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1 MATLAB Introduction

The rst three sections of these notes deals with the prelimnaries necessary
for manipulating data, constructing logical statements and plotting data. The
remainder of the course relies heavily on pro ciency with these basic skills.

1.1 Vectors and Matrices

The manipulation of matrices and vectors is of fundamental mportance in MAT-

LAB pro ciency. This section deals with the construction and manipulation of

basic matrices and vectors. We begin by considering the cotrsiction of row

and column vectors. Vectors are simply a subclass of matrieewhich have only
a single column or row. A row vector can be created by executig the command
struture

>>x=[1 3 2]

which creates the row vector
x=(123): (1.1.1)

Row vectors are oriented in a horizontal fashion. In contrag column vectors
are oriented in a vertical fashion and are created with eithe of the two following
command structures:

>>x=[1; 3; 2]

where the semicolons indicate advancement to the next row. @erwise a return
can be used in MATLAB to initiate the next row. Thus the follow ing command
structure is equivalent

>>X:[1
3
2]
Either one of these creates the column vector
0 1
1
x= @3 A : (1.1.2)
2

All row and column vectors can be created in this way.
Vectors can also be created by use of the colon. Thus the follding command
line

>>x=0:1:10
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creates a row vector which goes from 0 to 10 in steps of 1 so that
x=(012345678910) (1.1.3)
Note that the command line
>>x=0:2:10
creates a row vector which goes from 0 to 10 in steps of 2 so that
x=(024 68 10): (1.1.4)
Steps of integer size need not be used. This allows
>>x=0:0.2:1
to create a row vector which goes from 0 to 1 in steps of 0.2 so &t
x=(00:204 0608 1): (1.1.5)

Matrices are just as simple to generate. Now there are a speedd number
of rows (N) and columns (M). This matrix would be referred to asanN M
matrix. The 3 3 matrix

0 1
A=@ A (1.1.6)

© Ul
w o w
NN

can be created by use of the semicolons
>>A=[1 3 2;56 7; 8 31]
or by using the return key so that

SSA=[1 3 2
567
8 3 1]

In this case, the matrix is square with an equal nhumber of rowsand columns
(N =M).

Accessing components of a given matrix of vector is a task tharelies on
knowing the row and column of a certain piece of data. The coddinate of any
data in a matrix is found from its row and column location so that the elements
of a matrix A are given by

A(;)) a.1.7)

where i denotes the row andj denotes the column. To access the second row
and third column of (1.1.6), which takes the value of 7, use tle command
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>>x=A(2,3)

This will return the value x = 7. To access an entire row, the use of the colon
is required

>>x=A(2,:)
This will access the entire second row and return the row vear
x=(567): (1.1.8)

Columns can be similarly be extracted. Thus

>>x=A(:,3)
will access the entire third column to produce
0 1
2
x= @7 A : (1.1.9)
1

More sophisticated data extraction and manipulation can beperformed with
the aid of colons. To show examples of these techniques we ider the 4 4
matrix 0 1

9 2
3 4
B‘% 2 6K
5 5

(1.1.10)

o OTN B
= O W

The command
>>x=B(2:3,2)

removes the second through third row of column 2. This produes the column
vector

x= 5 (1.1.12)
The command
>>x=B(4,2:end)
removes the second through last columns of row 4. This prodwes the row vector
x=(155): (1.1.12)
We can also remove a speci ed number of rows and columns. Theommand

>>C=B(1:end-1,2:4)
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removes the rst row through the next to last row along with th e second through
fourth columns. This then produces the matrix

0 1
7 9 2

C=@3 3 4A; (1.1.13)
0 2 6

As a last example, we make use of the transpose symbol which s row
vectors into column vectors and vice-versa. In this examplethe command

>>D=[B(1,2:4); B(1:3,3).]

makes the rst row of D the second through fourth columns of the rst row of
B. The second row ofD, which is initiated with the semicolon, is made from the
transpose (.") of the rst three rows of the third column of B. This produces

the matrix o 2
- ! .
D = 9 3 2 ° (1.1.14)
An important comment about the transpose function is in order. In par-
ticular, when transposing a vector with complex numbers, the period must be

put in before the ' symbol. Speci cally, when considering the transpose of the

column vector 0 1
3+2i
x=@ 1 A: (1.1.15)
8

wherei is the complex (imaginary) numberi = P "1, the command
>>y:x.'

produces the row vector

y=B3+2i18); (1.1.16)
whereas the command
>>y:x‘
produces the row vector
y=(3 2 18): (1.1.17)

Thus the use of the ' symbol alone also conjugates vector, i.eit changes the
sign of the imaginary part.
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1.2 Logic, Loops and Iterations

The basic building blocks of any MATLAB program are for loops andif state-
ments. They form the background for carrying out the complicated manipula-
tions required of sophisticated and simple codes alike. Tlsi lecture will focus
on the use of these two ubiquitous logic structures in progrenming.

To illustrate the use of the for loop structure, we consider some very basic
programs which revolve around its implementation. We beginby constructing a
loop which will recursively sum a series of numbers. The basiformat for such
a loop is the following:

sum=0

for j=1:5
sum=sum-j

end

This program begins with the variable sum being zero. It thenproceeds to go
through the for loop ve times, i.e. the counter j takes the value of one, two,
three, four and ve in succession. In the loop, the value of sm is updated by
adding the current value of j. Thus starting with an initial value of sum equal
to zero, we nd that sumisequaltol (j =1),3(j =2),6 (] =3), 10 (j =4),
and 15 ( =5).

The default incremental increase in the counterj is one. However, the
increment can be speci ed as desired. The program

sum=0

for j=1:2:5
sumM=sum-j

end

is similar to the previous program. But for this case the incremental steps in
j are specied to be two. Thus starting with an initial value of sum equal to
zero, we ndthat sumisequalto1 (j =1),4(j =3),and 9 (j =5). And even

more generally, thefor loop counter can be simply given by a row vector. As
an example, the program

sum=0

for j=[1 5 4]
sum=sum-+j

end

will go through the loop three times with the values of j being 1, 5, and 4
successively. Thus starting with an initial value of sum eqal to zero, we nd
that sumis equalto 1 ( =1),6 (j =5), and 10 (j =4).

The if statement is similarly implemented. However, unlike the for loop, a
series of logic statements are usually considered. The basiormat for this logic
is as follows:
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if (logical statement)
(expressions to execute)
elseif (logical statement)
(expressions to execute)
elseif (logical statement)
(expressions to execute)
else
(expressions to execute)
end

In this logic structure, the last set of expressions are exeded if the three
previous logical statements do not hold.

In practice, the logical if may only be required to execute a command if
something is true. Thus there would be no need for theelse logic structure.
Such a logic format might be as follows:

if (logical statement)
(expressions to execute)
elseif (logical statement)
(expressions to execute)
end

In such a structure, no commands would be executed if the logal statements
do not hold.

To make a practical example of the use ofor and if statements, we consider
the bisection method for nding zeros of a function. In particular, we will
consider the transcendental function

exp(x) tan(x)=0 (1.2.1)

for which the values ofx which make this true must be found computationally.
We can begin to get an idea of where the relevant values of are by plotting this
function. The following MATLAB script will plot the functio n over the interval
x 2 [ 10;10].

clear all % clear all variables
close all % close all figures

x=-10:0.1:10; % define plotting range
y=exp(x)-tan(x); % define function to consider
plot(x,y) % plot the function

It should be noted that tan(x) takes on the value of 1 at =2+2n where
n= 7 2, 1,0;1;2; . By zooming in to smaller values of the function, one
can nd that there are a large number (in nite) of roots to thi s equation. In
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particular, there is a root located betweenx 2 [ 4;2:8]. At x = 4, the function
exp(x) tan(x) > O while at x = 2:8 the function exp(x) tan(x) < 0. Thus,
in between these points lies a root.

