a di; + B tdi,, =/act; + Beiy,

A

dll

— =rsiné, = rcos#,

P
va VB
Vaéi = pcos ¢, \/18612 = psin .

1l |« 1
dip— b < =< == <1.
|012 11 11012| =9\3 = \/3

Hence,

This proves (E.26).

Let us now prove that if
% A
diy + ¢, # 0,

then

ay1diy = byienn + 1,

and

1y = é13 = dig = dy3 = 0.
To do this we obtain from equations (E.23a), (E.24a) the equation

—-132 A2
o dyy + acty

a11d11 — b11611 =

From (E.25), (E.26), (E.17a), and (E.19a), it follows that
a11d11 — b11€11 = a11dir — biicar.

So (E.31) and (E.28) imply
0 < andy; —bienn <1,

a~ldt + ot + fLdY, + Bély + i + s

(E.28)

(E.29)

(E.30)

(E.31)

Because a11di; — bi1cq1 is an integer, it must equal 1. This gives (E.29). Also, this implies that

the RHS in (E.31) equals 1. This gives (E.30).

Let us assume now that d;; # 0. We will show that this is impossible for a non-block-

diagonal matrix Z. From dy = 0 (see (E.20b) and (E.30)) we obtain

d12

A= —.
di1

So A must be a rational number, A = g. Since 0 < )\ < %, we have for \ # 0:

q2>2.
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From (E.32) it follows that

dyo = mp, di; = mgq

for some integer m. From by = 0 (see (E.18b), (E.24b), and (E.30)) we obtain

bio = Abi1.

So the integers by; and b5 have the form
b1 = ng, b1z = np
for some integer n. Equation (E.29) now reads
qg(may; —neyp) = 1.

This is impossible for ¢ > 2. Therefore A = 0. We also conclude that di» = b2 = 0. From
di3 = 0 and from (E.20c) we obtain that di3 = udyy, so

_dis _p

'u_dll q

is a rational number. If 4 = 0 then we obtain a block-diagonal matrix. So p # 0, and ¢ > 2
(since 0 < p < 1). From (E.30) and (E.23c) we see that b1z = 0. Due to (E.18c) this, together
with b1 = 0, A = 0, gives

b1z = by

As above, we have

diz =mp, diy=mq, biz=np, b =ng

for some integers m, n. Then (E.29) becomes
q(mai — nen) = 1,

which is impossible for ¢ > 2. We have now proved that the assumption di; # 0 contradicts

equations (E.22)—(E.24c) for a non-block-diagonal matrix Z.
So dy; = 0. It follows from (E.25) and (E.26) that

biiciz =0, bz =0. (E.33)

Also, (E.20b,c) read

6212 = d12, 6213 = di3 — vdja.
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We now prove that
a13diz = biacis. (E.34)

As above, taking a linear combination of (E.23c¢) and (E.24b) we obtain, using (E.33),

v Ldiadiz + Béiatis
B1d3, + 3y + BEd, + v + add
%\/g (r? sin 260 + p? sin 2¢)
r2 + p? 4+ aéd + pé3,

r= VBB o= /BE 0,
@zrcosﬁ g=7“sin9
VB ’ el ’
\/Bélg = pcos o, V/7Y€i3 = psin .
From this and from (E.6d) we obtain

1 /3 3
A1adio — biocia]| < =1/ = < — < 1.
lai3d12 1213|_2 5 S Vi

a13d12 - b12613 = &13d12 - b12013 =

bl

where

This proves (E.34).

Next we prove that if
d?2 + €1y # 0,
then
arzdiz = biacia + 1, (E.35)
and
1y = é13 = dyz = 0. (E.36)

The procedure is similar to the proof of (E.29) and (E.30). From (E.23b) and (E.24b), using
(E.22), (E.33) and (E.34), we obtain

Btd3, + Bel,

= — < 1.
B1d3, + Bty + yidEs + el + adty

0 < a1adig — biacia =

This gives (E.35) and (E.36).
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Let us show that di5 = 0. If not, then from d;; = 0, 6213 =0 and (E.20c) we obtain

y= b
de.

So v is a rational number, v = 2. If v # 0 then ¢ > 2 (since |v| < 2) and di3 = mp, diy = mg, for
some integer m. From (E.36) and from (E.24c), using (E.18¢) and by; = 0 (because of (E.24a)
and dy; = &1, = 0) we obtain
b3 = vbys.
This gives
bz = np, b2 = ng.
After substitution into (E.35), we obtain a contradiction. Hence v = 0, and di3 = b;3 = 0. From
(E.36) and from (E.23a), (E.23c), we obtain G13 = a13 = 0, G411 = a11 + Aa;2 = 0. Together with
¢11 = ¢13 = 0, this gives
a11 + Aaig =0,

ci11 + )\012 =0.

