
Ordinary Differential Equations 2006

(1) [10pt] Consider the linear homogeneous ordinary differential equation:
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Suppose we know one nonzero solution ���
	�� . Using the method of reduction of order to
derive the second-order ODE for the other two solutions.

(2) [25pt] Find the general solution of the ODEs:
(a) � � ��� �!�#"%$&�'��(*)+�-,�. ,
(b) � � � ��/0� � ��/0�1�2( ,�3 by using Laplace transform.

(3) [15pt] Solve the boundary value problem
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in which 56�=<>�6��� .
(4) [25pt] Consider the nonlinear, planar ODE system

?$ � @A$B��CD�
?� � �FE�$G�H@A�B�I��J

in which @LKM� .
(a) Find the equilibrium points of the system, and obtain the linearly approximated

equation near the equilibrium points.
(b) Determine the linear stability of the equilibrium points according to E�C��G@+N KO� and

P � .
(c) Classify the equilibrium points of the nonlinear system according to E�C!�O@ N KQ�

and P � .
(5) [25pt] Consider the nonlinear, planar ODE system

?$ � @A$B� @DN
E �

?� � �FE�$G�H@A�B�I� J

where ER8-@SKT� . [Note: This problem is in fact the case of E�CU�O@ N �V� for problem (4).
However, the two problems can be solved independent of each other.]

(a) Linearize the equation near the equilibrium point �:��8���� . Find out the two eigenvalues
for the linear system.

(b) Introducing the new variables

W4�X�R8 YZ�2E�$[�\@A�R�

Obtain the ODEs for �
WZ8�Y�� .
(c) For the resulting equation in (b), assuming near the origin we can approximate Y�]^W J

by Y , obtain an approximated system of equations.
(d) Use the approximated equations in (c) to determine the phase portrait in W_Y -plane

near the equilibrium. Provide a sketch for the phase portrait. What is the stability of the
equilibrium?