The bisection method simply cuts the given interval in half and determines
if the root is on the left or right side of the cut. Once this is established, a new
interval is chosen with the mid point now becoming the left or right end of the
new domain, depending of course on the location of the root. fiis method is
repeated until the interval has become so small and the fundgbn considered has
come to within some tolerance of zero. The following algoritm uses an outside
for loop to continue cutting the interval in half while the imbed ded if statement
determines the new interval of interest. A secondf statement if used to ensure
that once a certain tolerance has been achieved, i.e. the abkite value of the
function exp(x) tan(x) is less than 10 ®, then the iteration process is stopped.

bisection.m

clear all % clear all variables

xr=-2.8; % initial right boundary
xl=-4; % initial left boundary

for j=1:1000 % j cuts the interval

xc=(xI+xr)/2; % calculate the midpoint
fc=exp(xc)-tan(xc); % calculate function

if fc>0

xl=xc; % move left boundary
else

Xr=xc; % move right boundary
end

if abs(fc)<107(-5)
break % quit the loop
end

end
Xc % print value of root
fc % print value of function

Note that the break command ejects you from the current loop. In this case,
that is the j loop. This e ectively stops the iteration procedure for cutting the
intervals in half. Further, extensive use has been made of th semicolons at the
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end of each line. The semicolon simply represses output to thcomputer screen,
saving valuable time and clutter.

1.3 Plotting and Importing/Exporting Data

The graphical representation of data is a fundamental aspecof any technical
scienti c communications. MATLAB provides an easy and powerful interface
for plotting and representing a large variety of data formats. Like all MATLAB
structures, plotting is dependent on the e ective manipulation of vectors and
matrices.

To begin the consideration of graphical routines, we rst canstruct a set of
functions to plot and manipulate. To de ne a function, the pl otting domain
must rst be speci ed. This can be done by using a routine which creates a row
vector

x1=-10:0.1:10;
yl=sin(x);

Here the row vector x spans the interval x 2 [ 10;10] in steps of x = 0:1.
The second command creates a row vectoy which gives the values of the sine
function evaluated at the corresponding values of«. A basic plot of this function
can then be generated by the command

plot(x1,yl)

Note that this graph lacks a title or axis labels. These are inportant in gener-
ating high quality graphics.

The preceding example considers only equally spaced points However,
MATLAB will generate functions values for any speci ed coordinate values.
For instance, the two lines

x2=[-5 sqrt(3) pi 4];
y2=sin(x2);

will generate the values of the sine function atx = 5;p§; and 4. The
linspace command is also helpful in generating a domain for de ning awl eval-
uating functions. The basic procedure for this function is & follows

x3=linspace(-10,10,64);
y3=x3.*sin(x3);

This will generate a row vector x which goes from -10 to 10 in 64 steps. This
can often be a helpful function when considering intervals were the number of
discretized steps give a complicated x. In this example, we are considering the
function x sinx over the interval x 2 [ 10; 10]. By doing so, the period must be
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included before the multiplication sign. This will then perform a component by
componentmultiplication. Thus creating a row vector with the values of x sinx.

To plot all of the above data sets in a single plot, we can do ehier one of
the following routines.

figure(1)

plot(x1,y1), hold on
plot(x2,y2)
plot(x3,y3)

In this case, thehold on command is necessary after the rst plot so that the
second plot command will not overwrite the rst data plotted . This will plot all

three data sets on the same graph with a default blue line. Ths graph will be
gure 1. Alternatively, all the data sets can be plotted on the same gaph with

figure(2)
plot(x1,y1,x2,y2,x3,y3)

For this case, the three pairs of vectors are prescribed witim a single plot
command. This gure generated will be gure 2. And advantage to this method
is that the three data sets will be of di erent colors, which is better than having
them all the default color of blue.

This is only the beginning of the plotting and visualization process. Many
aspects of the graph must be augmented with specialty commais in order to
more accurately relay the information. Of signi cance is the ability to change
the line colors and styles of the plotted data. By using thehelp plot command,
a list of options for customizing data representation is gien. In the following,
a new gure is created which is customized as follows

figure(3)
plot(x1,y1,x2,y2,'g*,x3,y3,'mO:")

This will create the same plot as in gure 2, but now the second data set is
represented by green * and the third data set is represented yp a magenta
dotted line with the actual data points given by a magenta hollow circle. This
kind of customization greatly helps distinguish the various data sets and their
individual behaviors.

Labeling the axis and placing a title on the gure is also of fundamental
importance. This can be easily accomplished with the commaths

xlabel('x values")
ylabel('y values')
titte(Example Graph')
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The strings given within the ' sign are now printed in a centered location along
the x-axis, y-axis and title location respectively.

A legend is then important to distinguish and label the various data sets
which are plotted together on the graph. Within the legend command, the
position of the legend can be easily speci ed. The commantielp legend gives
a summary of the possible legend placement positions, one @fhich is to the
right of the graph and does not interfere with the graph data. To place a legend
in the above graph in anoptimal location, the following command is used.

legend('Data set 1''Data set 2''Data set 3',0)

Here the strings correspond to the the three plotted data set in the order they
were plotted. The zero at the end of thelegend command is the option setting
for placement of the legend box. In this case, the option zerdries to pick the
best possible location which does not interfere with any of he data.

subplots

Another possible method for representing data is with thesubplot command.
This allows for multiple graphs to be arranged in a row and colimn format.
In this example, we have three data sets which are under cordération. To
plot each data set in an individual subplot requires three pbt frames. Thus we
construct a plot containing three rows and a single column. Te format for this
command structure is as follows:

figure(4)

subplot(3,1,1), plot(x1,yl), axis([-10 10 -10 10])
subplot(3,1,2), plot(x2,y2,"*"), axis([-10 10 -10 10])
subplot(3,1,3), plot(x3,y3,'mO:")

Note that the subplot command is of the structuresubplot(row,column,graph
number) where the graph number refers to the current graph being condered.
In this example, the axis command has also been used to makeldhe graphs
have the samex and y values. The command structure for the axis command
is axis([xmin xmax ymin ymax]) . For each subplot, the use of thelegend ,
xlabel , ylabel , and titte command can be used.

Remark 1: All the graph customization techniques discussed can be p@rmed
directly within the MATLAB graphics window. Simply go to the edit button

and choose to edit axis properties. This will give full control of all the axis
properties discussed so far and more. However, once MATLABsi shut down
or the graph is closed, all the customization properties ardost and you must
start again from scratch. This gives an advantage to develojmg a nice set of
commands in a .m le to customize your graphics.
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Remark 2: To put a grid on the a graph, simply use the grid on command.
To take it 0, use grid o . The number of grid lines can be controlled from
the editing options in the graphics window. This feature canaid in illustrating
more clearly certain phenomena and should be considered whanaking plots.

Remark 3: To put a variable value in a string, the num2str (number to string)
command can be used. For instance, the code

rho=1.5;
title(['value of rho=" num2str(rho)])

creates a title which reads "value of rho=1.5". Thus this command converts
variable values into useful string con gurations.

load, save and print

Once a graph has been made or data generated, it may be usefud save the data
or print the graphs for inclusion in a write up or presentation. The save and
print commands are the appropriate commands for performing suchdions.

The save command will write any data out to a le for later use in a separate
program or for later use in MATLAB. To save workspace variables to a le, the
following command structure is used

save filename

this will save all the current workspace variables to a binay le named le-
name.mat . In the preceding example, this will save all the vectors crated
along with any graphics settings. This is an extremely poweful and easy com-
mand to use. However, you can only access the data again thrgin MATLAB.
To recall this data at a future time, simply load it back into M ATLAB with the
command

load filename

This will reload into the workspace all the variables saved n lename.mat
This command is ideal when closing down operations on MATLABand resuming
at a future time.

