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In this paper we shov numerically that for nonlinear Schreodinger type systems the presence
of nonlocal perturbations can lead to a beyond-all-orders instabilit y of stable solutions of the lo-
cal equation. For the specic caseof the nonlocal one-dimensional Gross-Pitaevskii equation with
an external standing light wave potential, we construct exact stationary solutions for an arbitrary
interaction kernel. As the nonlocal and local equations approach ead other (by letting an appropri-

ate small parameter !

0), we compare the dynamics of the respective solutions. By considering

the time of onset of instabilit y, the singular nature of the inclusion of nonlocality is demonstrated,

independert of the form of the interaction kernel.

In almost all applications where the nonlinear
Sdiredinger (NLS) equation is relevant, it arises as a
simpli ed model of a nonlocal description. This is true
in water waves, plasma physics, nonlinear optics, and
Bose-Einstein condensates(BECs). For water waves[1]
and plasmas|2], the nonlocality occurs due to a Fourier
transformation of nonlinear equations. In nonlinear op-
tics [3], the nonlocality is dueto the spatial dependenceof
the susceptibility tensor. Locality in ead of these cases
is obtained as a quasi-monachromatic approximation of
the nonlocal model. In plasmaphysicsthe nonlocal e ect
is known asLandau damping. The useof mean- eld the-
ory results in nonlocality for BECs [4{6], which reduces
to the Gross-Pitaevskii (GP) equation (the NLS equation
with external potential) when assuminga hard pairwise
interaction potential. As sud, the consideration of non-
local perturbations of solutions of the NLS equation is
important. Sud perturbations result in the NLS equa-
tion with the cubic nonlinearity replaced by a nonlocal,
nonlinear term. The nonlocal, nonlinear term is a con-
volution of the modulus squaredof the solution with an
interaction kernel, prescribed by the physical problem.
In this paper our objective is to numerically examinethe
stability of solutions of this nonlocal NLS equation, and
discusshow it di ers from the local description.

To consider a specic nonlocal model, we examine
mean- eld theory of many-particle quantum mecdanics
with the particular application of BECs trapped in a
standing light wave. The classicalderivation given here
is included to illustrate how the local and nonlocal mod-
elsarerelated. The inherent complexity of the dynamics
of N pairwise interacting particles in quantum mecanics
often leadsto the consideration of such simplied mean-
eld descriptions. Thesedescriptionsare a blend of sym-
metry restrictions on the particle wave function [4] and
functional form assumptionson the interaction potential
[4{6]. Here we do not impose any assumptionson the

pairwise interaction potential.

The dynamicsof N identical pairwise interacting quan-
tum particles is governedby the time-dependert, N -body
Sdcredinger equation
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is the waye function of the N -particle system, N =
FN 2= N L+ @ + @ isthe kinetic energy
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or Laplacian operator for N -particles, W(x; x;j) is the
symmetric interaction potential betweenthe i-th and j -
th particle, and V(x;) is an external potential acting on
the i-th particle. Also, h is Planck's constart divided by
2 and m is the massof the particles under consideration.

One way to arrive at a mean- eld description is by

using the Lagrangian reduction technique [7], which ex-
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ploits the Hamiltonian structure of Eq. (1). The La-
grangian of Eq. (1) is given by [4]
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The Hartree-Fock approximation (as used in [4]) for
bosonicparticles usesthe separatedwave function ansatz
= 1(X1;t) 2(X25t) N (XN t) 3)

where eadh one-particle wave function (x;) is assumed
to be normalized sothat h (x;)j (xi)i? = 1. Sinceiden-
tical particles are being considered,

1= 2= 111 NT= (4)
enforcing total symmetry of the wavefunction. Note that

for the caseof BECs, assumption (3) is only approximate
if the temperature is not identically zero.



Integrating Eq. (2) using (3) and (4) and taking the
variational derivative with respectto (x;) resultsin the
Euler-Lagrange equation [7]
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Here, x = X;, and is the one-particle Laplacian in

three dimensions. The Euler-Lagrange equation (5) is
identical for all (x;;t). Equation (5) describesthe non-
linear, nonlocal, mean- eld dynamics of the wave func-
tion (x;t) under the standard assumptions(3) and (4)
of Hartree-Fock theory [4]. The coe cient of (x;t) in
the last term in Eq. (5) represerts the e ectiv e poten-
tial acting on (x;t) due to the presenceof the other
particles.

