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Abstract

The Kadomtsev-Petviashvili (KP) equation is known to admit exact, quasiperiodic solutions
that can be written in terms of Riemann theta functions, with a finite number of phases in
each solution. In this paper, we propose a method to solve the initial-value problem for the KP
equation, for initial data taken from this class of quasiperiodic functions.
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1 Introduction

The study of solitons and of completely integrable partial differential equations began with the
discovery of solitons by Zabusky & Kruskal [1] in the Korteweg-de Vries (KdV) equation, which we
write as

—4uy + 6uug + Uggpr = 0. (KdV)

The KdV equation arises as an approximate model in many physical systems, and it continues
to be the best known and most studied partial differential equation that is completely integrable.
It involves one space-like (x) and one time-like (t) variable, so it is said to be in (141) dimensions.

Based on physical considerations, Kadomtsev & Petviashvili [2] generalized the KAV equation
from (1+1) to (2+1) dimensions when they introduced a pair of equations equivalent to

(—4ug + 6uug + Ugge), + 302uyy = 0, o%=-1, (KP1)
(—4ut + 6uuy + Uggs), + 302uyy = 0, o®=+1. (KP2)

From a given physical problem with fixed parameters, one might derive either (KP1) or (KP2). For
real-valued solutions, the two equations have different physical meanings and different properties.
For example, Kadomtsev & Petviashvili [2] showed that a (one-dimensional) KdV soliton is unstable
to transverse perturbations in (KP1), but not in (KP2). On the other hand, some statements are
valid for either sign of 2. Tn what follows, we refer simply to ‘the KP equation’ or to ‘(KP)’ if the
sign of o2 is not important.

The KP equation acquired added interest when it was discovered to be completely integrable.
This point is controversial [3, 4], but the following discoveries all suggested both that the KP
equation is integrable, and that it has a mathematical structure closely related to the structure of
the KAV equation.

e A Lax pair for the KP equation was found by Dryuma [5] and by Zakharov & Shabat [6]. For
KP solutions that are y-independent, the Lax pair of (KP) reduces to that of (KdV). Explicit
N-soliton solutions of the KP equation were found as a consequence of this work.

e Krichever [7, 8] showed that the KP equation, like the KdV equation, admits a huge family

of quasiperiodic solutions in the form

U:28§1n99(¢1,¢2,...,¢g), (13‘)

where O, is a Riemann theta function with g phases, and each phase is linear in x, y, t; i.e.,

b; = kjz + Ly + w;t + ¢oj, i=12,...,g. (1b)

e Manakov and others [9] generalized the method of inverse scattering, which had been de-
veloped for one-dimensional problems like (KdV), to solve (KP1) for initial data that decay
rapidly as (22 + %) — oco. This method fails for (KP2), but Ablowitz, Bar Yaacov & Fokas
[10] introduced another generalization to solve (KP2) for rapidly decaying initial data.



These facts show that the theory for the KP equation parallels the theory for the KdV equation
in many respects.

Important work on (KdV) with periodic boundary conditions was done by Novikov [11] and
Lax [12]. For a well written overview of the history of the periodic problem, see the introduction of
[13]. Broadly speaking, the solution of the initial-value problem for the KdV equation with periodic
boundary conditions has two steps. Step one is to solve the initial-value problem for initial data
that are periodic in x, and are of the form (1) with some finite number of phases (g). The theories
presented in both [11] and [12] are restricted in this way. Step two is to show that this restricted
family of initial conditions is dense in the set of all smooth, periodic functions of x. For KdV,
step two was proved in [14]. This pattern of solving the periodic problem in two steps seems to
be standard for integrable problems in (1+1) dimensions, although step two has been carried to
completion only for some of these problems [15, 16].

The objective of this paper is to outline a method to solve step one for the KP equation.
Specifically, suppose u(x, y, 0) has the form (1) with some finite number (g) of phases. If u(x, y, 0)
represents initial data for the KP equation, then the method presented here finds u(x, y, t) with
three properties: (a) it solves (KP); (b) it has the form (1) with g phases; and (c) it coincides with
the given initial data at t = 0.

We now identify some features of this method of solution.

e In the form given above, the KP equation is not well-posed: If u(z,y,0) = 0 initially, then
{u(z,y,t) =0} and {u(z,y,t) =t} both satisfy (KP), and they coincide at ¢ = 0. Requiring
that the solution has the form (1) removes this ambiguity.

e The method proposed here does not require that the initial data be spatially periodic; if
the initial data happen to be spatially periodic, then the KP solution retains that spatial
periodicity. Another method to solve the initial-value problem for (KP), proposed in [17], is
restricted to initial data that are periodic in z and periodic in y. The two methods are very
different. On the other hand, our method is closely related to earlier work by Previato [18].

e It has been asserted [17, 3] that (KP1) and (KP2) are quite different. For the problem posed
here, we see no difference between the two equations. Our method of solution works equally
well for both.

e Whether the family of solutions defined by (1) is dense in some more general class of initial
data is an important question, but we do not address it in this paper. See [17, 19] for
discussions of this issue.

The KP equation admits solutions in the form (1) because of its intimate connection with the
theory of Riemann surfaces. Using this connection, Krichever [7, 8] showed how to construct a KP
solution of the form (1), starting with two ingredients: (i) a compact, connected Riemann surface,
and (ii) a set of points on that surface, called a divisor. Therefore, to solve the KP equation with
quasiperiodic initial data, it is sufficient to construct from the initial data: (i) the appropriate
Riemann surface, and (ii) its divisor. The method of solution proposed here does exactly this.

The connection between the KP equation and the theory of Riemann surfaces plays a crucial
role in all of this work, so we review this connection in §2. Our method is in spirit similar to
the method presented in [20] so we give a brief overview of this method in §3. §4 contains our
main result: a method to construct the Riemann surface and its divisor from quasiperiodic initial
data, u(z,y,0), that are of the form (1) with a finite number of phases. In order to simplify our
presentation as much as possible, we defer nonessential proofs of the main points of the method to



the Appendix. Some concrete examples are worked out in §5. These examples include: (i) all KP
solutions with exactly 1 phase; (ii) all KP solutions with exactly 2 phases; (iii) all one-dimensional
solutions of the form (1); (iv) the connection between our method and the traditional monodromy
approach.

2 Relation between the KP equation and Riemann surfaces

We begin by recalling the basic ingredients of Riemann surface theory [21, 22]. Consider a polyno-
mial relation between two complex variables, w, z:

R(w,z) = 0. (2)

R(w, z) is polynomial in w, with each coefficient polynomial in z; the polynomials are of finite
degree. Such a relation is said to define an algebraic curve. More precisely, (2) defines the affine
part of the curve, i.e., all finite points on the curve. If R(w,z) is a polynomial of degree 1 (i.e,
linear) in w, then (2) defines w(z) uniquely. If R(w, z) is polynomial in w of degree p (p > 1), then
(2) defines a p-valued function, w(z). A standard way to handle this multi-valuedness is to define
p branches of w(z): a branch is a copy of the complex z—plane, with a boundary (i.e., a number of
cuts), and w(z) is defined to be single-valued and continuous on each branch. Viewed in this way,
w(z) has p unconnected branches lying over the complex z—plane.

Alternatively, one can connect the separate branches, essentially by gluing one branch to another
at their edges, in such a way that w(z) remains single-valued and continuous as one passes from
one branch to the next. This gluing necessarily starts and stops at a branch point, i.e., a point
where w(z) has fewer than p distinct values and where w(z) does not return to its original value
when one follows w(z) around the point on a small circle that encloses the point on a particular
branch. In addition, if one compactifies the complex z-plane in the usual way, by adding a point
at infinity, then the z-plane can be identified with a Riemann sphere, and the separate branches
of w(z) glue together to form a compact, connected Riemann surface. Thus, a Riemann surface
represents a multi-sheeted covering of the extended z-plane, required because w(z) is multi-valued.
(In what follows, we omit ‘compact, connected’, which will always be understood.)

In the simplest cases, the surface obtained in this way is simply connected, so it is topologically
equivalent to a sphere. However, most Riemann surfaces are not simply connected, and the number
of holes in a surface is called the genus of the surface.

The most studied curves are those in which R(w, z) is a quadratic monic polynomial in w. Then
perhaps after a change of variables, (2) can be written in the form

w? = Py(2), (3)
where P,(z) is a polynomial of degree n in z. One can show the following [23].

1. If n is 1 or 2, then the Riemann surface has genus 0, and is topologically equivalent to a
sphere. These curves are called rational.

2. If nis 3 or 4, then the Riemann surface has genus 1, and is topologically equivalent to a torus.
These curves are called elliptic.

3. If n is either (2¢g + 1) or (2¢ + 2), then the Riemann surface has genus g. These curves are
called hyperelliptic if g > 1. Figure 1 shows a Riemann surface for a hyperelliptic curve of
genus 2. In all of these cases, the point at infinity is a branch point if n is odd, and it is not
a branch point if n is even.



Figure 1: A hyperelliptic surface of genus 2, with a basis of 4 cycles.

Riemann surfaces are related to the KP equation because a Riemann surface of genus g generates
a Riemann theta function with g phases, like those in (1). To see this, we need two features of a
Riemann surface. The first feature is a cycle: a closed, oriented, piecewise smooth curve on the
Riemann surface [24]. One difference between a Riemann surface of finite genus and the complex
plane is that the Riemann surface admits cycles that cannot be continuously deformed to a point;
no such curves exist on the complex plane. (In what follows, we use ‘cycle’ to mean only those
cycles that cannot be shrunk to a point.) One can show that on a Riemann surface of genus g,
the cycles have a natural group structure with 2¢g independent elements. One chooses a basis of 2g
cycles to represent the entire group. A possible choice of basis cycles is drawn in Figure 1.

A second natural feature of a Riemann surface is a holomorphic differential (also called an
Abelian differential) w, which is regular everywhere on the surface and can be written locally as
w = f(z)dz, where f(z) is analytic in the local coordinate z. On a Riemann surface of genus g,
one shows that g linearly independent holomorphic differentials exist [21]. The set of holomorphic
differentials forms a g-dimensional linear vector space.

A Riemann surface of genus g has g holomorphic differentials, and we have chosen a basis
of 2g cycles. Integrating the g differentials around the 2g cycles provides 2¢g complex numbers.
Following a standard procedure [22], one uses g of the cycles to normalize the differentials, then
integrates the normalized differentials around the other g cycles to obtain a Riemann matriz: a
g X g, symmetric matrix whose real part is negative definite.