From this and from (E.35) we obtain, by the now familiar argument, that A = 0, so Z is a

block-diagonal matrix. This contradiction shows that dio = 0.
From dy; = dij2 = 0 and (E.34), we obtain also that
biac13 = 0. (E.37)
Let us prove that for
dis +ci3 #0

the equations
a13di3 = bizeiz + 1 (E.38)

and
611 - 612 - 0 (E39)
hold. From the equations (E.23c), (E.24c), using by; = 0 and (E.37), we obtain

v 3y + el

< 1.
’Y*ld%:’, + ’70%3 + ﬁéﬁ + 046%1 -

0 < a13d13 — bizcis = a13dis — b13Ci3 =

This gives (E.38), (E.39). From (E.39) and from dy; = 0, dys = 0, we obtain, using (E.23a,b)
and (E.24a,b),

A

bi1 = b2 =0, a1 = a2 = 0.
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Let us show that di3 = 0. If not, then from (E.38) we see that both a;3 and ¢;3 cannot
vanish simultaneously. From a5 = a19 4+ vai;3 = 0, ¢19 = ¢1o + vci13 = 0 we obtain, as above, that
v is a rational number, v = g. If v # 0, then g > 2, a1 = —mp, a13 = mq, c12 = —np, c13 = Ng.
Equation (E.38) reads

g(mdiz —nbz) =1
with ¢ > 2, so necessarily v = 0. Then we have a;5 = 0, ¢1o = 0, and from a1, = a1 + pa3 =0,
¢11 = c11 + peiy = 0 it follows that p is a rational number, p = ’5’ # 0 (otherwise the Z-
matrix is block-diagonal), ¢ > 2, so a1y = —mp, a;3 = mgq, ci1 = —np, c13 = ng, and (E.38)
gives a contradiction. We have proved that for a non-block-diagonal matrix Z the equations
(E.22)—(E.24c¢) imply di; = di2 = di3 = 0.

Let us show that c¢;3 = 0. Otherwise from (E.33) it follows that b;; = 0, from (E.37) we
obtain b1 = 0. Hence by = 0. Since also djy = 0, from (E.24a,b) we conclude that ¢;; = é5 = 0.
From (E.38) we have also

bizciz = —1,
SO
b3 = +1, c13 = F1.
Then ¢ = ¢33 + veg = 0 implies
el = o] < 2.

3
Hence c;9 = v = 0. Then from ¢1; = ¢11 + pci3 = 0 we obtain

1
len| = |p| < 3
Hence ¢;; = p = 0. This is impossible for a non-block-diagonal matrix Z. Therefore, ¢13 = 0.

Let us prove that é;2 = ¢19 = 0. Otherwise from (E.35) we obtain
bipcip = —1,

or

bio = %1, c12=7FL
From (E.33) we have b;; = 0. Then from (E.24a) it follows that ¢1; + Aci2 = é11 = 0. This gives

1
|011| =)\ S 5
Hence ¢;; = A = 0. Now from 6213 = ¢13 = 0 and from (E.24c) we obtain b3 — vbiy = 1313 =0. So
2
bis| = |v] < 3
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Hence b;3 = v = 0. Again we obtain a contradiction. This proves that ¢ = 0.

The final step: to prove that c¢;; = 0. If ¢11 # 0, then from (E.29) we obtain
biicii = —1,

by ==+1, ¢ =7F1.
From 6212 = 612 = 0 and (E24b) we infer blg—)\bn = 812 = 0, ‘bm‘ = A S %, SO b12 = A =0. From
(E.24¢) and ¢35 = di3 = 0 we obtain in similar way that —ubyy + bz = bz = 0, |biz] =pu < % So
bi3 = = 0. This contradiction shows that ¢;; = 0.
We have proved that for a non-block-diagonal matrix Z in the fundamental region (C.6a-€)
the equations (E22)—(E24C) 1mply C11 = C12 = C13 = d11 = d12 = d13 = (. But this contradicts
(E.22). Theorem 2 is proved.

F  Summation formulae for theta-functions of 3 variables

Let Z be a 3x 3 real symmetric matrix in the fundamental region (1.17), and let

9:9(¢1,¢2,¢3|Z)

be the corresponding theta-function. In this section we obtain efficient formulae for summation
of the theta-series in different parts of the fundamental region. Note that even though the sum
of the theta-series is a real-valued function (for real arguments ¢, @o, @3), our formulae often

are written in complex form.

We use the Jacobi representation (E.3a-d) for the period matrix Z. Let us rewrite the
theta-series in the form

1
0=> exp (—EmZmT + im</5T) ,

where the summation is taken over all three-component vectors of integers, m = (my, ms, ms);
here ¢ = (¢1, 2, #3). Using (E.3a), we obtain

1 1
—EmZmT +ime? = —imSPSTmT + imgT

1 ~
= _iumT + imeT

1 . N N A2 &~ 2 A
= L o 30 ) 4 (e + s+ o), (Pl
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where we have put

¢ = ¢S (F.1b)
m = msS. (F.1c)
In the coordinate form these read
(M, g, m3) = (my + moX + mgp, mg + vms, mg) (F.2a)
(</31, b2, &3) = (@1, =Ad1 + b2, (—p + AW) 1 — V2 + ¢3). (F.2b)

Using (F.1la-c) and (F.2a-b) we can rewrite the theta-series in the nested form
1 . 1 , )
0= exp [—;ym% + imgqﬁg] D exp [—§ﬂ(m2 +vm3)? +i(my + Vm3)¢2] .
ms3 m2

1 A
> exp [—ia(ml + oA + map)? + i(my + meX + mg,u)qﬁl] (F.3)
m1

This formula gives an efficient way to compute 4 if «, 3, v are all large.

If some of {c, 3,7} are small, then one or more of the sums in (F.3) converge slowly. We can
improve convergence by applying an appropriate Siegel modular transform (B.4), (B.6a-f). We
need to do this only for 3 particular modular transforms; for these we derive the corresponding

transformation laws of # directly, using the Poisson sum formula:

1 2
Z efm2%+imw — (2_71’) 2 Z e‘%(”*%) (F4)

—oo<m<oo g —o0o<n<o0

This holds for Re o > 0 [31].

