Advanced Calculus 2003 gf""j 26073

I. Infinite Series

(1) [10pt] Find the sum of the infinite series, with justification

1+2r+r+2r3 +r* + 209+ r% 4 .

(2) [10pt] Suppose that xy, 2,3, ..., are positive numbers satisfying
the following conditions:

o 2ze3>232...;

ii) the series > ;- | o« diverges, where m > 1 is.a given integer, z,,¢ [reads
z with subscript m? is the mth term of the original sequence. '

Show that the series

diverges.

I1. Multivariate and Vector Calculus

(3) [10pt] The multivariate function F(z,y, z,t) satisfies the following con-

dition aF
E+b+?F+Fv-h—?2F=G,

where V = (%, 5 %) and b = (z,y, z). Let
G(t) £ F(z,y, z,t)drdydz
3

be a differentiable function of ¢ € [0,00). What is the function G(t)?

(4) [10pt] Suppose r(t) = (e* cosat)i+ (e*sinat)j. Show that the angle
between r and its acceleration T never changes. What is the value of this
angle?

(5) [10pt] Determine whether or not the given field is conservative.

F=(y/z)i+ (1+In|zy|)j+ 2k
If it is, find the potential function f which satisfies f(1,1,0) = 1.

(6) [10pt] Evaluate the integral
f (42 4 e*)dz + (2 —tan"y) dy + (y + 2°) dz
c

where C is defined as r(t) = (cost,sint, 1), 0 <t < 2r.