This Riemann matrix, constructed from intrinsic features of the Riemann surface, represents
the surface in a natural way. It is independent of the coordinates on the surface, and of the
coordinates on the cycles [23]. The Riemann matrix depends on the choice of the basis of cycles,
but all Riemann matrices obtained from a particular Riemann surface can be transformed into one
another in a well-established way [22].

Thus every Riemann surface generates a Riemann matrix, but the converse is false: not every
Riemann matrix can be associated with a Riemann surface. The Schottky problem in algebraic
geometry can be stated as follows: Out of all Riemann matrices, determine which ones can be
associated with some Riemann surface [25]. We will see that the KP equation not only solves this
problem, it also identifies the Riemann surface in question.

Now let B be a g x ¢ Riemann matrix, which may or may not be associated with a Riemann
surface. It induces a Riemann theta function with g phases, according to



1
0(@:B)= Y exp(ym-Bomotim-3); (4)
meZ?

here ® = (¢1,¢$2,...,¢y) is a g-component vector of phase variables, m = (mi,ma,...,my) is a
g-component vector of integers in which each component runs over all positive and negative integers
separately, and the sum is a g-fold sum over each component of m. Thus, a theta function is defined
by a g-fold Fourier series. Because the real part of B is negative definite, the Fourier coefficients in
(4) decay faster than exponentially, so the series converges uniformly and absolutely for any choice
of components of ®. By construction, © (®; B) is periodic in each component of ®, and this is the
definition of a quasiperiodic function.

After this rather long introduction, we come at last to Krichever’s important work [7, 8].
Krichever starts with a Riemann surface of some finite genus, constructs from it a Riemann matrix
and from that a theta function, according to (4). For each of the phase variables in (4), he uses
an expression of the form (1b), and obtains the parameters (k;,/;,w;) in each phase by integrating
particular nonholomorphic differentials around the basis cycles on the Riemann surface. Then he
proves that this theta function, when substituted into (1), provides a solution to the KP equation.
In this way every Riemann surface, of any finite genus, generates solutions of the KP equation.
This is a remarkable fact.

In (1), the arbitrary phase constants, (¢g;), are not determined by the Riemann surface. To
completely specify the KP solution, one can either specify these g numbers, or one can specify a
set of g points on the Riemann surface. Then the location of these points determines the phase
constants. This set of g points is called the divisor for the KP solution.

Krichever’s construction starts with a theta function associated with some Riemann surface,
rather than with an arbitrary theta function. This fact led S.P. Novikov to conjecture that (4)
with (1) generates a KP solution only if the theta function can be associated with some Riemann
surface ! [22]. In other words, Novikov conjectured that a way to solve the Schottky problem, and
to determine whether a given Riemann matrix can be associated with some Riemann surface, is to
use the Riemann matrix to generate a theta function, according to (4), then use that theta function
to construct u(z,y,t), according to (1), then check to see whether u(x,y,t) solves (KP). Novikov
conjectured that the function constructed in this way would solve KP if and only if the Riemann
matrix was associated with some Riemann surface.

Like Krichever’s construction, Novikov’s conjecture is remarkable. It is perhaps even more
remarkable that the conjecture is correct. It was proved by Shiota [26], following earlier work by
Mulase [27]. To summarize the results of this section, there is a close connection between the KP
equation and Riemann surfaces: every Riemann surface, of any finite genus, generates KP solutions
of the form (1). Conversely, every KP solution of the form (1) corresponds to some Riemann surface.
The number of phases in the KP solution equals the genus of the surface. Such a solution is called
a finite-genus solution.

Krichever’s discovery allows one to construct large families of special solutions of the KP equa-
tion. This construction has been made effective for low genera by several people [22, 28, 29, 30, 31,
32], and efficient computer programs to produce and to display these solutions are now available.
Necessarily, these methods start either with a Riemann surface or with some version of a Riemann
matrix. They do not start with initial data for the KP equation. Moreover, the methods do not
suggest how to obtain a Riemann matrix from initial data. This is the problem addressed in §4.

!This is called “Novikov’s conjecture”, but we are not aware that the problem was ever stated in print by him. Tt
seems to have propagated by word of mouth.



3  Finite-genus solutions of (1+1)-dimensional integrable equa-
tions

The main tool for solving the periodic problem for (1+1)-dimensional equations has been the
monodromy matrix (e.g. [14, 15, 23, 33]). There is however a method that allows one to solve the
initial-value problem for finite-genus solutions in a purely local way [20], [34]. Since our method to
solve the KP equation is very similar to that in [20], we now review its main results.

We want to solve a system of (141)-dimensional equations for N functions uk(z,t), k =
1,...,N. Let u = (u1,...,un). We call u the potential. The system of equations is completely
integrable, so it has an associated linear problem for an r-dimensional vector-valued wave function

¥

v, = U(u,/\)\II, (53,)
¥, = V(u,\)T. (5b)

As examples, we mention: (a) KdV, for which r = 2, u = u (i.e., a scalar), and (5a) can be written
in scalar second-order form; (b) any equation from the AKNS hierarchy [35], for which r = 2,
u = (q,7); (c)Boussinesq, for which r = 3 [36], u = (p,q) with ¢, = p;, and (5a) can be written
in scalar form. The r x r matrices U(u, A) and V (u,A) depend on z and ¢ through the potential
and a finite number of its derivatives with respect to z. They also depend in a nontrivial way on a
spectral parameter A\. The compatibility condition of (5a) and (5b) is

oU oV
7 (1 X) = 5w, 0) = [V(,0), U (u, V)] (6)

This equation is equivalent to the original set of integrable equations for u. For scalar equations
(u = u), (6) is the matrix form of the familiar Lax equation.
Every equation of the form (6) is a member of an infinite hierarchy. If U(u, \) and V' (u, \) are
polynomial in A, this hierarchy can be obtained [35] by finding all matrices W(u, A) that satisfy
ou 0w,

a_tk(“’ A) = 5 (w,2) = [Wi(u, ), U (u, )], (7)

where W, is again polynomial in A; k is an index we use to label the members of the hierarchy. All
members of the hierarchy automatically commute with each other. It is then possible [37] to find
a wave function W¥(z,t,t3,%4,...) that simultaneously satisfies all equations in the corresponding
linear hierarchy

@, = Wi(u, )T, k=1,2,3,... (8)

with {1 = z,to =t and W1 = U, Wy = V. Note that the potentials can depend on all ‘time’
variables.

Consider a potential w that makes the ti-flow (7) stationary, u;, = 0. As a consequence we can
separate variables in the k-th equation of (8): let

‘I’:eutki’(.ﬁ,t,tz,...,tkfl,tk_i_l...). (9)

The k-th equation of (8) now reduces to an algebraic eigenvalue problem for (¥, u):



p® = Wi(u, \)®. (10)

The eigenvalue equation is

[ :det (Wg(u,\) —pl,) =0, (11)

with I, the r-dimensional identity matrix. This is an algebraic relationship between the two
parameters g and A (as discussed in §2). It determines the affine part of a Riemann surface
I'. Clearly the entries of Wg(u,A) depend on z and ¢. Nevertheless, because of the particular
combinations of the matrix entries that appear in (11), one shows that the coefficients of different
powers of A and p are z— and t—independent [20]. They are conserved quantities for the evolution
(in both z and t) of the potential. Hence T is independent of the initial time and the spatial point
where the calculations are done. Thus the Riemann surface is determined in a purely local way, at
fixed (z,t), but it is valid for all values of (z,1).

The Riemann surface ' as a covering of the A-plane has r sheets. If no two of these sheets are
identical, the corresponding potential is said to have rank 1 [38, 39]. In other words, the potential
has rank 1 if the equation of the Riemann surface as a polynomial in g4 has no double roots, except
at isolated values of A (i.e., at discriminant points). The equation (11) for the surface I' was found
earlier in [33]. There it is shown that for solutions of the form (1) the Riemann surface can be
obtained from W(u, ) instead of from the monodromy matrix.

The eigenvector ¥ of (10) defines the divisor, which is required for the reconstruction of the
potentials. The divisor is the set of finite points (u, A) where ¥ has a pole singularity at (z = 0,¢ =
0). These points are solutions of the equations

det (W,(gl)(u, A) — ,uI(“))

r

o040 0, ¢=12,...,7 (12)
Here W is the minor matrix of element w;; in the matrix W. We thus require all cofactors of
the first column of (W (u, ) — pl,) to vanish. This results in a set of points that constitute the
divisor. The vanishing of the cofactors of the first column at (z = 0,¢ = 0) can be regarded as the
defining relations for other Riemann surfaces. The divisor points are defined by the intersection of
all these surfaces. Since these surfaces are evaluated at (x = 0,¢ = 0), they do not depend on z or .
Hence the divisor is independent of £ and ¢ by construction. The above construction of the divisor
is justified, since the wave function ¥ corresponds to the (possibly vector-valued) Baker-Akhiezer
function on the Riemann surface [20].

We now have a Riemann surface and a divisor. Krichever’s construction allows us to reconstruct
the potential w(z,t) in the form of Riemann theta functions. This shows that the solutions obtained
this way are indeed finite-genus solutions. Novikov [11, 40] and Lax [12] were the first to notice the
important connection between higher order stationary flows and finite-genus solutions for (KdV).

4 Method to solve the forward problem for the KP equation

This section contains our main results. Starting from initial conditions for (KP) of the form (1), we
derive a Riemann surface and a divisor on it. This constitutes the forward problem for the inverse
scattering scheme for (KP) with these initial data. It is justified to talk of a forward problem, since
Krichever’s construction [7, 8] can be regarded as the solution of an inverse problem.

The Riemann surface and the divisor are the spectral data for the finite genus solutions. Since
Krichever’s construction allows one to reconstruct the potential from exactly these data, the spectral



data are complete for the problem posed. Since the Riemann surface and the divisor show up
through an eigenvalue problem, they do indeed constitute spectral data.

Our method to solve the KP equation is analogous to that outlined in §3 for (14 1)-dimensional
equations. For those equations, one stationary flow from the hierarchy of commuting flows reduces
the problem to an algebraic eigenvalue problem. For the KP equation, we will show that two station-
ary flows from the KP hierarchy reduce the problem to an algebraic eigenvalue problem. Following
Burchnall & Chaundy [41, 42] and Previato [18], we use the two stationary flows to construct the so-
called Burchnall-Chaundy (BC) matrix, which leads naturally to an algebraic eigenvalue problem.
The eigenvalue equation defines the Riemann surface; the eigenvector determines the divisor.

