Advanced Calculus 2003

I. Infinite Series

(1) [15pt] Find the sum of the infinite series (r > 0) with justification
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(2) [20pt] Fibonacci series
1,1,2,3,5,8,13,21, 34,55, ...
satisfies the recurrence relation
F,=F,1+F,_, (n>2).
Find the explicit, general expression for F,.

II. Multivariate and Vector Calculus

(3) [10pt] Let z = z(y,2), y = y(x,2), and z = z(z,y) be the explicit
functions defined by equation F'(z,vy,z) = 0. Compute the product
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(4) [10pt] Let 7 = —asin 67 + acos 0 + bk. Find
1 [ d
2 /O (q dg) .
(5) [10pt] Show that for any simple closed loop I':
}g 2uzdx + 2y2idy + (2% + 2y%2 — 1)dz = 0.
(6) [15pt] Compute the line integral
?gnydy — 2’ydz

where I is the circle 22 + y? = R2.
(7) [20pt] Let the volume of the n-dimensional sphere with radius one

4ol +22<1

be V,,. Show that V,, = 27V,,_o/n. What is the volume for a n-dimensional
sphere with radius R?