First we apply (F.4) to the my-sum in (F.3). After regrouping, this gives

1 ~ 2
27\ 2 272 , ~
6= (g) nzl exp [— <n1 - ;ﬁ—;) ] mzsexp [—%mg + img3 (qbg + 27 (p — )\l/))

(07

> exp [—é(mg + vm3)? +i(mg + vms) (¢ + 27rn1)\)] (F.5)

m2 2

This is an efficient way to compute 6 if « is small but 4 and  is large.

Next, applying (F.4) to the mg-sum in (F.5) gives
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This works well if o, # are small, 7 is large.

Finally, applying (F.4) to the ms-sum in (F.6) yields the fourth representation of the theta-

series:

aﬁvz ——(m 2,,) Ze (nz Anl—i)zze—ﬁ(naﬂn(u W) +nav+ 22 )2 (F.7)
Vv n1 n3

This choice is computationally efﬁc1ent if a, 3, v are all small.

3
2

The four representations of 6, given in (F.3), (F.5), (F.6), (F.7), each converges quickly in a
particular region of parameter space, as stated above. In fact, these four choices cover the entire
range of parameters allowed. Combinations not covered above (e.g., § small with a, -y large) are
excluded by (E.6).

When substituted appropriately into the KP equation, an indecomposable theta-function of
3 variables generates a 3-phase, quasiperiodic solution of the KP equation, with each variable
corresponding to one phase. Each of these solutions can be viewed as an exact nonlinear super-
position of 3 cnoidal waves. These solutions are inherently unsteady, in every coordinate system
obtained by a Galilean-type shift (1.14a).

The four limiting situations discussed above also can be interpreted in terms of the under-

lying cnoidal waves.

(i) If o, B, v are all large, then each of the 3 cnoidal waves has small amplitude; i.e., they are

nearly sinusoidal, and their interaction is weak.

(ii)) If « is small with (3, - large, then one of the 3 cnoidal waves can be represented as a
periodic train of widely separated, nearly solitary waves, while the other two cnoidal waves

are of small amplitude and are nearly sinusoidal.

(iii) Parameters o and § small, with y large, corresponds to two trains of nearly solitary waves,

interacting with one nearly sinusoidal wave train.

(iv) If a, B3, 7y are all small, then the KP solution represents the nonlinear interaction of 3 trains

of nearly solitary waves.

G Dispersion relations for the multiphase solutions of KP

We study the dispersion relations for the theta-functional solutions of KP. By definition, these are

the constraints imposed by the KP equation on the parameters k1, ...ky,l1,...Ixn, wi,...,WnN,
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Z = (z;j) of a theta-functional solution to KP of the form
u(z,y,t) = 202log 0 (k1z + Ly + wit + do1, - - -, knT + Iny + Wyt + don|2) (G.1)

To formulate these dispersion relations explicitly we will introduce theta-functions with charac-

teristics corresponding to the doubled period matrix Z and doubled argument ¢:

é[ml, omy](B|Z2) = D exp [_Zzij (kz + %) (k + 7) + 2 ( ) gb]]

kiyeki G2
for any integers my, ..., my taking values 0 or 1. The whole vector [m| = [m1, ..., my] is called
the characteristic of the modified theta-function. The function 6(¢|Z) is again an even entire
function of ¢ with certain conditions of periodicity and quasiperiodicity [17]. The values at ¢ = 0
of the functions (G.2) are called theta-constants. They depend only on Z and on the characteristic
[m]. We suppress the arguments ¢ = 0 and Z in the notations for theta-constants, keeping only
their dependence on the characteristic. Values at ¢ = 0 of the derivatives (necessarily of even
order) of this functions we also call theta-constants and denote them as folows

Oislma, ..., my] = [0%0my, ..., my] (6] 2) /Bqﬁiaqﬁj]d):() , (G.3)

Bigralma, ..., mn] = [0*00ma, ..., mn] (812) /06:06;00:00] , . (G.4)

For computation of the theta-constants for a matrix Z in the fundamental region, we use the

techniques of Appendix F. We introduce also certain polynomials of k& = (ki,...,ky), | =

(I1,...,ly), w = (w1, ...,wy) with the theta-constants as the coefficients
Op0lm] ==Y kikjkykifijua[m)] (G.5)
8,0x0[m =k iw;0ii[m] (G.6)
o; 9[m] = Y Lil;0i[m] (G.7)

Proposition 1. The function (1.7),(1.8) satisfies the KP equation for any phase shift ¢q iff the

parameters k, 1, w and the period matriz Z satisfy the following system of 2 equations
00[m] + (0,05 + 307 Bm] + df[m] = 0. (G.8)

The characteristics [m] = [mq,...,my], m; = 0 or 1 number the equations. An auxiliary un-
known d is to be eliminated from the equations (G.8).

Proof of this Proposition can be obtained by direct substitution of the ansatz (1.7) to KP
using the addition theorem for the theta-functions. [6, 7]; cf. [24]
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When solving the system (G.8), it is important to keep in mind its invariance with respect

to transformations of the form

k — bk
I — bl+ak
a2
w — bw— 6abl — 3?16
— bid
— Z. (G.9)

This is a manifestation of invariance of KP with respect to the transformations (1.4).

Example 1. For N =1 eliminating d we obtain the dispersion relation in the form
wk + 31 = k*g(2) (G.10)
(the period matrix Z here is just a positive number z) where

~ 0™V[0J6[1] — 6™V [1]6[0]
6"]0]6[1] — 67[1)6[0]

9(z) = (G.11)

This is the dispersion relation of the travelling waves (1.3). Of course, when z — 400 this

equation goes to wk + 312 = k*.

