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1 Abstract

A random walk model of spontaneousactivity in neuronsis analyzedusing the theory of
discretetime, discrete spaceMarkov chains. The model has beenshown to replicate some
obsened behavior in neuronsin the cochlear nucleusof cats. Here, we compute limiting

probabilities and the distribution of rst passageimesto model ring rate and interspike
interval histograms, respectively. These theoretical results are then comparedto the out-

comesof numerical simulations of the random walk process.

2 Intro duction

The behavior of a nerve cell can be analyzedin terms of the voltage di erence between
the intra- and extracellular media. This quartity is referredto asthe transmenbrane (or
menbrane) potential and typically uctuates around someresting potential of 70mV.
Stimulation that further decreaseshe menbrane potertial is calledinhibitory and the mem-
braneis said to be hyperpolarized. Alternativ ely, stimulation that increaseshe menbrane

potential is called excitatory and the menbrane is said to be depolarized.



An essetial feature of the dynamicsof menbrane potential in neuronsis the generationof
action potentials, alsoknown asspikes. If a nerve cellis su cien tly depolarizedto a so-called
thresholdvalue, the ionic cortent of the cellundergcesrapid changeghat leadsto suddenand
further depolarization of the celluntil it reachesa maximum valueof 100mVand returnsto
its resting potential. When this processhappenswe say an action potertial or spike hasbeen
generatedor that the neuronhas red. Neuronal ring is the medanismby which signalsare
passedthrough the nervous system,allowing the brain to processincoming stimuli, regulate
bodily functions, and perform more sophisticatedcognitive processing.Understandingneural
dynamicsis therefore of considerableinterest to many scierists.

Thereis arich history of mathematical modeling of the dynamicsof membrane potertials.
Much early work is basedon the Nobel Prize winning work of Hodgkin and Huxley. These
models are typically nonlinear ordinary di erential equationsand therefore are completely
deterministic descriptionsof the cell menbrane, seefor instance[1] for a description of the
Hodgkin-Huxley approad. These models have proven extremely useful for furthering our
understandingof ring neuronsbut they neglectthe stochastic nature of neurons. Typical
sourcesof stochasticity in membrane potentials include synaptic noise (whereby other neu-
rons excite and/or inhibit a neuronin someseeminglyrandom fashion) and menbrane noise
(due to Brownian motion of ions, random conformational changesof ion channels,and other
factors). Seefor instance [5] for a review of analyzing the stochastic activity of neurons.
As a result, a neuron, even in the absenceof any apparert stimulus, will have some uctu-
ating menbrane potential and may ewven produce action potertials. This is de ned asthe
spontaneousactivity of the neuron.

A signi cant early cortribution to the application of stochastic methods to neural dy-
namics was the formulation of a random walk model for spontaneousactivity in a neuron
by Gersteinand Mandelbrot [2]. The approad in this paper wasto assumesomeincoming
random sequencef inhibitory and excitatory stimuli would causethe menbrane potertial to

uctute about its resting potential. The trajectory of the membrane potertial over time was



assumedto follow a random walk. Depending on the ratio of excitatory to inhibitory stim-
uli, the randomwalk would be biasedand thereforedrift toward or away from the threshold
potential. An important result from this model is that the bias in the random walk could
be tuned so that the model can t interspike interval data of spontaneousactivity of sev-
eral neuronsin the cochlear nucleusof anesthetizedcats. While marny more sophisticated
stochastic models of neural activity have since been deweloped, the relative simplicity of
this random walk model enablessomeanlaysis using the tools deweloped in this coursefor

discretetime, discretespaceMarkov chains.

3 Mark ov Chain Mo del

Following the approad of Gersteinand Mandelbrot [2], transmenbrane potential and ring
dynamicsof a neuronare modeledasa discretetime, discreteand nite spaceMarkov chain
model. This approad assumeghat the dynamicsof a nerve cell's membrane potertial can

be modeledas a random walk, as described below:

Let the transmenbrane potential be descrilked by a discreteand nite set of numbers

V1, Vo, V. Thesede ne the statesof the Markov chain.