It follows from [26, 27] that any finite-genus solution of (KP) makes stationary all but a finite
number of flows in the KP hierarchy. This means that every KP solution of finite genus and rank
1 (i.e., every solution of the form (1)) can be obtained by the method presented here.

One can divide this method into two parts. The objective of the first part (in steps 1, 2 and
3 of what follows) is to identify the pair of stationary flows that corresponds to the initial data
in question. Depending on details of the initial data, these steps might select a unique pair of
stationary flows, or they might narrow the choices to a finite list of pairs of flows. For each pair of
stationary flows, the second part of the method (in steps 4 and 6) constructs an algebraic eigenvalue
problem algorithmically. Step 5 provides the set of differential equations the initial condition needs
to satisfy for a given pair of stationary flows, so at this point one can check for compatibility with
the given initial data. Incompatibility means that one has chosen the wrong pair of stationary
flows for the given initial data. For every set of initial data of the form (1), there is at least one
appropriate pair of stationary flows in the hierarchy.

Step 1. Determine the genus of the initial condition

Rewrite (1b) in the form

¢j:nj.m+wjt+¢0j, j:1,2,...,g, (1b’)

with k; = (k;,;) and ¢ = (z,y). A two-dimensional Fourier transform of the initial data resolves
all the vectors k;,7 = 1,2,...,g, unless there is a relationship of the form

g
> niki =0, (13)
=1

with the n; integers, not all zero. In this case the wave vectors k; are commensurable. Even if (13)
holds, the Fourier transform allows one to find a lower bound on the genus. Because the initial
data contains only a finite number of phases, the Fourier transform is necessarily discrete; i.e., it
consists of isolated spikes. Generically (i.e., when (13) does not hold), this procedure allows us
to find the genus of the initial condition by counting the spikes in the Fourier transform, modulo
harmonics.

Finding the genus of the initial data from a Fourier transform is simple, but it fails completely
in an important special case: when the initial data are spatially periodic. In this case (13) is
automatically satisfied, as any two wave vectors k; are commensurable. For spatially periodic
initial data, one must find the genus by some other means. One possibility is given in step 5, but
it is cumbersome.

Either the genus of the intial data or a lower bound on the genus can also be found from a
one-dimensional Fourier transform of the initial data, along a certain direction in the (z,y)-plane.



One may choose to do the one -dimensional procedure along a number of different directions, to
avoid incomplete resolution of the spikes.

Not only the number of spikes is important. Their locations matter as well: they give the actual
value of the wavenumbers. One can use this information to check the values of the wavenumbers
obtained from the reconstruction procedure [8]. From here on, we assume that the genus of the
initial data is known and denote it by g.

Step 2. Check for one-dimensional solutions

The KP equation is invariant under transformations of the form

3
T+ ay+ —02a2t,

Tz = X 1
y = y+ 5020415, (14)
o=t
corresponding to
3 3
8:1,‘ = Oz, 8y = ag + aaj, 8t = 85 + 50’2018@ + 10'205265;. (]_5)
Therefore, if the initial data satisfy

for all (z,y) and for some fixed (3, then there is a transformation of the form (14) under which the
initial data become y—independent. These initial data are one-dimensional. Perhaps after such
a transformation, they are initial data for the KdV equation. This problem can be solved by the
method described in §3 and [20].

Condition (16) is unusual, but the problem becomes so simple that one should always check for
it first. This special case is worked out in detail in §5.

Remark: If a solution is one-dimensional, the spikes in the two-dimensional Fourier transform
(step 1) are collinear in the (k,!)-plane.

Step 3. Select two stationary flows (7, n)

The KP equation can be written as the compatibility condition of the following linear system:

oy = thor +uh, (17a)
wt = 'memm + %u@bx + Z (um + w) 'l,ba (17b)

with w; = ou,. In what follows we absorb ¢ into the y-derivative. Just as in the (1+1)-dimensional
case, the KP equation is a member of an infinite hierarchy. This hierarchy is the set of compatibility
conditions of an infinite number of linear equations

Py, = Ag(uw), k=1,2,3,.... (18)

10



Let us compare this hierarchy to that in (8). In (8), W(u, A) is an r X r matrix, and the k—th
flow is defined by a system of linear ordinary differential equations. In (18), Ax(u) is a kth-order
differential operator (in z), and the kth linear flow is defined by a single partial differential equation.
The operator A (u) depends on u and on a finite number of its derivatives and antiderivatives. The
first four equations of this hierarchy are:

Yy, = Pz +coy, (19a)
Yt, = Yaz + U+ g + 0, (19Db)
Yty = Yazz + guwx + % (ug +w1) ¥ + c32 (Y + utp) +

31z + c301p, (19¢)
Y, = Pag + 2uthpe + (w1 + 2ug) P + (uz + %wm + %'LUQ + Um) P+

cts (taaa + Gt + 5tz +01) ) + crnlin + ) +

ca1¥y + ca01- (19d)

Here 0, w; = Oyu, O,we = Oyw1 with wy = w; 14, denotes the fourth derivative of ¢ with respect
to . We use this notation from now on, if the order of differentiation is greater than three.
The k-th equation of the hierarchy (18) can be written explicitly. Let

k ak
Ak(u) = Z(lkw. (20)
7=0
Expressing that (18) commutes with (17a):
0 0 0 0
P = ¥, (21)

Oty Ay Dy Oty

we obtain an explicit form for the coefficients a;:

ar = 17
ag—1 = Cg—1,
1 o (i 1 1
aj—1 = = Z . /aiu(i_j)wdm — caj.+ = /aj,ydx, (22)

for j=k—-1,...,1.

Here ¢ is constant. Furthermore, from (22) every coefficient a;_; is determined upto a constant
of integration. Another consequence from (21) is the form of the k-th KP equation:

ou k
Y 2 Qilliz — G0,zz + G0,y- (23)
Oty i

At this point, the additional potentials w1, wo, ... are introduced to remove all nonlocality, as

we did in (19). These additional potentials are determined in terms of the potential u(z,y,t) as
follows. From the definition of wy (z,y,t),

11



wi(e.9.8) = [ u(@,y.da. (2)

Hence, w; is determined upto a function of only y, say f(y). We then find for we

ws(w,y,t) = [ wila,y, o +of (). (25)

We require wo(z,y,t) to de quasiperiodic in z, hence f(y) is necessarily a pure constant, f(y) = c.
Similar arguments prove that all additional potentials are only determined up to additive constants.
These additive constants are already taken into account in (19), where they are a consequence of
the coefficients a; in (20) being only determined up to constants of integration, as we see in (22).

The two equations (17a,17b) defining (KP) are obtained as special cases of the ¢t and the t3
flows. In this sense we can think of x as t1, y as to and ¢ as t3. This ‘multiple time’ formalism is
essential for our solution method. We call the k-th equation of (18) the k-th linear flow.

From Mulase’s work [27], it follows that a KP solution of the form (1) with a finite number of
phases makes stationary all but a finite number of flows in the KP hierarchy. We show below that
from two of these stationary flows, one can construct both a Riemann surface and a divisor on that
surface.

For this approach to be useful, two questions must be answered:

e Given only initial data, it is not obvious which flows are stationary and which are not. How
does one select from (18) two flows that are stationary for the given initial data?

e Out of all possible pairs of stationary flows for the given initial data, which pair gives the
simplest representation of the Riemann surface?

Here ‘simplest’ means the representation with the minimal number of sheets, for one of the
variables. To fix notation, let (r,n) denote the indices of the two stationary flows in question, with
r < n. We define the ‘simplest’ choice of (r,n) to be the one that: (a) minimizes r, regardless of
its effect on n; (b) for that fixed r minimizes n. The question is: what are (r,n)?

We cannot give a simple rule that always identifies (r,n) uniquely with no further checks like
those in step 5. The following constraints are known.

e The initial data has g independent phases. We show in the Appendix (Theorem 1) that this
solution must be stationary with respect to at least one of the first (¢ + 1) flows in the KP
hierarchy. Therefore, r need never be greater than g + 1.

e As discussed in the Appendix (Theorem 1), if the g phase variables in the KP solution are
all independent, then » = g 4+ 1. This is the generic situation.

e Clearly, r can be less than g+ 1. As discussed in step 2, the initial data are one-dimensional
if they satisfy (16). But (16) asserts that the ¢ (~ y) flow is stationary, so r = 2 for
one-dimensional initial data.

e The flow corresponding to r = 1 is trivial, so r = 2 is the minimal choice. Therefore, for
initial data with g phases, 2 <r < g+ 1.

e Relations among the phases reduce r from its maximum of g + 1. For example, for a generic
3-phase solution of (KP), r = 4 (= g + 1). As noted in [32], a 3-phase solution of KP is
stationary with respect to t3 (=~ t) if

12



kl ll w1
det k)g l2 w2 = 0, (26)
ks I3 ws

where we have used the notation of (1). In this case, r = 3. If the initial data also satisfy

kl ll . kl ll _
det ( ky Iy ) =0, det ( ks s =0, (27)
then they are one-dimensional, so » = 2. Thus, some 3-phase solutions of KP have r = 4,
others have r = 3, and still others have r = 2. This is the usual situation: for initial data

for (KP) with g phases, 2 < r < g+ 1, and all of these possibilities can occur (Appendix,
Theorem 1).

Now we turn our attention from r to n. Krichever [38] observed that (r,n) must be coprime
(i.e., no common factors) for a KP solution of rank 1. If 7 = 2 then n must be odd. In fact,
ifr =2, n=2g+1[23]. The case r = 2 is the only case for which g determines n uniquely
with no further checks like those in step 5.

For a generic KP solution of the form (1), with no relations among the phases, r = g + 1,
n = g + 2. This choice has r < n, with (r,n) coprime.

Unfortunately, we show in steps 4 and 5 that choosing (r = g + 1,n = g + 2) generates a
family of Riemann surfaces, only some of which have genus g. In the Appendix (Theorem 4),
we show that for fixed (r,n), the highest genus possible is (r — 1)(n — 1)/2.

