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1 Abstract

A random walk model of spontaneousactivit y in neuronsis analyzedusing the theory of

discrete time, discrete spaceMarkov chains. The model has beenshown to replicate some

observed behavior in neurons in the cochlear nucleus of cats. Here, we compute limiting

probabilities and the distribution of �rst passagetimes to model �ring rate and interspike

interval histograms, respectively. These theoretical results are then comparedto the out-

comesof numerical simulations of the random walk process.

2 In tro duction

The behavior of a nerve cell can be analyzed in terms of the voltage di�erence between

the intra- and extracellular media. This quantit y is referred to as the transmembrane (or

membrane) potential and typically 
uctuates around someresting potential of � � 70mV.

Stimulation that further decreasesthe membranepotential is calledinhibitory and the mem-

brane is said to be hyperpolarized. Alternativ ely, stimulation that increasesthe membrane

potential is called excitatory and the membrane is said to be depolarized.
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An essential featureof the dynamicsof membranepotential in neuronsis the generationof

action potentials, alsoknown asspikes. If a nerve cell is su�cien tly depolarizedto a so-called

thresholdvalue,the ionic content of the cell undergoesrapid changesthat leadsto suddenand

further depolarization of the cell until it reachesa maximum valueof � 100mVand returns to

its resting potential. When this processhappenswe say an action potential or spike hasbeen

generatedor that the neuronhas�red. Neuronal�ring is the mechanismby which signalsare

passedthrough the nervoussystem,allowing the brain to processincoming stimuli, regulate

bodily functions,andperform moresophisticatedcognitiveprocessing.Understandingneural

dynamicsis thereforeof considerableinterest to many scientists.

There is a rich history of mathematicalmodelingof the dynamicsof membranepotentials.

Much early work is basedon the Nobel Prize winning work of Hodgkin and Huxley. These

models are typically nonlinear ordinary di�erential equationsand therefore are completely

deterministic descriptionsof the cell membrane, seefor instance[1] for a description of the

Hodgkin-Huxley approach. Thesemodels have proven extremely useful for furthering our

understandingof �ring neuronsbut they neglect the stochastic nature of neurons. Typical

sourcesof stochasticity in membrane potentials include synaptic noise(whereby other neu-

rons excite and/or inhibit a neuron in someseeminglyrandom fashion)and membranenoise

(due to Brownian motion of ions, random conformationalchangesof ion channels,and other

factors). Seefor instance [5] for a review of analyzing the stochastic activit y of neurons.

As a result, a neuron, even in the absenceof any apparent stimulus, will have some
uctu-

ating membrane potential and may even produce action potentials. This is de�ned as the

spontaneousactivit y of the neuron.

A signi�cant early contribution to the application of stochastic methods to neural dy-

namics was the formulation of a random walk model for spontaneousactivit y in a neuron

by Gerstein and Mandelbrot [2]. The approach in this paper was to assumesomeincoming

random sequenceif inhibitory and excitatory stimuli would causethe membranepotential to


uctute about its resting potential. The tra jectory of the membranepotential over time was

2



assumedto follow a random walk. Depending on the ratio of excitatory to inhibitory stim-

uli, the random walk would be biasedand thereforedrift toward or away from the threshold

potential. An important result from this model is that the bias in the random walk could

be tuned so that the model can �t interspike interval data of spontaneousactivit y of sev-

eral neuronsin the cochlear nucleusof anesthetizedcats. While many more sophisticated

stochastic models of neural activit y have since been developed, the relative simplicity of

this random walk model enablessomeanlaysis using the tools developed in this coursefor

discretetime, discretespaceMarkov chains.

3 Mark ov Chain Mo del

Following the approach of Gersteinand Mandelbrot [2], transmembrane potential and �ring

dynamicsof a neuronare modeledasa discretetime, discreteand �nite spaceMarkov chain

model. This approach assumesthat the dynamicsof a nerve cell's membrane potential can

be modeledas a random walk, asdescribed below:

� Let the transmembrane potential be described by a discreteand �nite set of numbers

v1; v2; :::; vk . Thesede�ne the statesof the Markov chain.