Alternatively, it may be advantageous to save data for use ina dierent
software package. In this case, data needs to be saved in an &8 format in
order to be read by other software engines. Thesave command can then be
modi ed for this purpose. The command

save x1 xl.dat -ASCII

saves the row vectorxl generated previously to the le x1.dat in ASCII format.
This can then be loaded back into MATLAB with the command
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load x1.dat

This saving option is advantageous when considering the usef other software
packages to manipulate or analyze data generated in MATLAB.

If you desire to print a gure to a le, the the print command needs to
be utilized. There a large number of graphics formats which an be used. By
typing help print , a list of possible options will be listed. A common graphics
format would involve the command

print -djpeg fig.jpg

which will print the current gure as a jpeg le named g.jpg . Note that you
can also print or save from the gure window by pressing the le button and
following the links to the print or export option respective ly.

2 Linear Systems

The solution of linear systems is one of the most basic aspexbf computational
science. In many applications, the solution technique ofta gives rise to a system
of linear equations which need to be solved as e ciently as pssible. In addition
to Gaussian elimination, there are a host of other technique which can be used
to solve a given problem. This section o ers an overview for hese methods and
techniques.

2.1 Direct solution methods for Ax=b

A central concern in almost any computational strategy is a fist and e cient
computational method for achieving a solution of a large sytem of equations
Ax = b. In trying to render a computation tractable, it is crucial t o minimize
the operations it takes in solving such a system. There are aariety of direct
methods for solving Ax = b: Gaussian elimination, LU decomposition, and
inverting the matrix A. In addition to these direct methods, iterative schemes
can also provide e cient solution techniques. Some basic ierative schemes will
be discussed in what follows.

The standard beginning to discussions of solution techniqas for Ax = b
involves Gaussian elimination. We will consider a very simfe example of a
3 3system in order to understand the operation count and numeical procedure
involved in this technique. Thus considerAx = b with

0 1 0 1
11 1 1

A=@1 2 4A b=@ 1A (2.1.1)
13 9 1
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The Gaussian elimination procedure begins with the constration of the aug-
mented matrix

3
11 1] 1
[Ajb] = 41 2 4| 15
1 3 9| 1
3
11 1] 1
= 40 1 3] 25
0 2 8/ 0
3
11 1| 1
= 40 1 3 25
01 4| 0
3
11 1] 1
= 40 1 3] 25 (2.1.2)
00 1| 2

where we have underlined and bolded the pivot of the augment matrix. Back
substituting then gives the solution

X3 =2 I X3=2 (2.1.3a)
Xp+3X3= 2 I X,= 8 (213b)
X1+ Xo+Xx3=1 | x1=7: (2.1.3¢c)

This procedure can be carried out for any matrix A which is nonsingular, i.e.
detA 6 0. In this algorithm, we simply need to avoid these singular matrices
and occasionally shift the rows around to avoid a zero pivot. Provided we do
this, it will always yield an answer.

The fact that this algorithm works is secondary to the concen of the time
required in generating a solution in scienti c computing. The operation count
for the Gaussian elimination can be easily be estimated fronthe algorithmic
procedure for anN N matrix:

1. Movement down the N pivots
2. For each pivot, perform N additions/subtractions across a given row.

3. For each pivot, perform the addition/subtraction down th e N rows.

In total, this results in a scheme whose operation count iSO(N3). The back
substitution algorithm can similarly be calculated to give an O(N ?) scheme.
LU Decomposition

Each Gaussian elimination operation cost€O(N 2) operations. This can be com-
putationally prohibitive for large matrices when repeated solutions of Ax = b
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must be found. When working with the same matrix A however, the operation
count can easily be brought down toO(N ?) using LU factorization which splits
the matrix A into a lower triangular matrix L, and an upper triangular mat rix
U. Fora 3 3 matrix, the LU factorization scheme splits A as follows:

0 1 O 10 1
a;; a;p as 1 0 0 Ui U U
A=LU ! @a21 a2 ang = @m21 1 OA@ 0 U2 U23A .
azy asx as3 ms; Mz 1 0 0 \us
(2.1.4)

Thus the L matrix is lower triangular and the U matrix is upper triangular.
This then gives

Ax =b ! LUx =b (2.1.5)
where by letting y = Ux we nd the coupled system
Ly = b and Ux =y (2.1.6)
where the systemLy = b
y1=b (2.1.7a)
Ma1y1+ Y2 = by (2.1.7b)
M31y1 + Mazyz + Y3 = bs (2.1.7¢)

can be solved byO(N ?) forward substitution and the system Ux =y

Ui1Xg + UaX2 + X3 = Y1 (2.1.8a)
U22X2 + U23X3 = Y2 (2.1.8b)
U33X3 = Y3 (2.1.8¢c)

can be solved byO(N?) back substitution. Thus once the factorization is ac-
complished, the LU results in an O(N?) scheme for arriving at the solution.
The factorization itself is O(N ), but you only have to do this once. Note, you
should always use LU decomposition if possible. Otherwise, you are doingaf
more work than necessary in achieving a solution.

As an example of the application of the LU factorization algaithm, we
consider the 3 3 matrix

0 1
4 3 1
A=@ 2 4 5A; (2.1.9)
1 2 6

The factorization starts from the matrix multiplication of the matrix A and the
identity matrix |

1

100 4 3 1

A=IA=@0 1 0A@ 2 4 5A; (2.1.10)
00 1 1 2 6
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The factorization begins with the pivot element. To use Gausian elimination,
we would multiply the pivot by  1=2 to eliminate the rst column element in
the second row. Similarly, we would multiply the pivot by 1=4 to eliminate the
rst column element in the third row. These multiplicative f actors are now part

of the rst matrix above:

10 1
1 00 4 3 1
A=@ 1=2 1 0A@0 255 45A;: (2.1.11)

14 0 1 0 125 625

To eliminate on the third row, we use the next pivot. This requires that we
multiply by ~ 1=2 in order to eliminate the second column, third row. Thus we

nd 0 10 1
1 00 4 3 1

A=Q@ 1=2 1 0A@0 25 45A; (2.1.12)
1=4 1=2 1 0 0 85

Thus we nd that

0 1 0 1
1 00 4 3 1

L=@ 1=2 1 0OA and U= @0 25 45A: (2.1.13)
1=4 1=2 1 0 0 85

It is easy to verify by direct substitution that indeed A = LU. Just like
Gaussian elimination, the cost of factorization isO(N 2). However, onceL and
U are known, nding the solution is an O(N 2) operation.

The Permutation Matrix

As will often happen with Gaussian elimination, following the above algorithm
will at times result in a zero pivot. This is easily handled in Gaussian elim-
ination by shifting rows in order to nd a non-zero pivot. How ever, in LU
decomposition, we must keep track of this row shift since it vill e ect the right
hand side vectorb. We can keep track of row shifts with a row permutation
matrix P. Thus if we need to permute two rows, we nd

AXx =b! PAXx =Pb! PLUX =Pb (2.1.14)
thus PA = LU . To shift rows one and two, for instance, we would have
0 1
010
1 00
P=B o 0o 1 : (2.1.15)

If permutation is necessary, MATLAB can supply the permutation matrix as-
sociated with the LU decomposition.
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MATLAB: A nb

Given the alternatives for solving the linear systemAx = b, it is important to
know how the MATLAB command structure for A nb works. The following is
an outline of the algorithm performed.