We have the following confusing situation. To find a generic genus g KP solution, choose
(r =g+ 1,n =g+ 2). This choice leads to a family of Riemann surfaces that include those
for generic KP solutions of genus g, but that also include others for nongeneric solutions of
higher genus. These nongeneric solutions of higher genus typically have more parameters,
so one must hunt to find the genus g solutions among these other solutions. A nontrivial
example along these lines is given in §5.

We show in the Appendix (Theorem 2) that the number of pairs (r,n) that can generate a
Riemann surface of genus ¢ is g(g + 1)/2 — g + 1. We also show that for fixed g and fixed
2 <r < g+1, there are (g —r+ 2) relevant choices of n. The proof of this result also provides
an exhaustive list of pairs (r,n) that can generate a KP solution of genus g and rank 1.

To summarize, for initial data with g phases, one finds all relevant pairs (r,n) consistent with
g in the following way:

1.

2.

All values of » with 2 < r < g+ 1 are allowed.

For each r, let n;(r) be the j-th integer greater than r that is coprime with . The lowest
(g — 7+ 2) of these integers are possible values of n.

. Exclude from this list the values of n for which (r — 1)(n —1)/2 < g.

. The remaining pairs (r,n) are all possible for genus g.
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g=1 g=2 g=3 g=4 g=>5
r|n r|n r|n rin r|mn
213 3|4 415 5|6 6| 7
215 315 417 51 7

314 415 5| 6

207 3|7 419

315 417

219 415

318

3|7

211

Table 1: The possibilities for » and n for ¢ =1,2,3,4,5

Note that there is always only one possibility for (r,n) when r = 2. This is the case (2,29 + 1)
corresponding to a one-dimensional solution. Table 1 gives an overview of the possibilities for low
g.

All of these possibilities for (r,n) have to be considered when solving the initial value problem
for (KP) for a solution with genus g. In step 5, we give a way to decide among the different
possibilities.

Identifying the proper pair (r,n) for a KP solution of genus g seems to be inherently complicated.
No such complification occurs for (KdV), for which r = 2, n = 2¢g + 1. Similarly, no complification
arises for the nonlinear Schrodinger (NLS) equation, for which » = 2 (in a different hierarchy) and
n = 2g + 2 [34]. These complifications arise not because (KP) is in (2+41)-dimensions, but because
r # 2. For example, the boussinesq equation is a (1+1)-dimensional problem with » = 3, and we
show in section 5, examples 4 and 5 that neither g nor n determine the other uniquely.

Remark: From the proof of theorem 1, it is clear that the nongeneric cases of (r,n) are contained
in the generic case as limit cases. As a consequence, one could in principle always consider the
generic case (r = g+ 1,n = g + 2). However, any choice of (r,n) that is not minimal results in
unnecessary large expressions for the Riemann surface. Furthermore, in order for this surface to
have the right genus, it needs to have a large number of singularities. In this sense, choosing (r,n)
minimal can be regarded as a way to minimize the number of singularities of the Riemann surface.

Step 4. Construct the Riemann surface and the BC matrix

Write the two stationary flows as

Yro + Ur—1P_1)r + - F WP Fuep = A, (28a)
Ynaz + 'Unflip(n—l)m +...tnYs vy = py, (28b)
where the coefficients ug, uy,...,u,—1 and vg,v1,...,v,—1 are related to u(z,y,t) as in (19a)-(19d)

by compatibility with (17a) and (17b). Let u = (ug,u1,...,%r—1), v = (v9,V1,-.-,Up—1). Com-
patibility with (17a) implies that both u,_1 and v,_1 are constant. Conjugation with a suitable
function [38] allows us to eliminate v,_1, so that v = (vg, v1,-..,vp—2,0).
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We want a common nontrivial solution of the two ordinary differential equations (28a) and
(28b). Burchnall and Chaundy [41, 42] found the condition on the coefficients and the eigenvalues
A and p for a common nontrivial solution to exist. They extended the concept of an elimination
matrix (a.k.a. resultant or Sylvester’s eliminant [46]) to linear differential operators. The procedure
is as follows:

1. Take the r equations obtained from (28b) by taking r — 1 derivatives with respect to z of it.
2. Take the n equations obtained from (28a) by taking n — 1 derivatives with respect to z of it.

3. We now have r+n homogeneous equations for the r+n unknowns 9, ¥z, . .. , Y(r4n_1)5. Write
them in the form E(\, )¢ = 0,% = (¥, %z, ..., PYr4n—1)c)- In this linear system, write the
r equations obtained in step 1 first, in order of increasing number of derivatives. Then write
the n equations obtained in step 2, again in order of increasing number of derivatives.

The (r + n) X (r + n) matrix E(A,p) is called the elimination matrix for the equations (28a,
28b). It clearly depends on A and p. In order that (28a) and (28b) have a nontrivial solution, it is
necessary and sufficient that

C:det(E(X\pu)) =0. (29)

This is an algebraic relationship between p and A (§2), so it defines the affine part of a Riemann
surface. It is more efficient however to obtain the Riemann surface from a different, smaller matrix,
called the BC matrix. We follow Previato [18] in the construction of this matrix. Break the matrix
E()\, p) up in blocks as follows:

TXT X7
'El FH

nxr nXn
'E2 FE

where the upper indices denote the dimension of the block matrix. Define the BC matrix as

BC(\pu) = E| — F1F;'E,. (31)

Notice that the matrix BC(\, i) is nothing but the Schur complement of the elimination matrix
E(\, u) [43]. Since F'y is a lower triangular matrix with diagonal entries equal to one, det(F3) = 1,
det(BC (A, 1)) = det(E(X\, 1)) = 0 and we recover the equation for the Riemann surface I" from
the BC matrix.

Note that the BC matrix is a 7 X r matrix. We have significantly reduced the dimension of the
matrix in question. Since F'5 is lower triangular with diagonal entries equal to one, its inverse is
still polynomial in the coefficients .

There is another interpretation of the BC matrix, which is perhaps more intuitive. Equation
(28a) can be written in first-order 7 X matrix form in terms of the vector ¥ = (9, 9y, .. ., zp(,,_l)w)T.
We can use this system to eliminate in (28b) any derivative of 1) of order higher than or equal to
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r. This reduces (28b) to an ordinary differential equation of order » — 1. If we now rewrite this
equation in r X r matrix form, we obtain

BC(\, p)¥ =0. (32)

Therefore, the BC matrix is the coefficient matrix of the r X r representation of (28b) induced
by (28a). Everything we can deduce from the elimination matrix E (A, x) can be deduced from the
BC matrix BC(\, p).

Equation (32) is central to this analysis: all of the information from the initial data is encoded
in it, and every result obtained from here on follows from it. Observe from the form of (32) that the
problem has been reduced to one of linear algebra. By construction, u appears in the BC matrix
only on the diagonal, and we may define BC(\) by:

BC(\ 1) = BC()\) — ulI,. (33)

Therefore, (32) is a linear algebraic eigenvalue problem for (i, ). We show next that the
eigenvalue of (32) defines the Riemann surface. Then in step 6, the eigenvector of (32) determines
the divisor. This is precisely the information we seek.

The Riemann surface can be defined either by (29) or by

[':det (BC()) — pl,) =0. (34)

Note that this curve is identical to the curve (29), because detFo =1 (¢f. (11)).

From Theorem 4 in the Appendix, it follows that the genus of this curve is less than or equal
to (r—1)(n—1)/2.

We show in the Appendix (Theorem 5) that the Riemann surface I' is independent of z, y, and ¢.
In other words, coefficients of the BC matrix may depend on z, y, and ¢, but the combinations that
appear in (34) do not depend on z or y or t. The proof is similar to that for the (1+ 1)-dimensional
case. A consequence is that (34) provides a set of constants of the motion - namely, the coefficient
in (34) of each power of (A, ) must be independent of (z,y,t). We use these constants in step 5,
below. Note that this method to define the Riemann surface is purely local in (z,y,t). Considered
as eigenvalue problems, (28a) and (28b) are each differential equations, but because we require that
they have a common solution, it is not necessary to integrate these equations. Conceptually, this
is a significant difference between this approach and any method that uses monodromy, like that
in [17].

Step 5. Identify an appropriate pair (r,n)

The procedure outlined so far may be indefinite in two places. Depending on details of the initial
data, step 1 might give the genus of the solution precisely, or it might give a lower bound on the
genus. Then for a given genus, step 3 identifies a unique pair (r,n) of stationary flows only if
the initial data is one-dimensional (so r = 2); otherwise it gives a finite list of possible pairs of
stationary flows, as indicated in Table 1. The first place to test whether a pair (r,n) of stationary
flows is appropriate for given initial data occurs here, at step 5.

Rewrite (28a) in first-order matrix form, ¥, = X, (\) ¥, for some 7 xr matrix X,(A). Equations
(17a) and (17b) induce on ¥ r—dimensional representations for the y— and t—evolution:

T, = X,(\)T, (35a)



T, = Y.\, (35b)
v, = T,(\)T. (35¢)

25,0~ 2Ye) = X
Y T
(36)
0 0
EXT(A)_%TT(A) = [Tr(A), X (V)]

Then (35b) and (35c) are automatically compatible. Equations (35a-c) must also be compatible
with (32), resulting in

-BC(\) = [Xx. (), BC ()], (37a)
%EE;(A) = [y (0, BC ), (37b)
%E@(A) - [T,(A),Bf)(,\)}. (37c)

The compatibility conditions (36) and (37a-c) imply a set of differential equations for the solu-
tion u(z,y,t) of the KP equation. One can eliminate any time-derivative from this set of equations
by using (KP), if necessary with cross-differentiation. The result is a set of differential equations
in z and y only that (u(z,y,0), w1 (z,y,0),wa(z,y,0),...,wr_2(z,y,0)) must satisfy for all z and
y. Since the additional potentials (wi,ws,...,w,_2) are determined by the potential u, this is a
set of differential equations that the initial condition needs to satisfy.

These differential equations contain arbitrary constants (e.g., ¢j,d;). One uses some of the
differential equations at particular locations to define these constants in terms of the initial data.
Then the given initial data either does or does not satisfy the entire set of differential equations,
at all (z,y).

This is the test of whether a pair (r,n) is appropriate for the given initial data: u(z,y,0) should
satisfy the entire set of differential equations, for all (x,y) and for some choice of the free constants.
If the initial data have the form (1) for some finite genus, then necessarily these data satisfy the
set of differential equations associated with some pair (r,n). If they fail to satisfy the equations
associated with the pair (r,n) in question, then r or n or both have been chosen too small.