For statesi = 2;3;::;;k 1 the probability of transitioning in onetime step from v; to

Vi+1 IS p and the probability of transitioning fromv; tov; ;isg=1 p.

State v, is a re ecting boundary represeting somelimit to the amourt the nerve cell

can hyperpolarize. Thus v; transitions to v, with probability 1.

State v represets the threshold potential for the neuron. When vy is readed, an
action potential is said to have been generatedand the random walk returns to a

resting potertial, denotedv, (1 < r < k), with probability 1.

The above assumptionsde ne ak k probability transition matrix P that fully charac-

terizesthe Markov chain.
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P hasthe familiar structure of a transition probability matrix for a random walk except
for the last row wherethe 1 is meart to bein the r'" columnto e ect the return to v, after
the voltage readhesthreshold at vy.

The undeterminedparametersin the model are k (the number of states), r (the resting
potertial), and the transition rate p. The parameterp determinesthe bias, or drift, in the
random walk. The biological signi cance of p is that higher values correspnd to greater
excitatory input and therefore higher levels of spontaneousactivity. The number of voltage
states and the position of the resting potertial will a ect the model outcomes. For the
simulations in this paper k and r are setto 160and 128, respectively, to be consisten with
parametervaluesusedin [2].

The above model is an extremely simpli ed description of neural dynamics. The Markov
assumption(that the next value of memnbrane potertial dependsonly on the currert value)
is likely inappropriate becausethe menbrane potertial dependson chemical and electrical
gradierts acrossthe menbrane, the state of thousandsof ion channelsdistributed alongthe
cell menbrane, the history of stimuli provided to the cell, and many other factors. Despite
thesesimpli cations, the model has beensuccessfullytted to interspike interval data from
the nerve cellsin the cat cochlear nucleus[2]. Furthermore, its relative simplicity enables
someanalysisusing the tools deweloped in this course.

Two important characterizationsof neural ring that we cananalyzewith this model are
ring rate and interspike intervals. The model was originally formulated basedon neurons

in the auditory systemand it is well known that di erent neuronsin the auditory pathway



re spontaneously with a range of rates. This range of spontaneous behavior is thought
to help the auditory system encale sound intensity. Interspike intervals can potentially
encale sound frequencyin caseswherethe ring pattern of a neuron is syndironous with
the frequencyof the stimulus. See,for instance [6] for a discussionof the neural responses

in the auditory system.

4  Analysis

4.1 Firing Rate

The ring rate is de ned as the number of action potentials generatedby a neuronin a
given period of time. In terms of the random walk model formulated in Section 3, ring

rate can be de ned as the proportion of time spert in the threshold state vi. It is clear
from the construction of the random walk model that all statescomnunicate and therefore
the Markov chain is irreducible. Furthermore, sincethere are only a nite number of states
(k< 1), it followsthat all statesarerecurrert (see[4], pagel97). Finally, sinceall recurrert
statesin a nite state Markov chain are positive recurrert ([4], page 204), the proportion
of time spert in state i is preciselythe limiting probability ; which can be computed by

nding the unique solution to ([4], page205):

i iPij ; for 1 j k; (41)
;= L 4.2

It followsfrom the biological de nitition of the ring rate and the mathematical properties of
k that the ring rate of the modeledneuronis . We now dewelop a method for computing

the limiting probabilities by exploiting the tridiagonal structure of the transition probability



matrix P.

For1l | r, Equation 4.1yields the following equations:

q2= sforj=1 (4.3)
1+Qq3= ,forj=2 (4.4)
Ppj2+qgj= j1for3 j r (4.5)
These equations can be solved successigly as ; = g i forj = 2;3;::;r. A recursion

relation can be establishedand we nd that

1

2 = q 1 (4.6)
_ 1 _p

3 - a( 2 1) - @ 1 (4-7)

jp = gt g(j 1 j2ford j oo (4.8)

The tridiagonal structure of P is broken in the r" column by the presenceof the 1 in
the nal row which represets the return to resting potertial after generationof an action

potertial. The forward solution of ; asa multiple of ; is not possiblefor j > r, but we

canwork badkward fromj = k to nd b where ; = Iy . This procedureyields:
1
k1 = D k (4.9)
1 1
kZZF_)kl:Ek (4.10)
i = j+1+g( j+1 jw2)forr j k3 (4.12)



Now usethe r'" equationto rewrite , asa multiple of 1:

PratQqQraat k= o (4.12)
_ & pa
b T, @19

All limiting probabilities ; have now beendetermined as scalar multiples of ;. The nal
stepis to compute ; by normalizing the sumof all ; to be 1.