1. It rst checks to see if A is triangular, or some permutation thereof. If it
is, then all that is needed is a simpleO(N ?) substitution routine.

2. It then checks if A is symmetric, i.e. Hermitian or Self-Adjoint. If so, a
Cholesky factorization is attempted. If A is positive de nite, the Cholesky
algorithm is always succesful and takes half the run time of U factoriza-
tion.

3. It then checks if A is Hessenberg. If so, it can be written as an upper
triangular matrix and solved by a substitution routine.

4. If all the above methods fail, then LU factorization is used and the forward
and backward substitution routines generate a solution.

5. If A is not square, a QR (Householder) routine is used to solve theystem.

6. If A is not square and sparse, a least squares solution using QRctariza-
tion is performed.

Note that solving by b = A 1x is the slowest of all methods, taking 2.5 times
longer or more than A nb. It is not recommended. However, just like LU
factorization, once the inverse is known it need not be calclated again. Care
must also be taken when the deA 0, i.e. the matrix is ill-conditioned.

MATLAB commands

The commands for executing the linear system solve are as folvs

A nb: Solve the system in the order above.
[L;U]= lu(A): Generate theL and U matrices.

[L;U;P]= lu(A): Generate theL and U factorization matrices along with
the permutation matrix P.

2.2 lterative solution methods for Ax=b

In addition to the standard techniques of Gaussian eliminaton or LU decom-
position for solving Ax = b, a wide range of iterative techniques are available.
These iterative techniques can often go under the name of Kiipv space meth-
ods [6]. The idea is to start with an initial guess for the soldion and develop
an iterative procedure that will converge to the solution. The simplest example
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of this method is known as a Jacobi iteration scheme. The immmentation of
this scheme is best illustrated with an example. We considethe linear system

X y+z=7 (2.2.1a)
X 8y+z= 21 (2.2.1b)
2X+y+5z=15: (2.2.1¢c)

We can rewrite each equation as follows

7+
(= 1ty 2z

A (2.2.2a)
= MTX” (2.2.2b)
7= %;y: (2.2.2¢)

To solve the system iteratively, we can de ne the following Jacobi iteration
scheme based on the above

7+

Xis1 = 7yz 2 (2.2.3a)
21 +4x, + z

Yo = 78" s (2.2.3b)
15+2

Zisl = #: (2.2.3¢)

An algorithm is then easily implemented computationally. In particular, we
would follow the structure:

1. Guess initial values: &o; Yo; 2o)-
2. lterate the Jacobi scheme:Xyx+1 = AX k.

3. Check for convergencek xx+1 Xk k<tolerance.

Note that the choice of an initial guess is often critical in determining the con-
vergence to the solution. Thus the more that is known about wtat the solution
is supposed to look like, the higher the chance of successfiuhplementation of
the iterative scheme. Table 1 shows the convergence of thisclseme for this
simple example.

Given the success of this example, it is easy to conjecture #t such a scheme
will always be e ective. However, we can reconsider the orimal system by
interchanging the rst and last set of equations. This givesthe system

2Xx+y+5z=15 (2.2.4a)
4 8y+z= 21 (2.2.4b)
X y+z=7: (2.2.4¢c)
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kK Xk Yk Zx
0 1.0 2.0 2.0
1 1.75 3.375 3.0
2

1.84375 3.875 3.025
15 1.99999993 3.99999985 2.9999993
19 20 4.0 3.0

Table 1: Convergence of Jacobi iteration scheme to the solidn value of
(x;y;2) = (2;4;3) from the initial guess (Xo; Yo; 20) = (1 ;2; 2).

kK Xk Yk Zy

0 1.0 2.0 2.0

1 -15 3.375 50

2 6.6875 2.5 16.375
3

34.6875 8.015625 -17.25
1 1 1
Table 2: Divergence of Jacobi iteration scheme from the inial guess

(X0;Yo0;20) = (1;2;2).

To solve the system iteratively, we can de ne the following Jacobi iteration
scheme based on this rearranged set of equations

+
Xie1 = W (2.2.5a)
21 +4x + z
Yol = 7; X (2.2.5b)
Zy+1 = Yk X+ T (2.2.5¢)

Of course, the solution should be exactly as before. Howevefable 2 shows
that applying the iteration scheme leads to a set of values with grow to in nity.
Thus the iteration scheme quickly fails.

Strictly Diagonal Dominant

The di erence in the two Jacobi schemes above involves the @ration procedure
being strictly diagonal dominant. We begin with the de niti on of strict diagonal
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dominance. A matrix A is strictly diagonal dominant if for each row, the sum
of the absolute values of the o -diagonal terms is less than lhe absolute value
of the diagonal term:
X
jakj > jag J: (2.2.6)
=16k

Strict diagonal dominance has the following consequence;iven a stricly diag-
onal dominant matrix A, then Ax = b has a unique solutionx = p. Jacobi
iteration produces a sequencey that will converge to p for any po. For the
two examples considered here, this property is crucial. Fotthe rst example
(2.2.1), we have

0 1
4 11 row1:j4 > | 1j+jlj=2

A=@ 4 8 1A row2 | 8> j4j+jl=5 ; (2.2.7)
2 15 row 3:j5 > j2j + j1j = 3

which shows the system to be strictly diagonal dominant and giaranteed to
converge. In contrast, the second system (2.2.4) is not stecly diagonal dominant
as can be seen from
0 2 1 51 rowl:j 2j<jlj+j5=6
A=@ 4 8 1A1 row2:j 8> j4+jlj=5 : (2.2.8)
4 1 1 row 3:jlj< j4+j 1j=5

Thus this scheme is not guaranteed to converge. Indeed, it gerges to in nity.

Modi cation and Enhancements: Gauss-Seidel

It is sometimes possible to enhance the convergence of a some by applying
modi cations to the basic Jacobi scheme. For instance, the dcobi scheme given
by (2.2.3) can be enhanced by the following modi cations

+

Xie1 = 73'%4@ (2.2.9a)
+ AXyyq +

Yoy = 2EF e + 2 4Xg LT % (2.2.9b)
+ + +

Zer = 22 2Xk51 Yer (2.2.9¢)

Here use is made of the supposedly improved value.; in the second equation
and xy+1 and yy+1 in the third equation. This is known as the Gauss-Seidel
scheme. Table 3 shows that the Gauss-Seidel procedure comges to the solution
in half the number of iterations used by the Jacobi scheme.

Unlike the Jacobi scheme, the Gauss-Seidel method is not guenteed to con-
verge even in the case of strict diagonal dominance. Furtherthe Gauss-Seidel
modi cation is only one of a large number of possible change$o the iteration
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kK Xk Yk Zx

0 1.0 2.0 2.0

1 1.75 3.75 2.95

2 195 396875 2.98625
10 2.0 4.0 3.0

Table 3: Convergence of Jacobi iteration scheme to the solidn value of
(x;y;2) = (2;4;3) from the initial guess (Xo;Yo;z0) = (1;2;2).

scheme which can be implemented in an e ort to enhance convegence. It is
also possible to use several previous iterations to achieveonvergence. Krylov
space methods [6] are often high end iterative techniques pscially developed
for rapid convergence. Included in these iteration schemeare conjugant gradi-
ent methods and generalized minimum residual methods whichve will discuss
and implement [6].