If the genus g of the initial data is known, then one can build a list of possible pairs (r,n)
for that value of g, ordered like those in the columns in Table 1. For the bottom pair in each
column, r = 2. This is appropriate only for one-dimensional data; otherwise r > 3. In these lists,
the number of free parameters available in the KP solution increases as one goes up the list. If
a particular pair (r,n) yields a differential equation as described above which is not satisfied for
the initial data then one should reject that pair, and move to a pair higher on the list. The top
entry in each column corresponds to the generic KP solution of genus g, so if this pair fails, step
one failed to give the correct genus for the solution, i.e., the wave vectors of the initial data are
commensurable.

This test excludes pairs (r,n) of stationary flows with too few parameters for the initial data. It
does not exclude a pair (r,n) with more free parameters than necessary, and it does not necessarily
identify a unique pair (r,n) of stationary flows for given initial data.

17



If more than one pair of stationary flows induces a correct reconstruction of the initial data,
then the simplest pair of stationary flows is the pair (r,n) for which u(z,y,0) satisfies the set of
differential equations, and is smallest (i.e., the smallest 7, then for that r the smallest n).

A shorter test involves the coefficients in (27), because they are independent of (x, y, t). These
coefficients depend on various combinations of u(x, y, 0) and its derivatives. Using the initial
data, evaluate these coefficients at two or more arbitrarily chosen points (z;,y;). If any one of the
coefficients takes on different values at different points, then r or n (or both) are too small for the
initial data in question. This test is not as decisive as the main test described above, as it does not
use all of the information provided by the compatibility conditions (36) and (37a-c).

Step 6. Calculate the divisor

Let I" be a Riemann surface of genus g, compactified with a single point at infinity. Let 7 = 1/k be
a local parameter in a neighborhood of this point, such that 7(co) = 0, where we use co to denote
the point at infinity.

Definition 1 [22] A Baker-Akhiezer function ¢ on the Riemann surface T’ corresponding to a
divisor D on the surface and a polynomial q(k) is a scalar function such that: (a) ¢ is meromorphic
everywhere on the affine part of I' with poles only at the points P;, i =1,2,...,9 of the divisor D;
and (b) o(k)exp (—q(k)) is analytic in a neighborhood of infinity.

Let ¥ be the vector-valued wavefunction ¥ = (), 9y, - - -, P(r_1)5) solving (32), where 1) solves
(17a) and (17b). In Theorem 7, we show that % is a Baker-Akhiezer function on the Riemann surface
T, defined by (34), with divisor determined by the eigenvector v(A,u) of BC (A), normalized by
equating its first component to one, v = (1, v2,vs,...,v,), and evaluated at (z,y,t) = (0,0,0). The
polynomial in this case is q(k) = kz + K2y + K3t + E/j":4 K)jtj. The prime on the sum indicates all
integers r < j < m not coprime with r are omitted. From [22], we obtain the following representation
for this Baker-Akhiezer function around the point at infinity of the Riemann surface I':

it 1
= ST K (1 + 0(;)) : (38)

The actual calculation of the divisor is similar to that in §3. The Riemann surface I" is obtained
from (34), the eigenvalue equation for u. The eigenvector ¥ = (¢,%z,...,%_1);) determines the
divisor. Conversely, since ¥ = 1) is a Baker-Akhiezer function, it can be reconstructed from the
knowledge of the divisor. The other components of ¥ are obtained from differentiation in x. In the
Appendix (Theorems 6 and 8) we prove that the divisor points are the solutions to the equations

det (BC (1)) = det (1’3’6‘“) () — ngﬂ)) 0. (39)
where the BC matrix is evaluated at (z,y,t) = (0,0,0) and ﬁ?(il) (M) denotes the cofactor of the
i-th entry of the first column of BC ()). Again, notice the similarity between equations (39) and
(12).

Denote (A, 4;) = P;, a point on the Riemann surface I', where ()\;, p;) satisfies (39). The divisor
points P; constitute the divisor D for the Baker-Akhiezer function ¢: D = >, P;. This implies that
the number of points in the divisor is g
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Step 7. Do the inverse scattering

The Riemann surface I and the divisor D = }°7_, P, are the two ingredients needed for Krichever’s
inverse scattering procedure [8]. This justifies the label spectral data for them. Krichever’s pro-
cedure seems quite different from the way inverse scattering is usually done, namely by way of a
Riemann-Hilbert problem [44]. However, In [20], Krichever argues that the Riemann theta func-
tion construction for the finite genus solution is nothing but the effective solution of the associated
Riemann-Hilbert problem. Using Krichever’s construction we recover the potential u(z,y,t), at an
arbitrary time ¢ in terms of Riemann theta functions, i.e., the form (1). The algorithm outlined
in this section hence constitutes the solution of the initial value problem for (KP) in the class of
finite genus solutions of rank 1.

5 Examples

Example 1. One-dimensional solutions

From step 2 in §4 we know that a one-dimensional solution corresponds to » = 2. We now show
that the converse is true as well.
For r = 2, we have from (19b)

Yz + 1% + Ut + c20tp = M. (40)
We can simplify this by translating A — A 4 ¢9¢ and denoting ca; by ¢;. We obtain

Equation (41) is an ordinary differential equation in z. To express the compatibility of this
equation with (17a), we write (41) in first-order matrix form as ¥, = Xo(u,c1, A)¥, with ¥ =
(4,15)T and a 2 x 2 matrix Xo(u,c1,\). We use (17a) to induce the y-evolution of ¥. This results
in a system of first-order differential equations in y for ¥, ¥, = Y'5(u, c1, A\) ¥, with a 2 X 2 matrix
Y2 (u,c1, ), in which:

0 1
XQ(U,Cl,)\) = (A—’U, —c )7

(42)
. A —C1
Yolu,e,d) = ( —cadtcau A+l >
The compatiblity condition of the z- and y—evolution of ¥ is
Y 0X
8—;(u,c1,)\) - a—;(u,cl, A) = [Xa(u,c1,A), Ya(u, e, V)] . (43)

Since Yo (u,c1,A) = A9 — ¢1 X o(u, c1, A), the right-hand side of this equation vanishes. This gives

This is (16) with 8 = —c;. Hence if r = 2, the solution is one-dimensional.

Next, we show that for (r = 2,n = 2g + 1), the Riemann surface is hyperelliptic and has genus
g. Equation (41) shows that we can replace two x derivatives by one power of A and also by one
z-derivative. This allows us to write the n-th flow (28b) as (n = 2g + 1)
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(Prig(A) = 1) 9 + Poyg(A)hz = 0. (45)

Here Py;4(\), Pa,g()) are polynomials in A of degree g. The BC-matrix is the 2 x 2 representation
of the n—th flow. Taking a derivative of (45) and using (41) once more, we obtain

Pig(A) = Pyyg(N) b\
( Qgg+1(>‘) Qg(;) —p ) ( Vs ) =9 (46)

for two polynomials, Qg1+1(A) = (A — u)Pag(A) + 0:P1;4(A), Qg(A) = —ci1Pog(X) + Prg(X) +

Oy Pa:g(X), of degree g + 1 and g respectively. The matrix BC()\) can always be made trace-free,
by a translation in p: g — p + (P;9(A) + Qg(A))/2. The BC matrix becomes

(BP0 - Q) s Pry()
BC(\p) = < ? ! Qg+1()i]) % (Qg(N) — 331;g(>\)) — M. ) 4

From (34) and (47), the equation of the Riemann surface is:

T:p? = Rygi1(X), (48)

where Rgg11(\) = Qgr1( M) Pag(A) + ((Prig(N) — Qq(N))/2)? is a polynomial in X\ of degree 2g + 1.
This Riemann surface has exactly the form of a hyperelliptic surface of genus g, given in (3). This
shows that the genus of this Riemann surface is indeed g.

Finally, we check that the divisor consists of g points. From (39) and (47) we have

Poy(N) = 0, (49a)
o= 5 Q) - Py, (49b)

where Pi.4()), Po,g(A) and Qg(A) are evaluated at (z,y,t) = (0,0,0). Equation (49a) gives g values
of \; for each of these values, (49b) gives one value of p. This proves that the divisor has g points.

Example 2. Special case: g =1

The simplest solution of the form (1) occurs when there is only one phase, so g = 1. In this case,
the KP equation can be integrated directly. On the other hand, Table 1 shows that if g = 1 then
r = 2 and n = 3. We show next that the BC matrix provides the same information that one obtains
from direct integration of the KP equation.

First, if the solution contains only one phase, then it follows from (1b) that

kuy = lug, kur = wug,. (50)
Moreover, the KP equation can be integrated once to give

2

l
—4%uz + 6uty + Uggr + 3ﬁuJC =0. (51)

Note that to obtain (51), we have absorbed ¢ into the y-derivative by the substitution y — oy.
Equation (51) can be solved in terms of an elliptic function, which gives the complete solution for

g=1
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Alternatively, the two stationary flows are r = 2, which leads to (40), and n = 3, which can be
written as

i+ sths + (g +00) Y+ dithy = ), (52)

where we have written d; instead of ¢31, removed c3g by translating p and removed c32 by a suitable
conjugation of 9 [38]. As in Example 1, enforcing compatibility of (41) and (52) with (17a, b) gives

Uy +crugy = 0, (53a)

ug +diug = 0, (53b)

wi(z,y,t) =w(z,y,t) = —cu(z,y,t), (53c)

4diug + 3ciuy + 6uty + Uggy = O. (53d)

To obtain (53c), we have equated the integration constant for w(z,y,t) to zero. Clearly, (53a),(53b)
are equivalent to (50), while (53d) is (51). Note that (53d) has the form

oOH
B =
where H(u) = 3u® + ugy + 3c?u + 4dyu + h, for some constant h. In step 5 of §4, we mentioned
differential equations that can be used to test whether one has identified (g, r,n) correctly. For this
example, these differential equations are those in (53a-d). Specifically, a KP solution of the form
(1) can satisfy (53d) only if it has genus 1. This is the complete test for this example. If g = 1,
then necessarily r=g+1=2n=9g+2=3.
The trace-free representation of BC()), corresponding to (47), is

0, (54)

— B bei )\ + bey A+ bes
BC()) = ( A2 4+ Abey +bes —ber A — bey ) ’ (%5)
with

C
bcy = Ela

3

_od, e 1 1

bco = B + 2 + 4clu($ayat) 4uw($ay7t)a

9 1
b03 = G + dl + —’U,(.T,y,t),

2 (56)

1
bC4 = C% + dl - §u($ay’t)a

1 1
bC5 = —C%U(.’E,’y,t) + chuw(:ﬂa Y, t) - 5”2(:1;’ Y, t) - dl’U/(IL', Y, t)_
1
Zuww(xayat)

Then the Riemann surface follows from (34):
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1?2 = X2+ ag)? + ai )\ + ao, (57)

where the coefficients are given by

9
az = ZC% + 2d17
1
a1 = _ZH(U)’ (58)
Ly, 1 0H(u)
a = —7 (cl—l—dl)H(u)—g U dz.