This method has beenimplemerted in MATLAB (m- le is included in Appendix 7.1).
Figure 1 shavs  asa function of the transition probability p. For p < % the random walk
is biasedaway from the threshold state and the ring rate, asrepreseted by , appearsto
be nearly zero.  appearsto be appraximately linear asa function of p for p > % but this

hasnot beenveri ed analytically.

Firing Rate as a function of time
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Figure 1: Limiting Probability  asfunction of random walk transition probability p. p =
0:5 is an unbiasedrandom walk. 0:5 < p < 1 is biasedtoward the threshold state vy.



4.2 Interspik e Ineterv al

An important validation of this randomwalk modelis that, by adjusting the transition prob-
ability p, the distribution of simulated interspike intervals canbe t to obsened interspike
interval from neuronsin the cochlear nucleus of anesthetizedcats [2]. That tting proce-
dure, howewer, relieson a di usion appraximation to the randomwalk processto computea
probability density function for the rst passagdime from resting potential to the threshold
potertial state. Rather than relying on this appraximation, we shov belov how it is possible
to compute the probability massfunction of the transition from v, to vy directly from the
transition probability matrix P.

De ne the random variable T to be the number of time stepsit takesthe random walk
processto rst arrive at vi, when starting from v,. T is the rst passagdime of v; to v
and represelis the time between spikesof a ring neuron. This time is referredto as the

interspike time or interspike interval (ISI). The probability massfunction of T is

fr(n) = P f First passagdime from v; to vy is n stepg: (4.14)

This probability is equivalert to the sum of the probabilities of a random walk moving from
vitov; (1 j < k) without goingthrough vy in n 1 steps,followed by a transition from v;
to v on the n' step. To determine theseprobabilities, it is usefulto rede ne the threshold

state as an absorbingstate. Then we have a new transition probability matrix:

p= (4.15)

Sincevy is absorbingin this Markov chain, the (r;j) elemen of P" s equalto the prob-



ability of transitioning from state v, to v; in n 1 time stepsand not ertering vy at any
time prior to n 1. By the Markov property, the probability of transitioning to vx on the
n" stepis independen of the path takenin the previousn 1 stepsand is given by the one
step transition probabilities from the original matrix P. Sowe have

Xt_

r;

1
-

fT(n) Pj;k (416)

i=1
) fr(n) = Pry P (4.17)

The last equality is obtained by inspecting the form of P in Equation 3.1 and observingthat
the only nonzerotransition probability from v; to v, isif j = k 1. The probability in this
caseis Px 1x = p. This method for computing f1(n) has beenimplemerted in MATLAB

(m- le isincludedin Appendix 7.2)

Figure 2: ISI probability massfunctions for p = 0.6 (left panel), p = 0:7 (certer), and
p = 0:8. Solid red line shovs a t using the functional form Kn %exp( 2 bn) obtained
from the di usion approximation usedin [2].

Figure 2 showsf 1 (n) for three di erent valuesof p. In addition, the solid lines shav best
ts of the functional form K n %exp( = bn) which is the probability density function for
rst passagetime in the diusion approximation to a biasedrandom walk usedin [2]. A
natural consequencef the construction of the randomwalk is that there is a zeroprobability
of readhing threshold from v; on ewery other time step. Thesezerovaluesare omitted from
the plotted gures andthe tting procedure. The di usion approximation seemgo be valid

for theseparameterchoices. Note that asp increaseshe randomwalk becomesnore biased.
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As a consequencef 1 (n) shifts leftward and narrows. For the limiting value of p = 1, the
motion through state spaceis deterministic. The assaiated f +(n) would be a delta function
certered at k r indicating guranteed spiking every k r time steps.