At this point, it is commonto make an assumptionon
the functional form of the interaction potential W(x v).
This is done to render Eq. (5) analytically and numeri-
cally tractable. Although the qualitativ e features of this
functional form may be available, for instance from ex-
periment, its quartitativ e details are rarely known. One
cornveniert assumption in the caseof short-range poten-
tial interactionsisW(x y)= (x y) where isthe
Dirac delta function. This leadsto the Gross-Pitaevskii

[5,6] mean- eld description:
ih@ = h—z + j % +VKX) ; (6)
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where = (N 1) reects whether the interaction is

repulsive (> 0) or attractive ( < 0). This assump-
tion on the interaction potential W(x y) isdicult to
physically justify. Nevertheless, Lieb and Seiringer [8]
show that Eq. (6) is the correct asymptotic description
in the dilute-gas limit. In this limit, Egs. (5) and (6)
are asymptotically equivalent. Thusthe nonlocal Eq. (6)
can be interpreted asa perturbation to the local Eq. (5).
Note that the results of [8] do not have implications for
the asymptotic equivalenceof the stability of solutions.
Since their rst successful demonstrations in
1995[9,10], continuous progressis being made in trap-
ping, cortrolling, and manipulating Bose-Einstein con-
densatesin a variety of experimental con gurations [11].
Although many experiments rely solely on harmonic
con nement to trap the condensate, we consider the
situation of an external standing-light wave potential
within a con ning potential [12{14]. This standing-light
wave pattern is generated by the interference of two
guasi-monachromatic lasersin a quasi-one-dimensional
con guration. The quasi-one-dimensionalregime holds
when the transverse dimensions of the condensateare
on the order of its healing length and its longitudinal
dimension is much longer than the transverseones. The
rescaledgoverning mean- eld ewolution (5) in the quasi-
one-dimensionalregime is given by
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Here = 1 is the sign of the interaction potential
W(x vy) at closerange. Thus, determineswhether

the close-rangeinteraction is repulsive ( = 1), or at-
tractive ( = 1). Hence, = sign(a), wherea is the
s-wave scattering length of the atomic species. Depend-
ing on the species, a is either positive or negative, so
that both signsof = sign(a) are relevant for BEC ap-
plications. With thesede ntions, R(x ) is the rescaled
interaction potential, which is positive at closerange and
is normalized to unity | R(z)dz= 1. This normaliza-
tion condition is equivalent to a rescaling of variables.

The external potential which modelsthe standing light
wave is given by [11,14]

V(X) = Vo sin?(kx) @8)

where k is the wavelength of the periodic potential.

The nonlocal, nonlinear equation (7) with the periodic
potential (8) admits a one-parameterfamily of exact so-
lutions. These solutions are found using an amplitude-
phasedecomposition

(x;t) = r(x)expli (x) it]: 9)
Then
r(x)2 = Asin(kx) + B (10)
where B is a free parameter and
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1
(k) = R(z) cog2kz) dz = R(2k); (11d)

where R(2k) is the Fourier transform of R(z) evaluated
at 2k. Equations (11) can be veri ed by direct substitu-
tion, usingthe addition formula for cog2(y x)+ 2x) and
the fact that R(x y) is even. This is the only essetial
mathematical assumptionmadeon the interaction poten-
tial R(x y) in obtaining this family of exact solutions,
including the normalization condition. The solutions to
GP theory (6) found in [14] are easilyrecoveredby letting
R(z) = (2), ke, = 1.

From Eqg. (11d) and = Vo= A (k), it followsthat mea-
suring the amplitude A(k) of the oscillations for varying
external potential wavelengthsk leadsto the construc-
tion of the Fourier transform of the interaction potential
R(2k). Thus by inversion
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In principle, this givesa method to determine the pair-
wise particle interaction potential experimentally.

Now, we investigate numerically the stability of solu-
tions of both the local (6) and nonlocal (7) equations
without applying any additional perturbations. The
computational procedure used is a 4th order Runge-
Kutta method in time and Iltered pseudo-sgctral
method in space.Our objectiveis to explorethe question
of asymptotic equivalene of stability (AES): asthe non-
local equation (7) approachesthe local equation (6) does
the dynamics of the solution (9) of the nonlocal equation
cornvergeto the dynamics of the solution (9, with = 1)
of the local equation?

For a su cien tly high o set value B, the local solu-
tion is stable [13,14]asillustrated in Fig. 1. In this case,
the time of onset of instability t = 1 , even under the
in uence of large perturbations [13,14].