Note that the integral term vanishes, by (54). Therefore, H(u) is the only nontrivial constant of
the motion in this example; it is independent of = by (54), of y by (53a), and of ¢ by (53b).
Finally, the explicit form of the only divisor point follows from (49a)-(49b):

1 1
)\1 = —C% - dl - 5“‘(05070)7 1 = Zu$(05070) (59)

Example 3. The relation to monodromy theory

Our next example shows that the method presented here reproduces all of the results of monodromy
theory, provided only that we drop the restriction that (39) be evaluated at only one point. To
make the correspondence between the two theories as clear as possible, we restrict our attention to
the KdV equation and to periodic initial data.

Here is a brief review of monodromy theory for the KAV equation. Full details can be found in
several places, including [33]. By assumption, the initial data for (KdV) have the form (1), with a
finite number (g) of phases, and with [; = 0 in each phase (no y-dependence). In addition, u(z,0)
should be periodic in z with period L, so every k; in (1) should have the form k; = 2x.J/L for some
integer J.

The scattering problem for (KdV) is

Yoe + u(z,0)h) = \ip. (60)

In monodromy theory, the forward problem consists of obtaining from (60) two spectra, which we
define below. The inverse problem consists of recovering u(z,t) from the two spectra. Each of the
two spectra can be defined in terms of a 2 X 2 matrix called the monodromy matrix, defined as
follows. Let A(z,zp,A) denote a fundamental matrix of solutions of (60), initialized at z = z.
Because u(z,0) is periodic with period L, these solutions must satisfy a relation of the form

A(x + L,zg,A) = M (X, z9)A(z, 2o, \) (61)

for some matrix M (A, zp). The monodromy matrix, M, is obtained by integrating (60) over one
period at each M.

The main spectrum consists of those values of A at which M (X\,zo) = +I. Denote these
eigenvalues by Ej;. For real-valued initial data of the form (1) with g phases, one shows that this
spectrum has (2g + 1) eigenvalues that are real-valued, finite, and simple (i.e., one eigenfunction
for each eigenvalue), plus infinitely many double points. We ignore the double points, which play
no role in the subsequent theory. The auziliary spectrum consists of those points at which a
particular element of M (X, o) vanishes. Denote these eigenvalues by ;. One shows that there
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are exactly g such values. One shows that each E; is independent of both zy and ¢. Elements of
the auxiliary spectrum, 7;, depend on both zg and ¢ according to complicated nonlinear ordinary
differential equations. Once the two spectra {Ej;,v;(zo,t)} are known, then the inverse problem
has a marvelously simple solution:

29 g
u(zo,t) =Y Ej —2 vj(wo, 1) (62)
§=0 =1

Now we relate monodromy theory to the theory presented here.

1.

The initial data for (KdV) are one-dimensional, so the problem is covered by Example 1.
Moreover, u, = 0 for (KdV), so it follows from (16) that ¢; = 0. Therefore (41) reduces to
(60).

. The Riemann surface for these data is given by (48). It has (2g + 1) finite branch points,

where 4 = 0. These branch points are the simple points of the main spectrum, E;, as was
first proved in [33]. The entire Riemann surface is invariant, so necessarily its branch points
are invariant as well.

. Solving (39) at (z = 0,t = 0) gives the divisor. Instead, we may solve (39) at an arbitrary

point, z = zo. In either case, (39) has g roots. Then retracing the proof of Theorem 7
shows that the poles of the redefined Baker-Akhiezer function correspond to the roots of (39),
evaluated at z = zo. But a defining property of the auxiliary spectrum, 7;(zo,0), is that the
Baker-Akhiezer function has poles at these points, and nowhere else [33]. So the g points of
the auxiliary spectrum are the g roots of (39), evaluated at z = z.

. As stated above, points of the auxiliary spectrum move according to complicated ordinary

differential equations as zy changes. An alternative to solving these differential equations is
simply to evaluate (39) at other points, x;. Because (34) is an algebraic equation in which z
appears only through the (known) initial data, this is an attractive alternative. Unfortunately,
we can offer no equally simple alternative to determine how 7;(zo,t) evolves in ¢.

. The reconstruction formula, (62), is implicit in the results of Example 1, but we need to

display more detail to see it. We proceed in two steps. First, for r = 2, n = 2g 4+ 1, one can
show that the n-th flow has the form,

29—2

1
Y(2g+1)z T+ ((9 + §u> + dl) Pg-1)e T D Vithjz = 1, (63)
j=0

where d; is constant. We display only the coefficients of the first highest two derivatives in
(63), because only these terms matter. With the same level of detail, the BC matrix in (46)
becomes
Piy1(N) —p N+ XN (d + %) +. ..
BC(\ p) = 9 2 . 64
(A 1) <)\g+1+)\g(d1_%)+“. Qg 1(N) — (64)

The polynomials on the diagonal both have reduced degree because ¢; = 0. After removing
the trace of this matrix, one obtains an equation for the Riemann surface:
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2g—1
P =N L 2d N 4 N (65)
=0

The (2g + 1) finite branch points occur where 4 = 0 and (65) becomes a polynomial. Denote
the roots of this polynomial by E;. According to the well-known formula for the sum of the
roots of a polynomial:

29
2d; = - Ej. (66)
j=0

This gives an interpretation to the constant dy. From (49a), the auxiliary spectrum is defined
by

g—2
X9 4 A9t (d1 + ;) +3 N =0 (67)
=0

Denote the roots of this polynomial by ;(zo,t). The same formula for the sum of the roots
of a polynomial yields

U(.’Eo,t) I

di + = == (=m0, ). (68)

=1

Combining (66) and (68) yields (62).

Example 4. r=3,n=4

From Table 1, an (r = 3,n = 4) solution can have either genus 2 or genus 3. A typical (r = 3,n = 4)-
potential has genus 3. The KP solutions of genus 2 are buried within this class as special cases.
In this example we demonstrate the general method. In the next example we show how to find
conditions the potential needs to satisfy to have genus 2.

The two stationary flows are

Yuas + Juthe 3 (e + 1) B+ 02 (Yo + ) et = My (692)
¢4z + 2U¢zz + (wl + 2'“/3:) ¢$+
<u2 + %wm + %wg + um> Y+ dy (Yoo +upp) +dihy = prh. (69Db)

As before, we have renamed c3o as ¢z, c31 as c1, c4o as do and c41 as di. The parameters c3p and cqg
have been removed by translation of A and u respectively, and c43 has been removed by conjugation.

The compatibility condition of these stationary flows with (17a) and (17b) gives the following
relationships:
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4 4 1

w; = w, wy = —u’ — gclu - gng - gum, (70a)
ut + crug + couy = 0, wy + crwg + cowy = 0, (70b)
O0H OH.
a—ml(ua w) =0, a—;(ua ’U)) =0, (70C)
with
2 2
Hi(u,w) = wgy+ 3uw+ gCQ (um + 3u ) + 3dow — 2ciw +
gcgw + 3diu + gclcgu + hq, (71)
and
- — i w2~ 2w tud 4 = (4
Hy(u,w) 12U4m+ 4uum+ gle — gV + 5t + 17 ( 02—|—9d2)u +
1 1
s (—12(:% + 80301 + 18dycy — 902d1) u + 36 (403 + 6¢c1 + 9d2) Ugpr +
1
5 (16¢3 — 36c1¢5 + 18dacs — 18cyu — 27dy ) w + h, (72)

where h; and hg are arbitrary constants. Since t3 corresponds to ¢, the (r = 3,n = 4) solutions are
stationary solutions of the KP equation. This is confirmed by equations (70b).

If a potential u(z,y,t) of the form (1) is a stationary solution of (KP) in some Galilean frame
of reference, then w; = ak; + bl; in the notation of [22]. Hence u(z,y,t) = U(z + at,y + bt), which
combined with (70b) results in ¢; = —a and ¢; = —b. Substituting u(z,y,t) = U(z + at,y + bt)
into (KP) results in a version of the Boussinesq equation [22],

8Uyy — 40Uy — 48Uy + (3U + Upy) =0, (73)

rxr
and we recover the familiar result that the stationary reduction of the KP equation is the Boussinesq
equation. If b = 0, (73) reduces to the standard form of the Boussinesq equation [44]. Equation
(73) can of course be obtained from (KP) and the set of equations (70a).
The BC matrix is again calculated following the procedure in step 4 of §4. It is a 3 X 3 matrix
with the following structure:

100 0 00
BCM\p) = —p|l 0 1 0 |+X[00 0|+
0 01 100
a; 1 0 B Be Qg
AM o ar ar 1 +| Bs Ba Bs : (74)
a3 s —2o Bs Br —P1—Pa
We do not give the explicit forms of ay,...,a4 and 5y, ..., F7.

The equation for the Riemann surface follows from (34):
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T p® = (@22 + a1d +ap) + A+ bsX® + 5o)? + by + by (75)

In this case, the coefficients, (a9, b3) are explicitly independent of (z,y,t), while (ag, a1, by, b1, b2)
depend on (z,y,t) via Hq(u,w) and Hs(u,w). Therefore, Hi(u,w) and Hs(u,w) are the only
nontrivial constants of the motion for (r = 3,n = 4).

