Advanced Calculus Preliminary Exam
Wednesday, January 9, 2008

Closed book, closed notes, 2 hours. Show your work.
1. (+15)

(a) (+10) Show that
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Hint: View the sum as a Riemann sum approximation to some integral.

(b) (+5) Is the following equality true? Justify your answer.
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2. (+10) If 23 — 2z — y = 0, show
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3. (+20)

(a) (+5) State Green’s Theorem in the plane.
(b) (+5) Use this to show that the area bounded by a simple closed curve C' is given by

1
Area = — f (zdy — ydx).
2 Jc
(¢) (4+10) The figure-8 curve shown below has the parametric form

x(t) = cos(t), y(t) =sin(2t).

Determine the area enclosed by this curve.
Hint: Integration by parts shows that
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Another integration by parts allows you to determine the value of this integral.
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4. (+20) Let

for0O<z<1and a>0.

(a) (+5) How would you define F'(0, ) and F'(1, «) so that F(z, ) is continuous in both x and « for
0 <z <1 and all finite o > 07

(b) (+10) Let

Apply Leibnitz’s rule to compute ¢'(«).
(¢) (45) Integrate ¢'(«) to show that ¢(1) = 1n 2.

5. (+20) Consider the double integral
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(a) (+5) Draw the region D in the zy plane indicated by the limits of integration.

(b) (+5) Consider the change of variables z +y = w and y = wv. Draw the region D’ in the u-v plane
that is the image of D under the transformation. Comment on what you observe.

(¢) (4+10) Evaluate the double integral by changing variables using the transformation above.

6. (+15) Let f(z) be a smooth, radially symmetric, scalar valued function of z € R?, so f(z) = F(r) for
some smooth function F, where 7 = |||l = /2% + 23 + 22.

(a) (+8) Show that

(b) (+7) By taking the divergence of the gradient determined in part (a), determine V2 f, the Lapla-
cian of f.