� For statesi = 2; 3; :::; k � 1 the probability of transitioning in onetime step from vi to

vi +1 is p and the probability of transitioning from vi to vi � 1 is q = 1 � p.

� State v1 is a re
ecting boundary representing somelimit to the amount the nerve cell

can hyperpolarize. Thus v1 transitions to v2 with probability 1.

� State vk represents the threshold potential for the neuron. When vk is reached, an

action potential is said to have been generatedand the random walk returns to a

resting potential, denotedvr (1 < r < k), with probability 1.

The above assumptionsde�ne a k � k probability transition matrix P that fully charac-

terizesthe Markov chain.
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(3.1)

P has the familiar structure of a transition probability matrix for a random walk except

for the last row wherethe 1 is meant to be in the r th column to e�ect the return to vr after

the voltage reachesthreshold at vk .

The undeterminedparametersin the model are k (the number of states), r (the resting

potential), and the transition rate p. The parameterp determinesthe bias, or drift, in the

random walk. The biological signi�cance of p is that higher values correspond to greater

excitatory input and thereforehigher levels of spontaneousactivit y. The number of voltage

states and the position of the resting potential will a�ect the model outcomes. For the

simulations in this paper k and r are set to 160and 128, respectively, to be consistent with

parametervaluesusedin [2].

The above model is an extremelysimpli�ed description of neural dynamics. The Markov

assumption(that the next value of membrane potential dependsonly on the current value)

is likely inappropriate becausethe membrane potential dependson chemical and electrical

gradients acrossthe membrane, the state of thousandsof ion channelsdistributed along the

cell membrane, the history of stimuli provided to the cell, and many other factors. Despite

thesesimpli�cations, the model hasbeensuccessfully�tted to interspike interval data from

the nerve cells in the cat cochlear nucleus[2]. Furthermore, its relative simplicity enables

someanalysisusing the tools developed in this course.

Two important characterizationsof neural �ring that we can analyzewith this model are

�ring rate and interspike intervals. The model was originally formulated basedon neurons

in the auditory systemand it is well known that di�erent neuronsin the auditory pathway
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�re spontaneously with a range of rates. This range of spontaneous behavior is thought

to help the auditory system encode sound intensity. Interspike intervals can potentially

encode sound frequencyin caseswhere the �ring pattern of a neuron is synchronous with

the frequencyof the stimulus. See,for instance[6] for a discussionof the neural responses

in the auditory system.

4 Analysis

4.1 Firing Rate

The �ring rate is de�ned as the number of action potentials generatedby a neuron in a

given period of time. In terms of the random walk model formulated in Section 3, �ring

rate can be de�ned as the proportion of time spent in the threshold state vk . It is clear

from the construction of the random walk model that all statescommunicate and therefore

the Markov chain is irreducible. Furthermore, sincethere are only a �nite number of states

(k < 1 ), it follows that all statesarerecurrent (see[4], page197). Finally, sinceall recurrent

states in a �nite state Markov chain are positive recurrent ([4], page204), the proportion

of time spent in state i is precisely the limiting probability � i which can be computed by

�nding the unique solution to ([4], page205):

� j =
kX

i =1

� i Pij ; for 1 � j � k; (4.1)

kX

j =1

� j = 1: (4.2)

It follows from the biologicalde�nitition of the �ring rate and the mathematicalpropertiesof

� k that the �ring rate of the modeledneuronis � k . We now developa method for computing

the limiting probabilities by exploiting the tridiagonal structure of the transition probability
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matrix P.

For 1 � j � r , Equation 4.1 yields the following equations:

q� 2 = � 1 for j = 1 (4.3)

� 1 + q� 3 = � 2 for j = 2 (4.4)

p� j � 2 + q� j = � j � 1 for 3 � j � r (4.5)

These equations can be solved successively as � j = aj � 1 for j = 2; 3; :::; r . A recursion

relation can be establishedand we �nd that

� 2 =
1
q

� 1 (4.6)

� 3 =
1
q

(� 2 � � 1) =
p
q2

� 1 (4.7)

� j = � j � 1 +
p
q

(� j � 1 � � j � 2) for 4 � j � r: (4.8)

