Ordinary Differential Equations 2005

(1) [25pt] Consider the linear ODE with constant coefficients
ay" + by +cy=0 1)

in which a # 0.

(a) If 2 — 4ac = 0, then the corresponding characteristic polynomial has two equal roots,
say A. Use the method of reduction of order to obtain a second solution that is linearly
independent of e,

(b) Alternatively, you should be able to obtain the two linearly independent solutions in (a)
via a limiting process by assuming b2 — 4ac # 0 and obtaining two distinct solutions e*t?
and e*2¢, and then carrying out (A; —A2) — 0. You are asked to carry out this approach and
show that it yields the same results. [Hint: consider a specific solution to (1) with y(0) = yo
and ¢’ (0) = y;. The two methods should yield the same solution since the solution depends
continuously on the parameters of the differential equation.]

(2) [25pt] Consider the pair of linear first order ODEs:

!

' = az+ By
{y = ~yx+dy )

(a) Show that the two linearly independent solutions (;;) (t) and (zj) (t) are orthogonal in
the phase plane if and only if 8 = +.
(b) Apply this result to the second order equation

y' +by +ey=0 3)
and show that the above result indicates that the product of the two roots of the characteristic
equation of (3) is —1.

(3) [25pt] Find the general solution of the ODEs:
(@) z%y" — 3zy' + 4y = Inx

2
(b) 32732’ + (Z—g) = 2e~ Y [Hint: set Z—g = p and then solve p(y) from the pair of first-order

nonlinear ODESs.]

(4) [25pt] Consider the following ODE from classic mechanics (Newton’s law):

Az dr
2 = F(g) — p—= 4
me— =F(a) —ng, (m#0) 0
where F(x) = — is the force of a potential function U(x), and —n<Z is due to fric-
h 40(z) js the force of ial functi d —n92 is due to fri

tional force. The total energy of the system at time ¢, E(t), is the sum of the kinetic energy
Im (%)% and U

sm (42)" and U(z).

(a) What is %ﬁt)? Simplify as much as possible and explain your finding.

(b) If n = 0, show that
z ™m
t—a= | Vae—o@n™

where a, b, and ¢ are constants. What is the meaning of each of these constants?
What happens for an z* where U (z*) = ¢?