2.3 Eigenvalues, Eigenvectors, and Solvability

Another class of linear systems of equations which are of fudtamental impor-
tance are known as eigenvalue problems. Unlike the systeix = b which has
the single unknown vectorx, eigenvalue problems are of the form

Ax = X (2.3.1)

which have the unknowsx and . The values of are known as theeigenvalues
and the correspondingx are the eigenvectors

Eigenvalue problems often arise from di erential equatiors. Speci cally, we
consider the example of a linear set of coupled di erential guations

dy _ .
i Ay : (2.3.2)
By attempting a solution of the form
y = xexp(t); (2.3.3)

where all the time-dependence is captured in the exponent,hte resulting equa-
tion for x is

AX = X (2.3.4)

which is just the eigenvalue problem. Once the full set of eignvalues and eigen-
vectors of this equation are found, the solution of the di erential equation is
written as

y= cixpexp( 1t) + Coxzexp( 2t)+  + o Xn exp( nt) (2.3.5)
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whereN is the number of linearly independent solutions to the eigemalue prob-
lem for the matrix A which is of sizeN  N. Thus solving a linear system of
di erential equations relies on the solution of an associagd eigenvalue problem.

The questions remains: how are the eigenvalues and eigenters found? To
consider this problem, we rewrite the eigenvalue problem as

Ax = IX (2.3.6)

where a multiplication by unity has been performed, i.e. Ix = x. Moving the
right hand side to the left side of the equation gives

Ax Ix = 0: (2.3.7)
Factoring out the vector x then gives the desired result

(A Dx=0: (2.3.8)
Two possibilities now exist.

Option I:  The determinant of the matrix (A 1) is not zero. If this is true, the
matrix is nonsingular and its inverse, (A 1) 1, can be found. The solution
to the eigenvalue problem (2.3.8) is then

x=(A 1) %0 (2.3.9)

which implies that
x=0: (2.3.10)

This trivial solution could have been guessed from (2.3.8).However, it is not
relevant as we require nontrivial solutions forx.

Option II:  The determinant of the matrix ( A 1) is zero. If this is true, the
matrix is singular and its inverse, (A 1) 1, cannot be found. Although there
is no longer a guarantee that there is a solution, it is the ony scenario which
allows for the possibility of x 6 0. It is this condition which allows for the
construction of eigenvalues and eigenvectors. Indeed, wégose the eigenvalues
so that this condition holds and the matrix is singular.

To illustrate how the eigenvalues and eigenvectors are comyted, an example

is shown. Consider the matrix

_ 13
A= 1 5 (2.3.11)
This gives the eigenvalue problem
- 13 _
A= 1 5 X= X (2.3.12)
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which when manipulated to the form (A [)x = 0 gives
1 3 10 _ 1 3 A
1 5 0 1 X = 1 5 x=0: (2.3.13)

We now require that the determinant is zero

det ! 3 -1 )s )+3= 2 6 +8=( 2( 4)=0

1 5
(2.3.14)
which gives the two eigenvalues

=2;4: (2.3.15)
The eigenvectors are then found from (2.3.13) as follows:

—n. 1 2 3 _ 13 o
=2: 1 5 o X= 1 3 x=0: (2.3.16)

Given that x = (x1 x2)T, this leads to the single equation
X1+3x2=0 (2.3.17)

This is an underdetermined system of equations. Thus we havéreedom in
choosing one of the values. Choosing, = 1 gives x; =3 and

X1 = f (2.3.18)
The second eigenvector comes from (2.3.13) as follows:
=4: 114 534 X = i :j x=0: (2.3.19)
Given that x = (X1 X2)T, this leads to the single equation
X1+ X2=0 (2.3.20)

This is an underdetermined system of equations. Thus we havéreedom in
choosing one of the values. Choosing, = 1 gives x; =1 and

1

X2 = 1

(2.3.21)

These results can be found from MATLAB by using the eig command.
Speci cally, the command structure
[V,D]=eig(A)

gives the matrix V containing the eigenvectors as columns and the matrixD
whose diagonal elements are the corresponding eigenvalues
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Matrix Powers

Another important operation which can be performed with eigenvalue and eigen-
vectors is the evaluation of
AM (2.3.22)

where M is a large integer. For large matricesA, this operation is computa-
tionally expensive. However, knowing the eigenvalues andigenvectors of ofA
allows for a signi cant ease in computational expense. Assming we have all
the eigenvalues and eigenvectors ok, then

AX 1= 11X
AX 2= X2
AXp = 1Xp:

This collection of eigenvalues and eigenvectors gives the atrix system
AS =S (2.3.23)

where the columns of the matrix S are the eigenvectors ofA,

S=(X1 X2 Xn) ; (2.3.24a)
and is a matrix whose diagonals are the corresponding eigenvads
0 1
1 O 0
0 , O 0
= . ) . : (2.3.25)
0 0 .

By multiplying (2.3.24)on the right by S 1, the matrix A can then be rewritten
as

A=Ss ' (2.3.26)
The nal observation comes from
A%2=(SS ss YH=s 25 t: (2.3.27)
This then generalizes to
AM =g Mg (2.3.28)
where the matrix M is easily calculated as
(I 1
1 0 0

%o Moo OE
M = : N : : (2.3.29)
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Since raising the diagonal terms to theM " power is easily accomplished, the
matrix A can then be easily calculated by multiplying the three matrices in
(2.3.28)

Solvability and the Fredholm-Alternative Theorem

It is easy to ask under what conditions the system
AXx = b (2.3.30)

can be solved. Aside from requiring the deA 6 0, we also have a solvability
condition on b. Consider the adjoint problem

AYy =0 (2.3.31)

where AY = A T is the adjoint which is the transpose and complex conjugate
of the matrix A.
The de nition of the adjoint is such that

y Ax = AVy x: (2.3.32)

Since Ax = b, the left side of the equation reduces toy b while the right side
reduces to0 sinceAYy = 0. This then gives the condition

y b=0 (2.3.33)

which is known as the Fredholm-Alternative theorem, or a solvability condition.
In words, the equation states the in order for the systemAx = b to be solvable,
the right-hand side forcing b must be orthogonal to the null-space of the adjoint
operator AY.

3 Curve Fitting

Analyzing data is fundamental to any aspect of science. Ofte data can be
noisy in nature and only the trends in the data are sought. A vaiety of curve
tting schemes can be generated to provide simpli ed descrptions of data and
its behavior. The least-squares t method is explored alongwith tting methods
of polynomial ts and splines.

3.1 Least-Square Fitting Methods

One of the fundamental tools for data analysis and recognizig trends in physical

systems is curve tting. The concept of curve tting is fairl y simple: use a
simple function to describe a trend by minimizing the error between the selected
function to t and a set of data. The mathematical aspects of this are laid out

in this section.
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Suppose we are given a set af data points
(x1:y1); (X2;¥2); (Xaiya);  (Xni¥n): 3.1.1)

Further, assume that we would like to t a best t line through these points.
Then we can approximate the line by the function

f(x)= Ax+ B (3.1.2)

where the constantsA and B are chosen to minimize some error. Thus the
function gives an approximation to the true value which is o by some error so
that

f(Xk) = Yk + Ex (3.1.3)

whereyg is the true value and Ei is the error from the true value.
Various error measurements can be minimized when approximang with a
given function f (x). Three standard possibilities are given as follows

I: MaximumError: E; (f)= 1ml9x if (Xk)  Yki (3.1.4a)
<K<n
1 X
I1: AverageError: E (f) = 0 if (Xk)  Yki (3.1.4b)
k=1
=2
1 X 5
Il : Root meanSquare : E,(f) = 0 if (X))  Yki : (3.1.4¢)
k=1

In practice, the root-mean square error is most widely used ad accepted. Thus
when tting a curve to a set of data, the root-mean square erra is chosen to be
minimized. This is called aleast-squares t

Least-Squares Line

To apply the least-square t criteria, consider the data points f xx;yxg. where
k=1;2;3; ;n. To tthe curve

f(x)= Ax+ B (3.1.5)
to this data, the E; is found by minimizing the sum
X ; 2 X 2
Ex(f)=  Jf(X) W= (Axx+ B  y)°: (3.1.6)
k=1 k=1