By determining how f1(n) varieswith p we seethe limits on when the model can po-
tentially be usedto descrike obsened ISI data. The original goal of the model as proposed
by Gersteinand Mandelbrot wasto descrike spontaneousactivity in neuronsin the cochlear
nucleus of cats. The obsened ISI histogramsfor these neuronshave beenroughly classi-
ed and include a variety of shapesincluding both unimodal, asymmetric distributions with
exponenial decyg; unimodal (symmetric and asymmetric) with non-exponertial deca/; and
bimodal [3]. It is clear from Figure 2 that, at best, the model potertially can be usedto
interpret data from neuronswith spontaneous ring patterns characterizedby ISI histograms
which are unimodal, asymmetric, and exhibit exponertial deca but that it cannot descrike

marny of the other obsened ring patterns in the data set.

5 Numerical Results

The random walk model for the menbrane potertial of a neuronintroducedin Section3 has
beenimplemented in MATLAB (m-le isincludedin Appendix 7.3). Using this program we
can simulate the activity of a neuronto di ering ratios of excitatory and inhibitory stimuli
by varying p to cortrol the bias of the random walk.

A samplepath of the stochastic processis pictured in Figure 3. The trajectory is shovn
for the rst 1000time stepswith p = 0:6. During this time the random walk readesthe
threshold potential at vig0 Six times. The simulated ring rate in this caseis For this choice
of parametervalues,the algorithm outlined in Secton4.1 predictsthat , 0:0621.

Figure 4 shows the corvergenceof the simulated ring rate (computed as number of
visits to vy divided by the number of time stepsthat have elapsed)to the exact ring rate

represeted by the limiting probability . It is evidert that the simulated ring rate hasnot
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Random Walk Sample Path (p=0.6)
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Figure 3: A realization of the random walk model for membrane potertial. This trajectory
features6 spikesin the rst 1000time steps. Resting potertial state isr = 128, threshold
state is k = 160,and p = 0:6.

reahed |, after 1000time steps,but that evertuallly the simulated ring rate will corverge
to . The rate of cornvergenceof simulated ring rate to | increaseswith p.

The proportion of time spert in the threshold state is of most interest becauseof its
biological interpretation asthe ring rate. But the limiting probability solution obtained in
Section4.1is valid for all voltage states. Figure 5 comparesthe proportion of time spert in
ead state up to the time at which the 100" spike to the limiting probability solution.

Lastly, we comparethe probability massfunction f(n) for the interspike time to in-
terspike times computed from a realization of the random walk. The results for p = 0:7
after 1000spikesare pictured in Figure 6. Not pictured is the fact that every odd interspike
time has probability zero of occurring becauseof the choiceof r and k in the random walk
de nition. It is clear from the gure that the realized histogram matches the computed
probability massfunction and displays the skewed pro le with exponertial tail obsened in

marny neuronsin the cochlear nucleusof cats [3].
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Figure 4. Simulated ring rate from the random walk model (blue) convergesto its limiting
probability (green).
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Figure 5: Proportion of time in ead voltage state for random walk model after 100 spikes
(n = 16636)(blue) comparedto limiting probability (green).
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ISI Histogram from Random Walk Model (p=0.7)
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Figure 6: ISI Histogram for a realization of the random walk model (p=0.7, 1000 spikes)
comparedto fr(n) scaledby number of spikes (red line). For easeof visualization, only
nonzerovaluesof f +(n) areincluded in the plot.

6 Conclusion

In this paper we have revisited a random walk model of spontaneousneural activity. Al-
though the model grossly simpli es the biological reality of actual neurons, it has been
successfullytted to ISI histogramsobtained from neuronsin the cochlear nucleusof cats.
The model de nes a discrete space,discrete and nite time Markov chain model and can
therefore be analyzedwith the theory deweloped in this course. We have analyzedthe long
term behavior of the model by deriving its limiting probabilities. We have also computed
a probability massfunction represeting the ISI histogram that is derived directly from the
transition probability matrix of the Markov chain. Theseresults have beenveri ed by com-
paring theoretical predictions to outcomesfrom a simulated random walk. Although the
model haslimited biological application, it is rewarding to analyseit using the methods we

have studied this quarter.
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7 App endix

MATLAB les usedfor this project arein the following subsections.