Example 2. For N = 2 eliminating d from the system (G.8) one obtains 3 independent

Z= ( A ) . (G.12)

212 222

equations for the period matrix

These can be used to determine the entries {211, 212, 202} of the period matrix for a given set
of wavenumbers and frequencies. However, it is simpler computationally to start from a given
period matrix Z, and to solve the dispersion relations (G.8) for {k,[,w}, although not uniquely.
In this way, a generic 2x 2 period matrix Z generates a family of two-phase solutions of the KP
equation. If the period matrix is real, then the KP solutions so obtained are real-valued and
smooth. For 2x2 period matrices the genericity condition, which assures the consistency of the
dispersion relations, is that the period matrix Z cannot be transformed into a diagonal matrix
with any transformation of the form (B.4 )[7]. In other words, Z must be indecomposable; if
Z lies in the fundamental domain, then it must be nondiagonal [11]. The first computations of

two-phase solutions of the KP equation were effected in this way in [26].
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As discussed in §2, two-phase solutions that are genuinely two-dimensional are distinguished
among all multi-phase solutions because they are necessarily stationary; i.e., time-independent
in some Galilean coordinate system. KP solutions that are genuinely two-dimensional and have
nontrivial time-dependence must have at least three phases.

Analysis of the dispersion relations for three-phase solutions is more complicated. We some-
times need to use the algebraic-geometrical constructions of Appendix I in order to prove, say,
that the dispersion relations are compatible with each other. Our proofs in Appendix H are more
sketchy, but more details can be found in papers [7, 8, 9.

H On computation of three-phase solutions: solving the

dispersion relations

We consider now the dispersion relations (G.8) for the case N = 3. They have the following

explicit form

(wiky + 317) O11[m] + (wika + waky + 6l11o) O1a[m]+. ..+ (wsks + 313 ) O3[m] + dO[m] + 9E0m] = 0

(H.1)
where the characteristic [m] takes one of the 8 values [0, 0, 0], [1,0,0], ..., [0,1,1], [1,1,1]. (Recall
that the theta-constants are functions of the period matrix). We describe first all complex
solutions of the system. For a given matrix Z and a given vector k£ we can consider (H.1) as a

linear system of 8 equations with 7 unknowns
wiky + 313, wiky + woky + 6l1ls, . .., wiks + 313, d.

This suggests that the vector k£ cannot be arbitrary: it must satisfy the compatibility condition
det (611[ml, brz[m, ..., B3[m], 6[ml, 040[m]) = 0. (H.2)

(The characteristic [m]| numbers the 8 rows of this square matrix.) This gives a quartic homoge-

neous equation for the vector k = (ky, ko, k3).

Lemma 5. For an arbitrary indecomposable period matriz Z the quartic equation (H.2) has
a family of solutions k = (ky, ko, k3) depending on one complex parameter. The 8 X7 matriz of
theta-constants

(611[m), b12[m], ..., Bs3[m], O[m]) (H.3)

for an indecomposable matriz Z has rank 7.
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The second statement of this Lemma was proved in [7]. The main idea in the proof of the first
statement comes from the construction of Appendix I. According to this algebraic-geometrical
construction, the formulae (I.1) and (1.6)-(1.9) determine a solution of the system (H.1) for
arbitrary Riemann surface R, arbitrary point Py € R and arbitrary complex local coordinate
z on R near the point F,. Another important point in the proof is the following algebraic-
geometrical statement [13]: any indecomposable 3 x 3 period matrix Z is a matrix of periods of
holomorphic differentials on a Riemann surface of genus 3. The complex parameter determining
the solutions & of the quartic equation (H.2) is the marked point P, of the corresponding Riemann
surface. It is worth noting that for a generic period matrix the quartic equation (H.2) determines
a realization of the corresponding Riemann surface on the complex projective plane consisting of
all nonzero vectors k = (k1, ko, k3) considered up to multiplication by a nonzero complex number

A. For particular 3 x 3 matrices the quartic (H.2) becomes a perfect square
det (B11[m], br12[m], ..., Os3[m], O[m], 0g0[m]) = [R(ky, ka, k)]’ (H.4)

of a homogeneous quadratic polynomial R(k1, ko, k3). Such period matrices form a 10-dimensional
surface in the 12-dimensional space of all (complex) period matrices. Any such indecomposable
matrix Z consists of periods of holomorphic differentials on a hyperelliptic Riemann surface of
genus 3

w2=z7+a1z6+...+a7.

Because of this we call Z satisfying (H.4) a hyperelliptic period matrix.

For a given indecomposable Z, let [m'], ..., [m] be characteristics such that the 7x7 matrix
0 [m'] ... Bs3[m'] O[m!]
911 [m7] e é33 [m7] é [m7]
is not degenerate. We denote by (a4, a,,), m € {m!,...,m"} the entries of the inverse matrix
(they are functions of Z)
alll ... all;
a121 .. a127
a¥ ... ad,
Al ... Q7
Polynomials @Q;;(k) and P,;(k) of k of the degrees 4 and 6 respectively, are defined by
Qi(k):==— > angifim], (H.7)

me{m?!,...m7}
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1
Pyj(k) = 5 [KEQu; (k) — kik;Qus (k) + k5 Qui(k)) (H.8)
The system (H.1) can be rewritten in the form
kzlj — k]lz = Bj(k), 1< ] (Hg)

;= Qii(k) — 312
k;
for some choice of the signs of the square roots.

(H.10)

Lemma 6. i) For any nonzero solution k of the quartic equation (H.2), the identity

kl\/P23(k)—kQ\lplg(k)-i-kg”PlQ(k) :0 (Hll)

s valid for some choice of signs of the radicals. For this choice of signs the vectors | and w can
be found from the equations (H.9, H.10) uniquely within the ambiguity (1.17).

it) If Z is a hyperelliptic period matriz then the quartic equation (H.2) is compatible with
the equations
Pio(k) = Pi3(k) = Pes(k) = 0. (H.12)
For any common solution of (H.2) and (H.12), I = (0,0,0), w; = Qq;(k)/k; satisfy (H.1). Then
(G.1) gives a solution of the KdV equation. Proof of Lemma 6 can be found in [7].