Minimizing this sum requires di erentiation. Speci cally , the constants A and
B are chosen so that a minimum occurs. thus we require@gk=@A= 0 and
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@E=@B=0. This gives:

X
%: 0: . 2(Axx + B y)xx =0 (3.1.7a)
@z _,. ~ 0.
@B 0: . 2(Axx + B yx)=0: (3.1.7b)

Upon rearranging, the 2 2 system of equations is found forA and B

P, , Pan P,

P k=1 Xk k=1 Xk A g XYk (3.1.8)
n B n . L.
k=1 Xk n k=1 Yk

This equation can be easily solved using the backslash commd in MATLAB.
This method can be easily generalized to higher polynomial ts. In partic-
ular, a parabolic t to a set of data requires the tting funct ion

f(x)= Ax2+ Bx + C (3.1.9)

where now the three constantsA; B; and C must be found. These can be found
from the 3 3 system which results from minimizing the errorE,(A;B;C)

%‘i: 0 (3.1.10a)
%‘E =0 (3.1.10b)
%: 0 (3.1.10¢)

Data Linearization

Although a powerful method, the minimization of procedure can result in equa-
tions which are nontrivial to solve. Speci cally, consider tting data to the
exponential function

f(x) = Cexp(Ax): (3.1.112)
The error to be minimized is
X
E2(A;C)=  (Cexp(Axk) Yk)?: (3.1.12)
k=1

Applying the minimizing conditions leads to

@& _,. ', _

aA- " (Cexp(Axk) VYk)Cxk exp(Axk) =0 (3.1.13a)
@ k=1

@& _ 0: X 2(C =0: b
@c % (Cexp(Axk) Yyk)exp(Axk)=0: (3.1.13b)

k=1



AMATH 301 ( ¢J. N. Kutz) 29

This in turn leads to the 2 2 system

X X
C Xk exp(2Axk) Xk Yk eXp(Axg) =0 (3.1.14a)
k=1 k=1
X X
C exp(Axy) Yk exp(Axg) =0 : (3.1.14b)
k=1 k=1

This system of equations is nonlinear and cannot be solved ia straightforward
fashion. Indeed, a solution may not even exist. Or many solubn may exist.

To avoid the di culty of solving this nonlinear system, the e xponential t
can belinearized by the transformation

Y =In(y) (3.1.15a)
X =X (3.1.15b)
B=InC: (3.1.15c)
Then the t function
f(x) = y= Cexp(Ax) (3.1.16)

can be linearized by taking the natural log of both sides so tht
Iny =In( C exp(Ax)) =In C+In(exp(Ax))= B+Ax! Y = AX +B: (3.1.17)
So by tting to the natural log of the y-data
(xizyi) b (xisInyi) = (Xi: i) (3.1.18)

the curve t for the exponential function becomes a linear t ting problem which
is easily handled.

General Fitting

Given the preceding examples, a theory can be developed for general tting
procedure. The key idea is to assume a form of the tting funcion

f(x)=f(xC1;C2;Cs; ;Cm) (3.1.19)

where the C; are constants used to minimize the error andM < n . The root-
mean square error is then

X
E2(Cy; Cyo; Cs; ;Cm) = (f (xk; Cq1;Co; Cs; iCwm) yk)2 (3.1.20)
k=1

which can be minimized by considering theM M system generated from

@&k _ C o g
@—Q_o =12 :M: (3.1.21)
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In general, this gives thenonlinear set of equations

(F(kiCriCaiCai iCw) Yo =0 j=1:23 :M: (3122
=1 @¢
Solving this set of equations can be quite dicult. Most atte mpts at solving
nonlinear systems are based upon iterative schemes whichqeire good initial
guesses to converge to the solution. Regardless, the genkriting procedure is
straightforward and allows for the construction of a best t curve to match the

data.

3.2 Polynomial Fits and Splines

One of the primary reasons for generating data ts from polynomials, splines,
or least-square methods is tdnterpolate or extrapolate data values. In practice,
when considering only a nite number of data points

(Xo; Yo)
(X1;y1)

(Xn3Yn):

then the value of the curve at points other than the x; are unknown. Interpola-
tion uses the data points to predict values ofy(x) at locations wherex 6 x; and
X 2 [Xo;Xn]. Extrapolation is similar, but it predicts values of y(x) for x > x
or X <X g, i.e. outside the range of the data points.

Interpolation and extrapolation are easy to do given a leastsquares t. Once
the tting curve is found, it can be evaluated for any value of x, thus giving
an interpolated or extrapolated value. Polynomial tting i s another method
for getting these values. With polynomial tting, a polynom ial is chosen to go
through all data points. For the n + 1 data points given above, ann degree
polynomial is chosen

pn(X) = anx" +a, 1x" '+ +ax+ag (3.2.1)

where the coe cients a are chosen so that the polynomial passes through each
data point. Thus we have the resulting system

anXg + a, 1Xg '+ +aXo+ a
anX] +an 1x] '+ +axy+ a

(Xo;¥0) : Yo
(Xu:y1): 1

. . _ 1 .
(Xn;¥n): Yn = @nXp+an 1Xy ~+  +aXp+ ag:
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This system of equations is nothing more than a linear systemAx = b which
can be solved by using the backslash command in MATLAB.

Although this polynomial t method will generate a curve whi ch passes
through all the data, it is an expensive computation since wehave to rst set
up the system and then perform anO(n?) operation to generate the coe cients
& . A more direct method for generating the relevant polynomid is the Lagrange
Polynomials method. Consider rst the idea of constructing a line between the
two points (Xo;Yo) and (x1;y1). The general form for a line isy = mx + bwhich
gives
X  Xo |
X1
Although valid, it is hard to continue to generalize this technique to tting higher
order polynomials through a larger number of points. Lagrarge developed a
method which expresses the line through the two points as

Yy=Yo+(yr Yo) (3.2.2)

X1 X  Xp

X
= + 2.
p1(x) YOXO X1 y1X1 X (3.2.3)

which can be easily veri ed to work. In a more compact and geneal way, this
rst degree polynomial can be expressed as

Xt
p1(x) = YkL 1k (X) = Yol 1:0(X) + Y1l 1:1(X) (3.2.4)
k=0

where the Lagrange coe cients are given by

X X1

L1;0(X)2 N (3.2.53.)
X X
Lia() = £ XOO: (3.2.5b)

The power of this method is that it can be easily generalized® consider then+1
points of our original data set. In particular, we t an n degree polynomial
through the given data set of the form

X
Pn(X) = Yklnk (X) (3.2.6)
k=0

where the Lagrange coe cient is

(X Xo)(x x1) (X Xk )X Xke1) (X Xp)
(Xk X)Xk X1)  (Xk Xk 1)(Xk  Xke1)  (Xk  Xn)
(3.2.7)
Thus there is no need to solve a linear system to generate theedired polynomial.
This is the preferred method for generating a polynomial t to a given set of
data and is the core algorithm employed by most commercial pekages such as
MATLAB for polynomial tting.

Lok (X) =




AMATH 301 ( ¢J. N. Kutz) 32

Splines

Although MATLAB makes it a trivial matter to t polynomials o r least-square
ts through data, a fundamental problem can arise as a resultof a polynomial t:
polynomial wiggle Polynomial wiggle is generated by the fact that ann™ degree
polynomial has, in general,n 1 turning points from up to down or vice-versa.
One way to overcome this is to use giecewise polynomial interpolationscheme.
Essentially, this simply draws a line between neighboring dta points and uses
this line to give interpolated values. This technique is rather simple minded,
but it does alleviate the problem generated by polynomial wggle. However,
the interpolating function is now only a piecewise function Therefore, when
considering interpolating values between the points Xo; Yo) and (Xn;yn), there
will be n linear functions each valid only between two neighboring pants.