We now turn to the divisor. The three cofactors determined by (39) result in linearly dependent
equations. We only have to consider the last two, corresponding to the cofactors of the second and
last element of the first column of (74) evaluated at (z,y,t) = (0,0,0):

A+ Bo 6%}
det = 0, 76
¢ <Aa4+ﬂ7 —u—2a1/\—ﬁ1—ﬂ4> (762)
A+ B (o) .
det(—u+)\a1+ﬁ4 )\+ﬁ5> = 0, (76b)

From the second equation, (76b), u is quadratic in A. Substituting this into the first equation (76a)
results in a cubic equation for A\. Hence there are indeed three points in the divisor. This agrees
with the observation that a solution corresponding to (r = 3,n = 4) is a genus g = 3 solution,
unless some special conditions are met. These conditions are derived below.

Example 5. Special case: r=3,n=4 but g =2

From §4 we know that a generic genus 2 solution of KP corresponds to (r = 3,n = 4). These
solutions are embedded in a larger class of genus 3 solutions, as we confirmed in example 4. In this
example, we find the conditions on the coefficients of (75) under which the surface (75) reduces to
a surface of genus 2.

It is a known result in the theory of Riemann surfaces that every surface of genus 2 is hyper-
elliptic [24]. This implies that amongst all surfaces of the form (75), the genus 2 surfaces have a
representation in which the surface is quadratic and monic in one of the two variables and poly-
nomial in the other, as in (3). Examining when we can transform (75) to a hyperelliptic curve of
genus 2 gives conditions on the coefficients of (75) such that the Riemann surface I has genus 2.

We write the surface I' in homogeneous coordinates [45]. This results in a representation in which
the point at infinity is no longer distinguished from the finite points. Let A = A1 /v1, = p1 /v in
the equation for I". Multiplying by v{ results in the following representation for I':

I/LLI/? =il (ag)\% +aivi A+ a,()l/%) + )\le + b31/1>\? + bgl/%)\% + blyf/\l + bol/f. (77)

In this representation, the surface is homogeneous of degree 4. The genus is invariant under linear
transformations on the coordinates (A1, p1,71) [45], so we use such a transformation to transform

(77):

A1 a1 12 013 A2
M1 = Qg1 Qg (23 H#2 . (78)
141 Q31 Q32 Q33 1)

This results in a new representation of I' of degree 4. By setting v, = 1, we return to an affine
representation of I'. Denoting the coefficient matrix of the linear transformation (78) by a and
setting (ag, a1, a2, bg, by, be, b3)T = b, this affine (\g, u2)-representation is
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c1(@, b)us + pi (c2(@, b))z + c3(, b)) +
13 (ca(o, b)A3 + c5(a, b) Ay + cg(a, b)) +
K2 (07(a7 b)A% + 08(a7 b)A% + Cg(a, b)AQ + CIO(aa b)) +
cll(a, b))\% + Clg(a, b)Ag + 613(0, b))\% + 014((1, b)/\Q + 015(0, b) =0

(79)

The new coefficients c;(a, b),j =1,2,...,15 depend linearly on the entries of b. They are at most
quartic in the entries of . We want I" to be of the form (3) with n = 5 or 6, in order to have
genus 2. Since I is a quartic curve, this is not possible in general. However, a degenerate subset of
curves have the simpler form

15 = p2Q3(A2) + Qa(N2), (80)

with Q3(A\2) and Q4(A\2) polynomials in A2 of degree 3 and 4 respectively. To achieve (80), the
coefficients of u3, u3 o, p3, p3A3 and p3Xe must be zero. In addition, the coefficients of p3 and poA3
must not be zero. Then a transformation (us — po + Q3(A2)/2,A — A) results in a surface of
the form (3) with n = 6. This transformation does leave the genus of the curve invariant as it is
birational [45].

We have imposed c¢i(a, b) = c2(a,b) = c3(a, b) = c4(a,b) = ¢5(a,b) = 0. Furthermore, We
need cs(o,b) # 0 # c7(a,b). Since the coefficients ¢j(a, b),j = 1,2,...,15 of (79) are linear in
the entries of b, we will consider these entries to be unknowns and solve for them. We then have a
total of five linear equations for seven unknowns in b:

M(a)b= N(a). (81)
Let
= Q11022 — 04120421, [ = %’ — (82)
Q11032 — 120031 Q12 Q12

Then one finds from (81) that (bg,b1) are arbitrary, and that (ag, a1, az,bs,bs) can be written in
terms of (b, b1, k,l,m) as follows:

12 I3 9 |
ag = ——by+3—by+3m” —6kim — 3k — —,
m m Im
l 12 9 2
ar = 2—b1—6—b0+6kl+6k‘m+2—,
m m I*m
1 l 1
ag = ——by +3—by—3k*— —, (83)
m m 3m

2
by = 1%b —213by — 2m3 + 6kim? — 7

1
bQZ-mm+w%+ﬁ—%M.

This solution of (81) is independent of the transformation variables ai3,as3 and ass. Since the
restrictions cg(a, b) # 0 and c;7 (e, b) # 0 depend on them, 13, @23 and a3z are used to assure that
the coefficients of u3 and g3 are nonzero, so that the surface is indeed hyperelliptic of genus 2.
The set of equations (83) gives the 5 coefficients (ag, a1, ag, b3, b2) in terms of only three param-
eters (k,l,m) and the other coefficients (b, by). This entails that once (by,by) are given, in order
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for I to have genus 2 (and hence be hyperelliptic), the coefficients (a9, a1, ag, b3, ba) have to exist
on a co-dimension 2 surface in the five-dimensional coefficient space. This can be interpreted as
a total of two conditions the coefficients (a2, a1, ag,bs, b2) (and hence the potential u(z,y,t)) have
to satisfy. These conditions can be found explicitly by eliminating (k,I,m) from (83). Since the
coefficients of the Riemann surface are conserved in (z,y,t), these conditions need to be checked
at only one point for (z,y,t).

Let us give a short summary of the last two examples. As pointed out in §4, step 3, a generic
genus g solution of the KP equation requires (r = g + 1,n = g + 2). Thus for a generic genus 2
solution, we need (r = 3,n = 4). This case is worked out in example 4 where it is demonstrated
that a typical solution corresponding to (r = 3,n = 4) has genus 3. Only when the solution satisfies
an additional two constraints (given parametrically by (83)) does it have genus 2. This illustrates
that a generic genus g solution of the KP equation is not a typical solution for (r = g+1,n = g+2).
With this in mind, it is clear that the genus of a KP solution is not sufficient to characterize a
solution in this formalism. The pair (r,n), once the initial condition u(z, y,0) is given, characterizes
the genus of the initial condition, as the genus of the resulting Riemann surface. In this sense, the
pair (r,n) characterizes the solution of the KP equation. Unfortunately, at this time it is not
obvious how to obtain r and n straight from initial data.
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Appendix: Theorems and proofs

Theorem 1 For a KP solution of the form (1) with g phases, 2 < r < g+ 1 and all of these are
possible. For a generic solution, with no relations between the phases, r =g+ 1, n =g+ 2.

Proof We can write a finite genus solution of KP in a form slightly different from (1). We can
introduce ‘higher time’ variables ¢ such that u = u(t1,t2,%3...,) solves all equations of the KP
hierarchy [37]. In terms of theta functions, such a solution is expressed as

u = 28§1n®(K1x+K2y—|—K3t+K4t4—|—K5t5+...+
Kgtg+ Kgi1tgr1 + Kgpotgro + ), (84)

and K ; is the g-dimensional vector of wavenumbers corresponding to t; (e.g. K1 = (ki,k2,...
ko), Ko = (l1,la,...,1,)T). The quantity ¢ depends on all ‘time’ variables not explicitly written.
These are not relevant for our considerations.

Define the square matrix K = (K1, Ko,...,K,). If this matrix is nonsingular (i.e., if the
vectors K;,j = 1,...,g are linearly independent), then the two vectors K,41 and K, o are
linearly dependent on its columns, say,

9 g
Kg1=)Y oK, Kgo=)Y BK;. (85)
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The solution u = u(t1,t2,t3...,) can now easily be transformed such that it does not depend
on tg41 and t440. Since g vectors in g dimensions are generically linear independent, the case of
r=g¢+ 1 and r = g + 2 can be regarded as the generic case for a genus g solution.

If the matrix K is singular, its columns are linearly dependent and at least one of the K, < g
can be written as a linear combination of K;, with ¢ < j. Analogous to the generic case above, a
transformation will eliminate all ¢; dependence and the j-th flow is stationary. This proves that
r < g+ 1, and that any value less than g + 1, greater than 2 is possible. O.

Lemma 1 Consider a KP solution of the form (1), and of genus g. Denote the numbers of the
stationary flows from the KP hierarchy for this solution by (r,n), with r < n. For fizted r, 2 <r <
g+ 1, there are at most (g — r + 2) possible choices of n.

Proof Thisisa simple problem in linear algebra, but it takes some explaining to set it up that way.
The KP solution in question has g phases, characterized by g independent vectors of wavenumbers,
as in Theorem 1. These vectors define a nested sequence of subspaces of the g-dimensional space,
defined by their spanning sets:

{Ki} C{K,Ky}C...C{Ky,...,K4}. (86)

If the KP solution is also a stationary solution of the r-th flow of the KP hierarchy, then K,
necessarily lies in the subspace spanned by the first (r — 1) vectors. For r < g + 1, this requires
that the numbering of the basis vectors must be changed, because K, is no longer independent.
For each r in 2 < r < g+ 1, there is a different set of independent basis vectors, and so a different
set of nested subspaces.

If the KP solution is also a stationary solution of the n-th flow, then K, must lie in the g-
dimensional space as well. For fixed g and fixed r, with r < n, let #n(g,r) denote the number of
nested subspaces into which K, can be placed. We now show that

#n(g,r) =g—r+2. (87)

In the simplest possible case, g = 1, so r = g + 1 = 2. There is only one subspace, { K}, so there
is one choice for n, so #n(1,2) =1, in accord with (87).

The general argument is by induction. Suppose we know #n(g—1,r). For (g —1) — g at fixed
r, the dimension of the whole space increases by one. The nested subspaces available now consist
of all of those available at (¢ — 1), plus one more. Therefore,

#n(g,r) = #nlg —1,r) +1, (88)

so that for some f(r),

#n(g,r) = g+ f(r). (89)

To find f(r), note that when r = g + 1, then there is only one choice for n (i.e., n = g +2), so
#n(g,g9 + 1) = 1. Evaluating (89) at r = g + 1 shows that

flry=2-r. (90)

Combining (90) and (89) establishes (87).
Equation (87) provides only an upper bound on the number of choices for n, because it ignores
the requirement that (r,m) be coprime, and it ignores the upper bound on the possible genus of
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a Riemann surface, which is given in Theorem 4. However, the list of choices obtained from (87),
when shortened by these two additional requirements, provides the complete list of pairs (r,n) of
stationary flows that can correspond to a KP solution of the form (1), and of genus g. The lists
given in Table 1 were obtained in just this way. O

Theorem 2 P,, the number of possible pairs (r,n) that can correspond to a solution of genus g is
bounded by g(g+1)/2 —g+ 1.