To investigate the nonlocal behavior, a choice must be
made for the interaction potential R(z). A reasonable
rst choiceis a Gaussianpro le

R(z) = 921:6 2*=2? (13)

whereas ! 0,R(z)! (z) and the solution (9) ap-
proachesthe local limit. Thus examining AES amounts
to examiningt asa function of . The unstable dynam-
ics and its spectral evolution are illustrated in Fig. 2 for

= 0:01. For 2 [0:0025 0:16], numerically t 10:1,
independert of (seeFig. 4). This result corntradicts the
expectationthatt ! 1 as ! 0andsuggestshe pres-
ence of a beyond-all-orders phenomenon. The Fourier
spectrum in Fig. 2 provides the primary diagnostic for
studying the instability and its corvergence. Not only
doesit provide the value of t , it alsoillustrates that the
spectral bandwidth, which is the support of the unstable
modes, is independert of for 2 [0:0025 0:16]. Hence,
AES is not obtained, even in a corvergence-in-measure
sense.Theseresults raise the following questions: is lack
of AES due to the choiceof R(z)? Is AES a consequence
of nonlocality or can it occur for local generalizationsof
NLS?

The choice of R(z) is addressedby choosing di er-
ent forms of the interaction potential, which are even
and decaing at in nit y. Three additional R(z) choices
were considered: R(z) = =( (z2+ 2)) with t = 10:2,
R(z) = 1=2 Yforx 2 [ ; ]JandR(z) = 0otherwisewith
t =101, and R(z) = 1=(2 )exp(j zj=) with t = 10:4.
Thus the lack of AES appearsto be a universal feature
that is independert of the interaction potential.

FIG. 1. Stable evolution of the stationary solution (9)
with = 1 (repulsive), = 1(local), k=1,Vo= 1, and
B = 1.
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FIG. 2. Unstable evolution of the stationary solution 9
with = 1 (repulsive), k = 1, Vo = 1,B = 1, and

= 0:01in Eqg. (13). The bottom gure is a density plot of
the evolution of the Fourier modes.

A local generalization of the NLS equation (7) is
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where = z?R(z)dz. This equation is derived by a
change of variablesy = x  z followed by a Taylor ex-
pansion of j j2 about z = 0 in (7). Finally assuming
R(z) = (z) results in (14). Such an equation has been
consideredin the multidimensional, attractive ( = 1)
caseasa successfumeansto arrest collapseand blow-up
of solutions [15,16]. The e ect of this additional term on
the stability of solutions was never addressed. A fam-
ily of exact solutions for this caseis given by (9) with

= 1 4k? The dynamics is found to be unstable
asillustrated in Fig. 3 for = 0:02. More importantly,
lim, ot = 1 asshown in Fig. 4. In cortrast to the
nonlocal Eq. (7), the presenceof the local perturbation
in Eq. (14) doesnot destroy AES. This suggestghat non-
locality is responsible for the beyond-all-orders failure of
AES.

Nonlocality for NLS-type equationsis a genericfeature
arising in physical systems. Although nonlocality has
previously beenusedto prevert the non-physical features
of collapseand blow-up, its e ect on the stability of so-
lutions appear detrimental. We have demonstrated this
beyond-all-orders singularity arising from nonlocal per-
turbations. The speci ¢ model consideredis the Gross-
Pitaevskii equation with a standing-light wave potential
for which an exact family of stationary solutions is con-
structed. Asymptotic equivalene of stability (AES) for
the nonlocal equation (7) is not achieved sincethe nonlo-
cal equation dynamics doesnot approach the local equa-
tion dynamicsas ! 0. This is a truly nonlocal and
universal phenomenonas illustrated by the study of a
local correction model and the consideration of di erent
interaction kernels. The instability discussedis similar
to a parametric instability. It diers from it in that it
is driven by the change of a function, not one parame-
ter. Further, the equationsthat are being comparedare
asymptotically equivalert, as are their solutions. There
is a caveatto our conclusions:in a physical setting, many
additional e ects are presert which are excluded by the
NLS-type model. The succesf such models can be ac-
counted for by the presenceof these e ects which may
counteract the instabilit y mecanism found here.
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FIG. 3. Unstable evolution of the stationary solution 9
with = 1 (repulsive), k = 1, Vo, = 1, B = 1, and
= 0:02 in Eq. (14).
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FIG. 4. Time of onset of instabilit y t asa function of .
Note that log,, givesthe position of the most signi cant
digit in