The data generated by a piecewise linear t can be rather crué and it tends
to be choppy in appearance. Splines provide a better way to represent data
by constructing cubic functions between points so that the rst and second
derivative are continuous at the data points. This gives a snooth looking func-
tion without polynomial wiggle problems. The basic assumpton of the spline
method is to construct a cubic function between data points:

Sk(X) = Sk;O + Sk;l(X Xk) + Sk;z(X Xk)2 + Sk;g(X Xk)3 (3.2.8)

wherex 2 [Xk; Xk+1 ] and the coe cients Sy are to be determined from various
constraint conditions. Four constraint conditions are imposed

Sk(Xk) = Yk (3.2.9a)
Si(Xk+1) = Sicr1 (Xk+1) (3.2.9b)
Se(Xk+1) = Sur (Xk+1) (3.2.9¢)
SAXk+1) = SP% (Xies1 ) : (3.2.9d)

This allows for a smooth t to the data since the four constraints correspond
to tting the data, continuity of the function, continuity o f the rst derivative,
and continuity of the second derivative respectively.

To solve for these quantities, a large system of equation&x = b is con-
structed. The number of equations and unknowns must be rst @lculated.

Sk(Xk) = yk ! Solution t: n+1 equations
Sk = Sk+1 ! Continuity: n 1 equations

S?=SP,, ! Smoothness:n 1 equations
SP= S I Smoothness:n 1 equations

This gives a total of 4n 2 equations. For each of then intervals, there are
4 parameters which gives a total of 4 unknowns. Thus two extra constraint



AMATH 301 ( ¢J. N. Kutz) 33

conditions must be placed on the system to achieve a solutian There are a
large variety of options for assumptions which can be made athe edges of the
spline. Itis usually a good idea to use the default unless thapplication involved
requires a speci ¢ form. The spline problem is then reducedda a simple solution
of an Ax = b problem which can be solved with the backslash command.

As a nal remark on splines, splines are heavily used in compter graph-
ics and animation. The primary reason is for their relative ease in calculating,
and for their smoothness properties. There is an entire splie toolbox avail-
able for MATLAB which attests to the importance of this techn ique for this
application. Further, splines are also commonly used for smothing data before
di erentiating. This will be considered further in upcomin g lectures.

3.3 Data Fitting with MATLAB

This section will discuss the practical implementation of the curve tting schemes
presented in the preceding two sections. The schemes to be@rred are least-
square ts, polynomial ts, line interpolation, and spline interpolation. Addi-
tionally, a non-polynomial least-square t will be considered which results in a
nonlinear system of equations. This nonlinear system requés additional insight
into the problem and sophistication in its solution technique.

To begin the data t process, we rst import a relevant data set into the
MATLAB environment. To do so, the load command is used. The leline t.dat
is a collection ofx and y data values put into a two column format separated
by spaces. The le is the following:

line t.dat

00 11
05 1.6
11 24
1.7 3.8
21 43
25 47
29 438
33 55
3.7 6.1
42 6.3
49 71
53 7.1
6.0 8.2
6.7 6.9
70 53

This data is just an example of you may want to import into MATL AB. The
command structure to read this data is as follows
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load linefit.dat
x=linefit(:,1);
y=linefit(:,2);

figure(1), plot(x,y,'O:")

After reading in the data, the two vectors x and y are created from the rst
and second column of the data respectively. It is this set of dta which will be
explored with line tting techniques. The code will also generate a plot of the
data in gure 1 of MATLAB.

Least-Squares Fitting

The least-squares t technique is considered rst. The polyt and polyval
commands are essential to this method. Speci cally, thepolyt command is
used to generate then + 1 coe cients a of the n'" -degree polynomial

Pn(X) = anx" +a, 1x" '+ +ax+ag (3.3.1)

used for tting the data. The basic structure requires that t he vectorsx andy
be submitted to polyval along with the desired degree of polynomial tn. To
t a line ( n = 1) through the data, the structure, use the command

pcoeff=polyfit(x,y,1);

The output of this function call is a vector pcoe which includes the coe cients
a; and ag of the line t pi(x) = a;x + ap. To evaluate and plot this line, values
of x must be chosen. For this example, the line will be plotted forx 2 [0; 7] in
steps of x =0:1.

xp=0:0.1:7;
yp=polyval(pcoeff xp);
figure(2), plot(x,y,'O",xp,yp,' m’)

The polyval command uses the coe cients generated fronpolyt to generate
the y values of the polynomial t at the desired values ofx given by xp . Figure
2 in MATLAB depicts both the data and the best line t in the leas t-square
sense.

To t a parabolic pro le through the data, a second degree polynomial is
used. This is generated with

pcoeff2=polyfit(x,y,2);
yp2=polyval(pcoeff2,xp);
figure(3), plot(x,y,'0',xp,yp2,'m’)
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Here the vector yp2 contains the parabolic t to the data evaluated at the
x-valuesxp . These results are plotted in MATLAB gure 3. To nd the least-
square error, the sum of the squares of the di erences betweethe parabolic t
and the actualy data must be evaluated. Speci cally, the quantity

! 1=2

xn
Eaf)= =7 )y (332)
I"]k:l

is calculated. For the parabolic t considered in the last example, the polynomial
t must be evaluated at the x values for the given dataline t.dat . The error
is then calculated

yp3=polyval(pcoeff2,x);
E2=sqrt( sum( ( abs(yp3-y) ).*2 )/n)

This is a quick and easy calculation which allows for an evalation of the tting
procedure. In general, the error will continue to drop as thedegree of polynomial
is increased. this is because every extra degree of freedorfiows for a better
least-squares t to the data.

Interpolation

In addition to least-square tting, interpolation techniq ues can be developed
which go through all the given data points. The error in this case is zero, but
each interpolation scheme must be evaluated for its accurat representation of
the data. The rst interpolation scheme is a polynomial tto the data. Given
n+1 points, an n degree polynomial is chosen. Th@olyt command is again
used for the calculation

n=length(x)-1;
pcoeffn=polyfit(x,y,n);
ypn=polyval(pcoeffn,xp);
figure(4), plot(x,y,'O',xp,ypn,'m")

The MATLAB script will produce an n' degree polynomial through the data
points. But as always is the danger with polynomial interpolation, polynomial
wiggle can dominate the behavior. This is indeed the case as illusated in
gure 4. The strong oscillatory phenomena at the edges is a commondture of
this type of interpolation.

In contrast to a polynomial t, a piecewise linear t gives a simple minded
connect-the-dot interpolation to the data. The interpl command gives the
piecewise linear t algorithm

yint=interp1(x,y,xp);
figure(5), plot(x,y,'O',xp,yint,'m")
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The linear interpolation is illustrated in gure 5 of MATLAB. The are a few
options available with the interpl command, including the nearest option and
the spline option. The nearestoption gives the nearest value of the data to the
interpolated value while the spline option gives a cubic spline t interpolation
to the data. The two options can be compared with the defaultlinear option.

yint=interp1(x,y,xp);

yint2=interp1(x,y,xp,'nearest’)

yint3=interp1(x,y,xp,'spline’)

figure(5), plot(x,y,'O',xp,yint,'m',xp,int2,'k',xp,i nt3,'r"

Note that the spline option is equivalent to using the spline algorithm supplied
by MATLAB. Thus a smooth t can be achieved with either spline or interpl .