The tridiagonal structure of P is broken in the r th column by the presenceof the 1 in

the �nal row which represents the return to resting potential after generationof an action

potential. The forward solution of � j as a multiple of � 1 is not possiblefor j > r , but we

can work backward from j = k to �nd bj where� j = bj � k . This procedureyields:

� k� 1 =
1
p

� k (4.9)

� k� 2 =
1
p

� k� 1 =
1
p2

� k (4.10)

� j = � j +1 +
q
p

(� j +1 � � j +2 ) for r � j � k � 3: (4.11)
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Now usethe r th equation to rewrite � k as a multiple of � 1:

p� r � 1 + q� r +1 + � k = � r (4.12)

) � k =
�

ar � par � 1

1 + qbr +1

�
� 1: (4.13)

All limiting probabilities � j have now beendetermined as scalarmultiples of � 1. The �nal

step is to compute � 1 by normalizing the sum of all � j to be 1.

This method has been implemented in MATLAB (m-�le is included in Appendix 7.1).

Figure 1 shows � k asa function of the transition probability p. For p < 1
2, the random walk

is biasedaway from the threshold state and the �ring rate, as represented by � k , appearsto

be nearly zero. � k appearsto be approximately linear as a function of p for p > 1
2, but this

hasnot beenveri�ed analytically.
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Figure 1: Limiting Probability � k as function of random walk transition probability p. p =
0:5 is an unbiasedrandom walk. 0:5 < p < 1 is biasedtoward the threshold state vk .
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4.2 In terspik e Ineterv al

An important validation of this random walk model is that, by adjusting the transition prob-

abilit y p, the distribution of simulated interspike intervals can be �t to observed interspike

interval from neuronsin the cochlear nucleusof anesthetizedcats [2]. That �tting proce-

dure, however, relieson a di�usion approximation to the random walk processto computea

probability density function for the �rst passagetime from resting potential to the threshold

potential state. Rather than relying on this approximation, we show below how it is possible

to compute the probability massfunction of the transition from vr to vk directly from the

transition probability matrix P.

De�ne the random variable T to be the number of time stepsit takesthe random walk

processto �rst arrive at vk , when starting from vr . T is the �rst passagetime of vr to vk

and represents the time between spikes of a �ring neuron. This time is referred to as the

interspike time or interspike interval (ISI). The probability massfunction of T is

f T (n) = P f First passagetime from vr to vk is n stepsg: (4.14)

This probability is equivalent to the sum of the probabilities of a random walk moving from

vr to vj (1 � j < k) without going through vk in n � 1 steps,followed by a transition from vj

to vk on the nth step. To determinetheseprobabilities, it is useful to rede�ne the threshold

state as an absorbingstate. Then we have a new transition probability matrix:

P =

2

6
6
6
6
6
6
6
6
6
6
4

0 1 0 � � � � � � � � �

q 0 p
. . . . . . . . .

q 0 p

� � � � � � � � � 0 1

3

7
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5

(4.15)

Sincevk is absorbingin this Markov chain, the (r; j ) element of P
n� 1

is equal to the prob-
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abilit y of transitioning from state vr to vj in n � 1 time stepsand not entering vk at any

time prior to n � 1. By the Markov property, the probability of transitioning to vk on the

nth step is independent of the path taken in the previousn � 1 stepsand is given by the one

step transition probabilities from the original matrix P. Sowe have

f T (n) =
k� 1X

j =1

P
n� 1
r ;j Pj;k (4.16)

) f T (n) = P
n� 1
r ;k � 1p: (4.17)

The last equality is obtainedby inspecting the form of P in Equation 3.1 and observingthat

the only nonzerotransition probability from vj to vk is if j = k � 1. The probability in this

caseis Pk� 1;k = p. This method for computing f T (n) has been implemented in MATLAB

(m-�le is included in Appendix 7.2)

Figure 2: ISI probability mass functions for p = 0:6 (left panel), p = 0:7 (center), and
p = 0:8. Solid red line shows a �t using the functional form K n� 3

2 exp(� a
n � bn) obtained

from the di�usion approximation usedin [2].