This statement completes the construction of (complex-valued) 3-phase solutions of KP for

any indecomposable period matrix Z.

We now explain the statements necessary to obtain all smooth, real-valued KP solutions
that can be expressed in terms of Riemann theta-functions of three variables.

Proposition 2

(i) Let Z be a real symmetric positive-definite indecomposable 3 x 3 matriz. Then the quartic
equation (H.2) has 4 one-parameter families of nonzero real-valued solutions k = (k1, ks, k3)
considered as curves on the real projective plane. For any such real solution k the polyno-
mials P;j(k) take real positive values. So the real vectors | and w can be found uniquely
(within the ambiguity (1.20)) from the equations (H.9, H.10).

(11) If Z is a real hyperelliptic period matriz then the system (H.2), (H.12) has 8 (up to rescaling)
real nonzero solutions k. For any of them (G.1) reduces to a solution of KdV.
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(i1i) Two 3-phase real-valued smooth solutions of KP constructed from real period matrices Z
and Z' and two real vectors k and k' respectively satisfying (H.2) coincide for arbitrary real

phase shift iff the matrices Z and Z' are arithmetically equivalent
7' = AZAT (H.13)
and the vectors are related by the equation

K = kAT (H.14)

Proof of Proposition 2 is given at the end of Appendix I.

I Algebraic-geometrical construction of multiphase solu-
tions of KP

We proceed here, following [20, 21], to the general theory of the theta-functional solutions to KP.
We describe first more general complex meromorphic solutions of the form

u(z,y,t) = 202 log (kyx + Ly + wit + ¢o1, - - ., knz + Iny + wnt + don|Z) + c. (L.1)

These will satisfy KP for those x, y, t when 0(kz + ly + wt + @¢) # 0. It is convenient to
parametrize these solutions not by the wave numbers and frequencies but by a collection of

algebraic-geometrical data that we describe now.

The main part of our collection of parameters is a compact connected Riemann surface R
of genus N > 0. Topologically R looks like a sphere with N handles. However, we need to
consider R as a one-dimensional complex variety. Then for a given genus N > 0 we obtain many
biholomorphically inequivalent Riemann surfaces. They form a 2-dimensional family for N =1
and a (6N — 6)-dimensional family for N > 1. This will be a part of our parameters, and this

part will determine the period matrix of the theta-functional multiphase solution.

We also need to fix a point P of the Riemann surface R (this adds two more (real) param-
eters) and a complex local coordinate z near the point P, such that z (FP) = 0. Change of the
local coordinate

22 = f(2) (I.2)
for a holomorphic function f(z) satisfying f(0) = 0 does not affect the solution u(z,y,t) to be
constructed if

f2)=2+0(z"). (1.3)
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The equivalency class of the local coordinate z with respect to transformations (I1.2), (I.3) adds
6 more parameters to our list. Krichever’s construction gives thus a (6N + 2)-dimensional family
of solutions of KP depending also on N arbitrary phase shifts. Vanishing of the (complex) mean
value reduces the number of parameters to 6/N. We recall that, in general these solutions are
complex functions with poles; requiring reality and smoothness finally reduces Krichever’s family

of solutions to a 3N-dimensional one (see below).

To represent, Krichever’s solutions by the theta-functional formulae we need to fix additional
data on the Riemann surface R: a symplectic basis of cycles (i.e., classes of closed oriented loops
in the homology group H; (R;Z)) ay,...,an,by,...,by. By definition, the intersection numbers
of these cycles must have the canonical form

aza]:beJIO, a,bjzéz (14)

(the Kronecker delta). Before writing the formula down we want to emphasize that the KP
solution does not depend on the choice of the basis on R (there are many of them) but the
theta-functional representation of the solution does depend on this choice of basis.

We proceed now to the formulae. A basis of cycles a;, b; uniquely determines a basis

Q1,...,, of holomorphic differentials on R normalized by the conditions
ag

The period matrix Z = (z;) of the surface R corresponding to the symplectic basis a;, b; has
the form
=~ kj=1,....N. (L6)
i Joy,
This matrix is symmetric and its real part is positive-definite [29]. This is just the period matrix
of the theta-functional solution we are constructing. Another choice of the basis on R gives an
equivalent period matrix Z', i.e. related to Z by a transformation of the form (B.4). We recall

that the solution of KP does not depend on the choice of basis.

We now give the formulae for the wave numbers £;, [; and frequencies w;. This is the place

where the marked point P, and the local complex coordinate z enter into the game.

Let us represent the basic holomorphic differentials in the form
Q =9j(z)dz, j=1,...,N (L.7)

where the functions ¢;(z), ..., ¢n(z) are holomorphic near z = 0. The first coefficients of the

expansion of these functions near z = 0 are just the wave numbers and frequencies (up to some

26



elementary factors)
(,Dj(Z):Z<kj+ljz_Zw]'Z +O<Z)),j=1,...,N. (1.8)

Observe that the vectors {k,l,w} are linearly independent iff there exists a meromorphic
function on R with a single pole at Py of at most order 3 [13]. In particular, for an arbitrary
Riemann surface of genus 3 and for a generic point Py (i.e., for a non-Weierstrass point), such a
function does not exist [13]. Therefore the vectors {k,[,w} for a generic 3-phase solution of KP
are linearly independent. (This justifies a claim made in the proof of Theorem 4.)