7.1 Limiting Probabilities

% This is limitprob.m

% Computeslimiting  probabilities for randomwalk model of neuron
%

% Joshua Goldwyn

% EE 508 Final Project

rest = 128; %index of resting potential
thresh = 160; %index of threshold

% RandomWalk transition  probabilities
p = 0.6;
q = 1-p;

%forward solve for coefficients as a function of v_1
a(l) 1, %v.1
a(2) 1/q;
a(3) = (M/g)*(a(2)-1);
for i=4:rest;
a(i) =a(-1) + (p/a)*(a(i-1)-a(i-2));
end;

% backward solve for coefficients as function of v_thresh
b(thresh) = 1;
b(thresh-1) = 1/p;
b(thresh-2) = 1/(p"2);
for i=thresh-3:-1:rest;
b(i) = b(i+1) + (g/p)*(b(i+1)-b(i+2));
end,;

%solve for v_thresh coefficient re: v 1

c = (a(rest) - p*a(rest-1)) [/ (g*b(rest+1)+1);
%rescale coefficients

a = alc;

% normalize using sum=1
b(thresh) = 1/ sum([a b(length(a)+1:length(b)) ]);

% Recomputeusing normalized vectors
egp = b(thresh) * [a b(length(a)+1:length(b)-1) 1];

15



7.2 Interspik e Interv al Probabilit y Mass Function

% This is interspike.m

% Computespmf for ISI.  f _T(n) in the notation of the paper.
%

% Joshua Goldwyn

% EE 508 Final Project

% Transition probabilities
p = 0.6;
q = 1-p;

rest = 128; %Resting potential
thresh = 160; % Threshold Boundary

% Define Probability  Transition Matrix

P = p*diag(ones(thresh-1,1), +1) + g*diag(ones(thresh-1,1), -1);
P(1,2) = 1;

P(thresh,;) = 0;

P(thresh,rest)=1;

% Define alternate matrix with absorbing threshold state
PP = P;

PP(thresh,:)) = 0;

PP(thresh,thresh) = 1;

% Prepare for for loop

tempP = eye(thresh);

tempPP= eye(thresh);

isi(1) = P(rest,thresh);

% Loop over time steps
for n=2:1E3;

tempP = tempP*P;
tempPP= tempPP*PP;

isi(n) = tempPP(rest,thresh-1)*p; %*(1-tempPP(rest,thresh));

end;
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7.3 Random Walk Simulation

% This is rw.m

% RandomWalk Model for MembranePotential of a Neuron

% Based on Gerstein and Mandelbrot, Biophys J. Vol. 4, 1964.
%

% Joshua Goldwyn

% EE 508 Final Project

0.6; %Probability of advancing one step
1-p; %Probability of moving back one step

p
q

rest = 128; %Resting potential
thresh = 160; % Threshold Boundary
N = 1E3; %Numberof spikes to observe

v(1) =rest; %initial condition

t =0; %Time counter

count=1; %spike counter

rand('seed',41); %initialize  randomization so can replicate

while count<=N;

t = t+1,;

if v(t) ==1, %Reflecting boundary
v(t+l) = 2;

elseif v(t) ==thresh %spike

v(t+1l) = rest;
s(count) =t; %record spike time
count = count+l; %advancespike counter
else
if rand<p %advanceone step
v(t+l) = v(t)+1;
else % moveback one step
v(t+1l) = v(1)-1,
end;
end; %end if
end; %end while loop

% ComputelSl
ispike = s(2:N)-s(1:N-1)-1,;

% Computeproportion of time in each state
for i=1:thresh

limprob(i) = length(find(v==i))/(t+1);
end;
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