Figure 2 shows f T (n) for three di�erent valuesof p. In addition, the solid lines show best

�ts of the functional form K n� 3
2 exp(� a

n � bn) which is the probability density function for

�rst passagetime in the di�usion approximation to a biasedrandom walk used in [2]. A

natural consequenceof the construction of the randomwalk is that there is a zeroprobability

of reaching threshold from vr on every other time step. Thesezerovaluesare omitted from

the plotted �gures and the �tting procedure.The di�usion approximation seemsto be valid

for theseparameterchoices.Note that asp increasesthe random walk becomesmorebiased.
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As a consequence,f T (n) shifts leftward and narrows. For the limiting value of p = 1, the

motion through state spaceis deterministic. The associated f T (n) would be a delta function

centered at k � r indicating guranteed spiking every k � r time steps.

By determining how f T (n) varies with p we seethe limits on when the model can po-

tentially be usedto describe observed ISI data. The original goal of the model as proposed

by Gersteinand Mandelbrot was to describe spontaneousactivit y in neuronsin the cochlear

nucleus of cats. The observed ISI histograms for these neuronshave been roughly classi-

�ed and include a variety of shapesincluding both unimodal, asymmetricdistributions with

exponential decay; unimodal (symmetric and asymmetric) with non-exponential decay; and

bimodal [3]. It is clear from Figure 2 that, at best, the model potentially can be used to

interpret data from neuronswith spontaneous�ring patterns characterizedby ISI histograms

which are unimodal, asymmetric,and exhibit exponential decay but that it cannot describe

many of the other observed �ring patterns in the data set.

5 Numerical Results

The random walk model for the membranepotential of a neuronintroducedin Section3 has

beenimplemented in MATLAB (m-�le is included in Appendix 7.3). Using this program we

can simulate the activit y of a neuron to di�ering ratios of excitatory and inhibitory stimuli

by varying p to control the bias of the random walk.

A samplepath of the stochastic processis pictured in Figure 3. The tra jectory is shown

for the �rst 1000time stepswith p = 0:6. During this time the random walk reaches the

threshold potential at v160 six times. The simulated �ring rate in this caseis For this choice

of parametervalues,the algorithm outlined in Secton4.1 predicts that � k � 0:0621.

Figure 4 shows the convergenceof the simulated �ring rate (computed as number of

visits to vk divided by the number of time stepsthat have elapsed)to the exact �ring rate

represented by the limiting probability � k . It is evident that the simulated �ring rate hasnot
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Figure 3: A realization of the random walk model for membrane potential. This tra jectory
features6 spikes in the �rst 1000time steps. Resting potential state is r = 128, threshold
state is k = 160,and p = 0:6.

reached � k after 1000time steps,but that eventuallly the simulated �ring rate will converge

to � k . The rate of convergenceof simulated �ring rate to � k increaseswith p.

The proportion of time spent in the threshold state is of most interest becauseof its

biological interpretation as the �ring rate. But the limiting probability solution obtained in

Section4.1 is valid for all voltage states. Figure 5 comparesthe proportion of time spent in

each state up to the time at which the 100th spike to the limiting probability solution.

Lastly, we compare the probability massfunction f T (n) for the interspike time to in-

terspike times computed from a realization of the random walk. The results for p = 0:7

after 1000spikesare pictured in Figure 6. Not pictured is the fact that every odd interspike

time has probability zero of occurring becauseof the choiceof r and k in the random walk

de�nition. It is clear from the �gure that the realized histogram matches the computed

probability massfunction and displays the skewed pro�le with exponential tail observed in

many neuronsin the cochlear nucleusof cats [3].
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Figure 4: Simulated �ring rate from the random walk model (blue) convergesto its limiting
probability (green).
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Figure 5: Proportion of time in each voltage state for random walk model after 100 spikes
(n = 16636)(blue) comparedto limiting probability � (green).
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Figure 6: ISI Histogram for a realization of the random walk model (p=0.7, 1000spikes)
comparedto f T (n) scaledby number of spikes (red line). For easeof visualization, only
nonzerovaluesof f T (n) are included in the plot.

6 Conclusion

In this paper we have revisited a random walk model of spontaneousneural activit y. Al-

though the model grossly simpli�es the biological reality of actual neurons, it has been

successfully�tted to ISI histogramsobtained from neuronsin the cochlear nucleusof cats.