Proof From lemma 1,

9+1

P, < 2(9—7‘4—2)

r=2
g
= Z k
k=1
glg+1)

2

In the above, we included g — r + 2 possibilities for every r. Specifically, for » = 2, we include g
possibilities. But only one these possibilities results in genus g, namely n = 2g + 1. The bound for
P4 can hence be decreased by g —1: Py <g(g+1)/2—(¢9—1). O

Theorem 3 (a) The Riemann surface T, defined by (34), can be compactified with one point at
infinity. (b) This point is a branch point with v branches.

Proof (a) Once we make the matrix BC()) trace-free, the equation for I' can be written as

r—2
T (=p) + 3 W PY() +Qn(A) =0. (91)

In this equation, Q,()) is a polynomial of degree n, the PU)(}), j =1,2,...,r—2 are polynomials
of X of degree less than n—j. To find the point(s) at infinity on the surface, we rewrite the equation
in homogeneous coordinates [45], by transforming y — p/v,\ — A/v, and then multiply by »",
since n is the highest power in (91). This results in a polynomial relationship in (A, u,v) of degree
n. Points of infinity are where this relationship intersects the line at infinity, » = 0 [45]. The only
term in the rewritten form of (91) without powers of v corresponds to the n-th degree term of
Qn()\). We obtain

A" = 0. (92)

The point at infinity expressed in homogeneous coordinates is hence (A, u, v) = (0,1,0). This proves
that the surface I' is compactified by a single point at infinity.

(b) Around this point, the asymptotic form of the curve is (—u)" ~ ¢(A\)™. Hence —p ~ (cA™)
as A — oo. Since r and n are coprime, the point at infinity is a branch point of full order, i.e., it
joins r sheets. Note that this implies that the branching number [45] of the branch point at infinity
isr—1. 0O

1/r

Theorem 4 The genus of the Riemann surface T' is at most (r —1)(n —1)/2.
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Proof This proof uses the same notation as in Theorem 3. Consider the equation for I" (91) as a
polynomial in p. Its discriminant [46] is the following (2r — 1) x (2r — 1) determinant:

A(N) =
(=1)" 0 pr-2  p@-1) e P Qn
—1)r 0 pr-2  pG-1) P
(-1 Qn
1 0 p(r=2) p(r-1) P
-1 Qn
det | (=1)rr 0 pr-2 pr-1 ... P , (93)
—1)r 0 pr=2  pe-1) . pm
(-1
(=1)rr 0 pr=2 pr-1 .. P
(=)rr 0 P2 pe-n . pO)

with P®) = kP®) the coefficient of xF~! in the derivative of T’ with respect to p. The explicit
dependence of the polynomials on A has been left out for convenience. The empty spaces in A(\)
are zeros. In the first  — 1 rows the coefficients of (91) are written with the first coefficient on the
diagonal. In the last r rows, the coefficients of the derivative of (91) with respect to yu are written,
again shifted over one column as the row number is increased by one.

One can prove the degree of the term (—1)"’r" Q" is the degree of A()), so the degree of A())
is n(r — 1). Hence there are n(r — 1) discriminant points. These points, together with the point at
infinity (see Theorem 3), give a total branching number of at most n(r—1)+r—1= (n+1)(r —1).
The total branching number is equal to (n + 1)(r — 1) if all discriminant points are branch points.
This is not always the case, so this argument gives only an upper bound on the total branching
number.

The Riemann-Hurwitz formula [21, 24],

w
g:?—’f‘—Fl, (94)

gives the genus of an r-sheeted covering of the Riemann sphere in terms of the total branching
number W. In our case the Riemann sphere is the A-sphere. We obtain

< (n+1)(r—1) Crt1— (r—l)(n—l)’
2 2
where equality only holds if all discriminant points are branch points. Note that since r and n are
coprime, (r —1)(n — 1) is always even. O

(95)

Theorem 5 The Riemann surface T' is independent of (z,y,t).
Proof The coefficients of (34), the eigenvalue equation of BC()), are invariants of the matrix

);
BC()). The r invariants can be expressed in terms of tr(ﬁék()\)), k=0,1,...,7—1. From (37a)
we obtain
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L9 get o) = [ﬁa“ (M) X, (1), BC (V)
N a%tr (BZ*’“(A)) _

since the trace of a commutator is zero. The proof to show that the invariants are also y— and
t—independent is identical. This proves that the coefficients of the Riemann surface I" are con-
served quantities for the evolution in z, y and ¢ of the potential. Hence the Riemann surface I' is
independent of (z,y,t). O

Remark: For convenience, we assume in Theorem 6 that calculations are done at the point
(z,y,t) = (0,0,0). For clarity, we indicate all variable dependence explicitly in this proof.

Theorem 6 Let v(z,y,t,\,pu) = (vi,v9,...,v:)T be the eigenvector of BAé’(x,y,t, A) with eigen-
value p, normalized by vi(z,y,t, A\, ) = 1. Furthermore, let A(z,y,t,\) be a fundamental matriz
of the solutions of the equations (35a), (35b) and (85¢c), normalized by A(0,0,0,\) = I,. Then
¥ = A(z,y,t,\)v(0,0,0,\, ) satisfies the equations (35a), (35b), (35¢c) and (32).

Proof Since the equations (35a), (35b) and (35¢) are linear, we only need to show that ¥ satisfies
(32). -

By direct calculation, we verify that BC(z,y,t, A\)A(z,y,t,A) satisfies (35a-35¢c), using (37a-
37c). But every matrix solution of (35a-35c) can be expressed as A(z,y,t,A)A()) for some r x r
matrix A. Evaluating BC(z,y,t,A\)A(z,y,t,A) = A(z,y,t,A)A(N) at (z,y,t) = (0,0,0), we find
A()) = BC(0,0,0, ). Hence,

BC(z,y,t, \)®(z,y,t,\, u) = BAE’(x,y,t,/\)A(a:,y,t,/\)v(O,O,O,/\,u)
A(z,y,t,\)BC(0,0,0,\)v(0,0,0,\, )
= A(z,y,t,\)pv(0,0,0,\, 1)
= pA(z,y,t,\)v(0,0,0,A, 1)
= p¥(z,y,t, A\ u). O

Theorem 7 Let ¥ = (1,1, ... ,@b(r,l)w)T be the simultaneous solution of equations (35a), (35b),
(35¢) and (32). Let v(z,y,t,\,p) = (vi,v,...,0,)7 be the eigenvector of BC(z,y,t,\) with
eigenvalue p, normalized by vi(z,y,t, A\, u) = 1. Then (a) Pz /tb = va(z,y,t,\, ) and (b) ¢ is
a Baker-Akhiezer function with divisor given by the poles of v(0,0,0,\, ) and polynomial q(k) =
Kz + K2y + K3t + Z;l4ﬁjtj (the prime on the sum indicates all integers r < j < n not coprime with
r are excluded from the sum).

Proof (a) The two vectors ¥(z,y,t, A\, u) and v(zx,y,t, A\, u) are both solutions of (32). Thus we
have

W (z,y,t,\ 1) = c(z,y,t, A, p)o(z,y,t,\, p1), (96)

for some scalar c(z,y,t, A, ). (Note: this is where the rank 1 condition is important. It guarantees
the dimension of the eigenspace is 1.) Evaluating the first component of this equation gives ¢ = c.
The second component reads
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Yo(@,y, t, A, 1) = c(z,y,t, A, p)va(z, y, 1, A, 1), (97)

from which we obtain ¢, /19 = va(z,y,t, A, ).

(b) By construction, v(x,y,t, A, 1) is a rational function on the Riemann surface T, since the
entries of the BC matrix are polynomial in A and p. From Theorem 7, we have W¥(z,y,t, A\, u) =
Az, y,t,\)v(0,0,0, A\, ). Since A(z,y,t,A) is analytic in any bounded disk in the A-plane,
W(z,y,t, A, p) is a meromorphic function on the surface I' away from the point at infinity. Further-
more the poles of ¥(x,y,t, A\, u) are the poles of v(0,0,0, A, x) and conversely. The analyticity of
pexp(—kz — K2y — k3t — E;-":Llnj t;) at the point at infinity follows from [47]. O

Remark: The equality 1, /v = va(z,y,t, A, u) can be used to determine the z-dependence of 1)
explicitly:

x
Pyt A ) = Cut Am)exp [ va(a,y.t, A p)de, (98)

where C(y,t,\, ) is a scalar, independent of z. For the periodic KAV equation, this result is
well-known [23, p108].

Theorem 8 The divisor on the Riemann surface corresponding to a finite genus KP solution
satisfies(39).

Proof  From Theorem 7, the poles of (z,y,t, A\, ) are the poles of v2(0,0,0, A, ).

Since we normalized v(z,y,t, A\, ) by vi(z,y,t, A\, p) =1, ©(0,0,0, A, 1) is uniquely determined
by (32) evaluated at (z,y,t) = (0,0,0). Since v(0,0,0, ), ») is an eigenvector of BC()) evaluated
at (0,0,0), the r equations of (32) are linearly dependent. At least one of these equations can be
disregarded. Assume we can disregard the first equation. Equation (32) evaluated at (z,y,t) =
(0,0,0) gives

BC(\ p)u 1
Vg

b (A, ) BCUY (), ) =0 ®9)
Uy

Here BC")(\, 1) is the minor matrix of element (1,1) of BC(\, 1), BC(A, )11, and be(M (A, p)
is the first column of BC(), i1), without the first element. We get

BCYW(\ w)o = —beM (A, p), (100)

with © the vector v without the first element. The poles of v are at the poles of ©. These occur when
© is undefined, i.e., when det(BC™) (X, 1)) = 0. This is the first equation of (39). Disregarding
any other row from BC/(\, u) results in the vanishing of another cofactor of the first column. If all
cofactors of the first column vanish, the matrix BC(A, ) is automatically singular, so it satisfies
(34), i.e, the points in the divisor lie on the Riemann surface T'.
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