We explain now, following [9], how to specify smooth real solutions of KP among all the above
theta-functional solutions. First, R must be a real Riemann surface. By definition the Riemann
surface R is called real if it admits an antiholomorphic involution o : R — R, 0o/0z = 0,
o? = identity. Existence of such an involution specifies a (3N —3)-dimensional subfamily (one-
dimensional for N = 1) among all the Riemann surfaces. The involution ¢ on R will be a part of
the data determining a real smooth solution. We also need to impose some topological constraints
onto the pair (R, o). To do this we consider the set of all fixed points of the involution ¢ on R.
They form some number of ovals (closed smooth curves) that cannot be greater than N+ 1. Our
topological restriction on the pair (R, o) requires the number of the real ovals of o to be exactly

equal to N + 1. In this case the pair (R, o) is called real Riemann surface of mazimal type.

For example, for genus 1, any Riemann surface R can be represented by an algebraic equation
of the form
w? = 2° + a2’ + bz +c. (1.9)

The complex numbers a, b, ¢ are parameters of the Riemann surface, subject to one restriction:
the roots 21, zo, 23 of the right hand side of (I.9) must be distinct. The Riemann surface R will
be real if all the numbers a, b, ¢ are real. The antiholomorphic involution then has the form

o(z,w) = (z, ), (I.10)

where the bar indicates complex conjugation. The Riemann surface corresponding to (1.9) is of
maximal type if all the roots 2z, 2z, 23 are real. Ordering them as z; < 2z < z3 we obtain the
fixed ovals of the involution ¢ as the closed contours laying on R over the segments [z, 23] and
[23,00]. We bring to the attention of the reader that there is another real structure ¢’ on the
same Riemann surface

o'(z,w) = (z, —). (I.11)

Generically this is not equivalent to the real structure o.
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The last restriction providing reality and smoothness of the theta-functional solution requires

the marked point P, to be fixed with respect to the involution o
o (Py) = P, (I.12)

(i.e., Py belongs to one of the ovals) and the complex local coordinate z must take real values

on this oval. The latter can be reformulated in the form
z (o (P)) =z (P) (I.13)

for any P close to Py. The restriction leaves only 4 real parameters determining the choice
of Py on R and of the class of equivalence of the local coordinate z. As shown in [9], all these
conditions are necessary and sufficient for reality and smoothness of the solution. We obtain thus
a (3N+1)-dimensional family of real smooth theta-functional solutions of KP (depending also on
N arbitrary real phase shifts). Vanishing of the mean value of u reduces this to a 3N-dimensional
subfamily.

We can represent these real smooth solutions by real theta-functions, ¢.e. by theta-functions

with all real arguments and with a real period matrix. To do this we adjust properly the

symplectic basis a;, b; on R. Let us denote the ovals of o by I'y, ..., I'n41,
o, =id, k=1,...,N+1. (I.14)
One can take any NV of the ovals I'; ,...,I';,, with an appropriate orientation to construct basic
a-cycles
aleil,...,aNzFiN. (115)

These cycles are invariant with respect to o,
O'(Gj):aj, ]:1,,N (116)

The a-cycles can be completed to a symplectic basis by appropriate b-cycles by, ...,by being

anti-invariant with respect to o
o) =~bj, j=1,...,N. (1.17)

Then the entries of the period matrix Z, the wave numbers £;, [; and the frequencies w; will be
real numbers. The formula (G.1) in this case gives a real-valued smooth solution for arbitrary

real-valued phase shifts ¢q1, ..., don-.

More generally, one can take an integer linear combination of the cycles

! !
A1y ..oy QN > A1y, Ay (I.18)
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where
(a1,...,an) = (a},...,dy)A (L.19)

for an N x N matrix A with integer entries and with determinant equal to £1. Particularly,

another choice of NV ovals I

i -+ [}, as the a'-cycles gives such a transformation since in the

homologies of the Riemann surface the equation
F1+...+FN+1=0

holds true. As above, we complete this basis to a symplectic basis on R by some g-anti-invariant
b'-cycles. We call any such a basis a},...,al,b},...,by on a real Riemann surface R of the
maximal type compatible with the real structure ¢ on R. For any such a compatible basis we
still obtain a real symmetric positive-definite period matrix Z’. It is related to the period matrix
Z by the transformation

7Z'=AZA", AeGL(N,Z). (1.20)

As explained above, this is a particular class of Siegel modular transformations (recall that the

two matrices Z and Z’ are called arithmetically equivalent).

Summarizing the discussion of this section we formulate the following theorem, which was

proved in [9].

Proposition 3 For any real Riemann surface (R,0) of genus N of the mazimal type with
a marked point Py satisfying (1.12) and a compler coordinate z near Py satisfying (1.13) and
for any symplectic basis on R compatible with the real structure o, (I.1) provides a real-valued
smooth solution of KP for arbitrary real phase shifts. The solution does not depend on the choice
of the compatible basis of cycles. Any real-valued theta-functional solution, smooth for arbitrary

real phase shifts, can be obtained by this construction.

Proof of Proposition 2 (from Appendix H): Let (R, o) be any nonhyperelliptic Riemann
surface of genus three of maximal type (i.e., with four real ovals of o). We choose first an
arbitrary symplectic basis (aj,b;) on R compatible with the real structure 0. Then the period
matrix Z' computed by (I.6) is a real-valued, symmetric, positive-definite matrix. It is equivalent
under (1.20, with N=3) to a real-valued, symmetric matrix Z in the fundamental region, which

is defined by (1.17). We introduce a new symplectic basis (a;,b;) on R:

(a'la az, a3) = (a’lla al2’ a:",)A:

(by, by, b3) = AT (b, b, b%). (1.21)
This basis is still compatible with the real structure o, due to the reality of A. From (1.6), periods
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of holomorphic differentials on R with respect to the basis (a;, b;) coincide with the elements of
Z.