The model de�nes a discrete space,discrete and �nite time Markov chain model and can

thereforebe analyzedwith the theory developed in this course.We have analyzedthe long

term behavior of the model by deriving its limiting probabilities. We have also computed

a probability massfunction representing the ISI histogram that is derived directly from the

transition probability matrix of the Markov chain. Theseresults have beenveri�ed by com-

paring theoretical predictions to outcomesfrom a simulated random walk. Although the

model has limited biological application, it is rewarding to analyseit using the methods we

have studied this quarter.
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7 App endix

MATLAB �les usedfor this project are in the following subsections.

7.1 Limiting Probabilities

% This is limitprob.m
% Computeslimiting probabilities for random walk model of neuron
%
% Joshua Goldwyn
% EE 508 Final Project

rest = 128; % index of resting potential
thresh = 160; % index of threshold

% RandomWalk transition probabilities
p = 0.6;
q = 1-p;

% forward solve for coefficients as a function of v_1
a(1) = 1; %v_1
a(2) = 1/q;
a(3) = (1/q)*(a(2)-1);
for i=4:rest;

a(i) = a(i-1) + (p/q)*(a(i-1)-a(i-2));
end;

% backward solve for coefficients as function of v_thresh
b(thresh) = 1;
b(thresh-1) = 1/p;
b(thresh-2) = 1/(p^2);
for i=thresh-3:-1:rest;

b(i) = b(i+1) + (q/p)*(b(i+1)-b(i+2));
end;

% solve for v_thresh coefficient re: v_1
c = (a(rest) - p*a(rest-1)) / (q*b(rest+1)+1);
%rescale coefficients
a = a/c;

% normalize using sum=1
b(thresh) = 1 / sum([a b(length(a)+1:length(b)) ]);

% Recomputeusing normalized vectors
eqp = b(thresh) * [a b(length(a)+1:length(b)-1) 1];
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7.2 In terspik e In terv al Probabilit y Mass Function

% This is interspike.m
% Computespmf for ISI. f_T(n) in the notation of the paper.
%
% Joshua Goldwyn
% EE 508 Final Project

% Transition probabilities
p = 0.6;
q = 1-p;

rest = 128; % Resting potential
thresh = 160; %Threshold Boundary

% Define Probability Transition Matrix
P = p*diag(ones(thresh-1,1), +1) + q*diag(ones(thresh-1,1), -1);
P(1,2) = 1;
P(thresh,:) = 0;
P(thresh,rest)=1;

% Define alternate matrix with absorbing threshold state
PP = P;
PP(thresh,:) = 0;
PP(thresh,thresh) = 1;

% Prepare for for loop
tempP = eye(thresh);
tempPP= eye(thresh);

isi(1) = P(rest,thresh);

% Loop over time steps
for n=2:1E3;

tempP = tempP*P;
tempPP= tempPP*PP;

isi(n) = tempPP(rest,thresh-1)*p; %*(1-tempPP(rest,thresh));

end;
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7.3 Random Walk Simulation

% This is rw.m
% RandomWalk Model for MembranePotential of a Neuron
% Based on Gerstein and Mandelbrot, Biophys J. Vol. 4, 1964.
%
% Joshua Goldwyn
% EE 508 Final Project

p = 0.6; %Probability of advancing one step
q = 1-p; %Probability of moving back one step

rest = 128; % Resting potential
thresh = 160; % Threshold Boundary
N = 1E3; %Numberof spikes to observe

v(1) = rest; % initial condition
t =0; %Time counter
count=1; %spike counter
rand('seed',41); %initialize randomization so can replicate

while count<=N;
t = t+1;
if v(t) == 1; %Reflecting boundary

v(t+1) = 2;
elseif v(t) == thresh %spike

v(t+1) = rest;
s(count) = t; %record spike time
count = count+1; %advancespike counter

else
if rand<p %advanceone step

v(t+1) = v(t)+1;
else %moveback one step

v(t+1) = v(t)-1;
end;

end; % end if
end; % end while loop

% ComputeISI
ispike = s(2:N)-s(1:N-1)-1;

% Computeproportion of time in each state
for i=1:thresh

limprob(i) = length(find(v==i))/(t+1);
end;
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