Next we show that for this matrix, Z, the quartic equation in (H.2) has 4 one-parameter
families of nonzero real-valued solutions, considering each as a smooth closed curve on the real
projective plane. First, let Py be any fixed point of the involution ¢. Then the numbers {k; =
ki(P),l; = 1j(Py),w; = w;(FPy)}, defined by (I.8), are real for j = 1,2,3. They satisfy the
system (H.2), in which the theta-functions are computed from the matrix Z, because v in (I.1)
solves KP for arbitrary phase shifts, ¢o;. Now choose a local coordinate, z, near F; satisfying
(I.13). Changes of z transform the vectors (k, [, w) according to (G.9). We obtain in this way a
well-defined map

Py — {k1(Py) : ka2 (Py) : k3(Po)} (1.22)

from any of the real ovals (I'1,['5,I'3,T'4y) to the real projective plane. Because R is not a
hyperelliptic curve, this map is a smooth embedding. (This is also true for complex points
P, € R, considering (I.21) as a map to the complex projective plane.) Thus, the set of real-
valued solutions of the quartic equation (H.2) contain at least four components, corresponding
to the four real ovals on R. It is easy to see that (H.2) has no other real-valued solutions, using
again that (I.22) is a smooth embedding. Then due to the uniqueness of solutions of (H.9),
(H.10), for any real-valued choice of {k1(F), ko(FPo), k3(Ps)}, we obtain real-valued solutions
{k;(Po),;(Py),w;(Py)} for the system (H.1).

We remark that for a real-valued hyperelliptic surface R of maximal type (i.e., with eight
real branch points), the map (1.22) is a degree 2 covering of R onto a smooth rational curve on
the real projective plane. Thus in the hyperelliptic case, the real solutions of the quartic equation
(H.2) form four smooth curvilinear segments on the real projective plane (k; : k3 : k3). The eight
endpoints of these segments are the images of the branchpoints of R. If (k; : ko : k3) is one of

these endpoints, then (G.1) provides a solution of KdV.

Now let us deform the period matrix, keeping it within the fundamental region. Denote
by Zs the deformed matrix, and by Z, the original matrix. By definition, Z, is the period
matrix of the chosen Riemann matrix (R, o), and Z; is indecomposable. We may assume that
during the deformation, Z; remains indecomposable because the set of decomposable matrices
has codimension 2 in the full parameter space. As Z; deforms continuously, the solution of the
quartic equation (H.2) also deforms continuously in the complex projective plane. But the map
(I.22) is a smooth embedding, so this solution corresponds to a continuously deforming, smooth

Riemann surface, R,. This Riemann surface admits an antiholomorphic involution,

o:k—k,
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because the coefficients of (H.2) are real numbers. As s changes, the topological type of the
pair (Rs, o) depends continuously on s, so it remains constant during the deformation. In other
words, for any s the Riemann surface R; with involution ¢ is of maximal type. So for any s
the real solutions of the quartic equation form four components. Finally, the connectedness of
the fundamental region completes the proof of the first two statements of Proposition 2, and the
proof of Theorem 3.

To complete the description of all real-valued, smooth KP solutions associated with a theta-
function of three variables, we use Proposition 3 (above). According to this result, any 3-phase,
real-valued, smooth solution of KP can be constructed from the formulae above, starting from
a real Riemann surface (R, o) of maximal type, a real point P, and a symplectic basis (a;, b;).
Another choice of compatible symplectic basis (a;, b;) gives the same solution of KP, while the
period matrices Z and Z’ and the wavevectors k and k' are related by (H.13), (H.14). Indeed, a
change to a compatible symplectic basis can be described by (I.21), after which the corresponding

normalized holomorphic differentials are related by
(Qll, ey QIN) - (QI; e ,QN)AT,

the corresponding period matrices, Z, Z’, are related by (H.13), and the wave vectors by (H.14).
This completes the proof of Proposition 2.

References

[1] A. I Bobenko [1988]. Schottky uniformization and finite-gap integration, Dokl. Akad. Nauk
SSSR, 295:2 (1987) pp 268-272. [Engl. transl. in Soviet Math. Dokl. 36:1 (1988) 38-42].

[2] A. 1. Bobenko [1994]. Uniformization of Riemann surfaces and effectivization of theta-
functional formulae, published as a chapter of the book Algebro-Geometric Approach to
Nonlinear Integrable Equations, E.D. Belokolos, A.I. Bobenko, V.Z. Enol’skii, A.R. Its, V.B.
Matveev, Springer-Verlag, New York.

[3] A.I. Bobenko and L. A. Bordag [1989]. “Periodic multiphase solutions of the Kadomtsev-
Petviashvili equation”, J. Phys. A: Math. Gen. 22, pp. 1259-1274.

[4] L. A. Bordag [1993]. “Einige Fragen der Effektivisierung von thetafunktionalen Losungen

intergrierbaren nichtlinearen Evolutiongleichungen”, University of Leipzig thesis.

61



[5] P. F. Byrd and M. D. Friedman [1971]. Handbook of Elliptic Integrals for Scientists and
Engineers, Springer-Verlag, New York.

[6] B. A. Dubrovin [1980]. “On a conjecture of Novikov in the theory of theta-functions and

nonlinear equations of Korteweg-deVries and Kadomtsev-Petviashvili type”, Sov. Math.
Dokl. 21 pp. 469 - 472.

[7] B. A. Dubrovin [1981]. “Theta functions and nonlinear equations”, Russ. Math. Surveys 36,
pp- 11-92.

[8] B. A. Dubrovin [1982]. “The Kadomtsev - Petviashvili equation and the relations between
the periods of holomorphic differentials on Riemann surfaces”, Math. USSR Izvestia 19,
pp- 285 - 296.

[9] B. A. Dubrovin and S. M. Natanzon [1988]. “Real theta-function solutions of the KP equa-
tion”, Math. USSR Izvestia 32, pp. 269-288.

[10] J. Fay [1973]. Theta-Functions on Riemann Surfaces, Lecture Notes in Mathematics, 352,
Springer Verlag.

[11] A. Finkel and H. Segur [1986]. Basic Form for Riemann Matrices. in Lectures in App. Math.
23, edited by B.Nicolaenko, D. D. Holm, J. M. Hyman; Amer. Math. Soc., Providence, RI,
pp- 47-81.

[12] F. R. Gantmacher [1977]. Matriz Theory, vol. I. Chelsea Publishing Co., NY, 374 p.

[13] P. Griffiths and J. Harris [1978]. The Principles of Algebraic Geometry, Wiley, New York,
832 p.

[14] J. Hammack, N. Scheffner, H. Segur [1989]. “T'wo-dimensional periodic waves in shallow
water”, J. Fluid Mech. 209, pp. 567-589.

[15] J. Hammack, N. Scheffner, H. Segur [1991]. “A note on the generation and narrowness of
periodic rip currents”, J. Geoph. Res. 96, pp. 4909-4914.

[16] J. Hammack, D. McCallister, N. Scheffner, H. Segur [1995]. “Two-dimensional periodic
waves in shallow water. Part 2.”, J. Fluid Mech. 285, pp. 95-122.

[17] J. Igusa [1972]. Theta functions, Springer-Verlag, NY. pp. 78-85.

62



18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

B. B. Kadomtsev and V. I. Petviashvili [1970]. “On the stability of solitary waves in a weakly
dispersing medium”, Sov. Phys. Doklady 15, pp. 539-541.

D. J. Korteweg and G. de Vries [1895]. “On the change of form of long waves advancing in
a rectangular canal, and on a new type of long standing waves”, Philos. Mag, Ser. 5 39,
pp- 422-443.

I. M. Krichever [1976]. “An algebraic-geometric construction of the Zakharov - Shabat equa-
tions and their periodic solutions”, Dokl. Akad. Nauk SSSR 227, pp. 291-294.

I. M. Krichever [1977]. “Methods of algebraic geometry in the theory of nonlinear equations”,
Russ. Math. Surveys 32, pp. 183-313.

I. M. Krichever [1989]. “Spectral theory of two-dimensional periodic operators and its ap-
plications”, Russ. Math. Surveys 44, pp. 145-225.

H. Minkowski [1905]. “Diskontinuitéitsbereich fiir arithmetische Aquivalentz”, J. f. d. reine
und ang. Math. 129, pp. 220-274. (= Ges. Abh. II, pp. 53-100.)

A. Nakamura [1979]. “A direct method of calculating periodic wave solutions to nonlinear
wave equations. I. Exact two-periodic wave solutions”, J. Phys. Soc. Japan 47 pp. 1701
1705;

A. Nakamura [1980]. “A direct method of calculation of periodic wave solutions to nonlin-
ear wave equations. II. Exact one- and two-periodic wave solutions of the coupled bilinear
equations”, Ibid. 48 pp. 1365 — 1370.

A. S. Peters and J. J. Stoker [1960]. “Solitary waves in liquids having nonconstant density”,
Comm. Pure & Appl. Math. 13, pp. 115-164;

C. S. Gardner and G. K. Morikowa [1960] “Similarity in the asymptotic behaviour of
collision-free hydromagnetic waves and water waves”, Courant Inst. Math. Sci. Res. R’pt.
NYO-9082, reprinted in Nonlinear Dispersive Wave Motion, Series of Selected Papers 59,
pub. by Physical Society Japan, 1975;

N. J. Zabusky [1963]. in Proc. of Conf. on Math. Models in Phys. Sci., ed. by S. Drobot,
Prentice-Hall, NY, p. 99;

T. Taniuti and C. C. Wei [1968]. “Reductive Perturbation Method in Nonlinear Wave Prop-
agation, I”, J. Phys. Soc. Japan, 24, pp. 941-946;

C. S. Gardner and C. S. Su [1969]. “The Korteweg-de Vries equation and generalizations,
II1”, J. Math. Phys., 10, pp. 536-539.

63



[26] H. Segur and A. Finkel [1985]. “An analytical model of periodic waves in shallow water”,
Stud. App. Math. 73, pp. 183-220.

[27] T. Shiota [1986]. “Characterization of Jacobian varieties in terms of soliton equations”,
Inven. Math. 83, pp. 333-382.

(28] C. L. Siegel [1973]. Topics in Complex Function Theory, vol. III. Wiley-Interscience, NY,
244 p.

[29] G. Springer [1981]. Introduction to the Theory of Riemann Surfaces, Chelsea, NY, 309 p.

[30] S. H. Vasilev [1989]. “Fundamental domains of real-valued solutions of the KP equations”,
C. R. Acad. Bulgare Sci. 42 No.7, pp. 19-22.

[31] E. T. Whittaker and G. N. Watson [1927]. A Course in Modern Analysis, Cambridge
University Press, NY, 608 p.

64