The spline command is used by giving thex and y data along with a vector
xp for which we desire to generate corresponding values.

yspline=spline(x,y,xp);
figure(6), plot(x,y,'O",xp,yspline,'k")

The generated spline is depicted ingure 6. This is the same as that using
interpl with the spline option. Note that the data is smooth as expected from
the enforcement of continuous smooth derivatives.

Nonlinear Least-Square Fitting

To consider more sophisticated least-square tting routines, consider the follow-
ing data set which looks like it good be nicely tted with a Gaussian pro le.

gauss t.dat
-3.0 -0.2
-22 01
-1.7  0.05
-1.5 0.2
-1.3 04
-1.0 1.0
-0.7 1.2
-04 14
-0.25 1.8
-0.05 2.2
0.07 2.1
0.15 1.6
03 15
065 1.1

11 038
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125 0.3
1.8 -0.1
2.5 0.2

To tthe data to a Gaussian, we indeed assume a Gaussian funadn of the form
f(x)= Aexp( Bx?): (3.3.3)

Following the procedure to minimize the least-square errorleads to a set of
nonlinear equations for the coe cients A and B. In general, solving a nonlinear
set of equations can be a di cult task. A solution is not guaranteed to exist.
And in fact, there may be many solutions to the problem. Thus the nonlinear
problem should be handled with care.

To generate a solution, the least-square error must be mininzed. In partic-
ular, the sum

X
Ex=  jf(xk) Wi (3.3.4)
k=0
must be minimized. The commandfmins in MATLAB minimizes a function of
several variables. In this case, we minimize (3.3.4) with repect to the variables
A and B. Thus the minimum of

X
Ez=  jAexp( Bxg) yii? (3.3.5)
k=0

must be found with respect to A and B. The fmins algorithm requires a
function call to the quantity to minimized along with an init ial guess for the
parameters which are being used for minimization, i.e.A and B.

coeff=fmins(‘gafit',[1 1]);

This command structure uses as initial guesseé = 1 and B = 1 when calling
the le gatm . After minimizing, it returns the vector coe which contains
the appropriate values of A and B which minimize the least-square error. The
function called is then constructed as follows:

gatm
function E=gafit(x0)

load gaussfit.dat

x=gaussfit(:,1);

y=gaussfit(;,2);

E=sum( ( x0(1)*exp(-x0(2)*x."2)-y )."2 )
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The vector x¢ accepts the initial guesses folA and B and is updated asA and
B are modi ed through an iteration procedure to converge to the least-square
values. Note that the sum is simply a statement of the quantity to minimized,
namely (3.3.5). The results of this calculation can be illusrated with MATLAB
gure 7

xga=-3:0.1:3;

a=coeff(1); b=coeff(2)
yga=a*exp(-b*xga.2);

figure(7), plot(x2,y2,'0',xga,yga,'m’)

Note that for this case, the initial guess is extremely impotant. For any given
problem where this technique is used, an educated guess fdne values of param-
eters like A and B can determine if the technique will work at all. The results
should also be checked carefully since there is no guarantégat a minimization
near the desired t can be found.

4 Numerical Di erentiation and Integration

Di erentiation and integration form the backbone of the mat hematical tech-
nigques required to describe and analyze physical systems. hEse two mathe-
matical concepts describe how certain quantities of interst change with respect
to either space and time or both. Understanding how to evalugée these quan-
tities numerically is essential to understanding systems byond the scope of
analytic methods.

4.1 Numerical Di erentiation

Given a set of data or a function, it may be useful to di erentiate the quantity
considered in order to determine a physically relevant progrty. For instance,
given a set of data which represents the position of a parti@d as a function of
time, then the derivative and second derivative give the vebcity and acceleration
respectively. From calculus, the de nition of the derivati ve is given by

a@®) _ yp L+ 9 4.1.1)
t

dt tl 0

Since the derivative is the slope, the formula on the right isnothing more than
a rise-over-run formula for the slope. The general idea of deaulus is that as

t! 0, then the rise-over-run gives the instantaneous slope. Nuerically, this
means that if we take t su ciently small, than the approximation should be
fairly accurate. To quantify and control the error associated with approximating
the derivative, we make use ofTaylor series expansions.
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To see how the Taylor expansions are useful, consider the folving two
Taylor series:

2, (a)

_ d (1)
f(t+ t)=f()+ tT + T TS (4.1.2a)
_ d(t) t2 d?f (t) t3 d°f (cy)
f(t t)= f(t) tT + IR SETRRTE (4.1.2b)
where ¢ 2 [a; . Subtracting these two expressions gives
3 3 3
f+ o fe pe=z2 (JO, U dT) TG, g

dt 3! dt3 dt3

By using the mean-value theorem of calculus, we ndf %) = (f%fc) +
f 9%c,))=2. Upon dividing the above expression by 2 t and rearranging, we
nd the following expression for the rst derivative:

dg@)  f@+ t) f( t) t? d*f ()
dt ~ 2t 6 dt3
where the last term is the truncation error associated with the approximation
of the rst derivative using this particular Taylor series g enerated expression.
Note that the truncation error in this case is O( t?).

We could improve on this by continuing our Taylor expansion and truncat-
ing it at higher orders in t. This would lead to higher accuracy schemes.
Speci cally, by truncating at O( t°), we would have

_ o (1) t2 d?f (t)
f(t+ t)=~f(@)+ t gt + CTRrTE
343 4 44 55
+_tdf(t)+_tdf(t)+_tdf(c1)

(4.1.4)

3 ae 4 a5 a1
_ o (t) t2 d?f (t)
(e =1 52 S
3 A3 4 44 5 A5
CE ) (@) o

3 dtd 4 dt* 5l dtS
where ¢ 2 [a; . Again subtracting these two expressions gives
d () 2 t3d3 (1) t>  d5 (c1)  d°f (c2)
+ = + + — +
ftr 1t p=2t dt 3! dt3 5! dt5 dtd
(4.1.6)
In this approximation, there is third derivative term left o ver which needs to
be removed. By using two additional points to approximate the derivative, this
term can be removed. Thus we use the two additional pointsf (t +2 t) and
f(t 2 t). Uponreplacing tby2 tin (4.1.6), we nd

d (1), 16 B (), 32 ° b (B)  Pf (c4)
dt 3 de 51 dts dts
(4.1.7)

f2 1) f(t2 t)=4 t
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O( t?) center-di erence schemes

Fq) =[f(t+ t) f(t t)]=2 t

FO)=[f(t+ t) 2f(t)+ f(t t)]= t2

fOf) =[f(t+2 t) 2f(t+ t)+2f(t t) f(t 2 t)=2 t3
FOOQ) =[f(t+2 t) 4f(t+ t)+6f(t) 4f(t )+ f(t 2 t)= t*

Table 4: Second-order accurate center-di erence formulas

By multiplying (4.1.6) by eight and subtracting (4.1.7) and using the mean-value
theorem on the truncation terms twice, we nd the expression
ag()  f@+2 t)+8f(t+ t) 8f(t )+ f(t 2 t)+
dt 12 t

_t4f ® ()
30
(4.1.8)
wheref © is the fth derivative and the truncation is of O( t%).
Approximating higher derivatives works in a similar fashion. By starting
with the pair of equations (4.1.2) and adding, this gives theresult

B, d (o), dF(c)
dz 4 dif dt4

f(t+ t)+f(t  t)=2f()+ t2 : (4.1.9)
By rearranging and solving for the second derivative, theO( t?) accurate ex-
pression is derived

d?f(t)y  ft+ t) 2f(t)+ f(t t)

ek > +0O( t?) (4.1.10)

where the truncation error is of O( t?) and is found again by the mean-value
theorem to be ( t2=12)f °°9%¢). This process can be continued to nd any
arbitrary derivative. Thus, we could also approximate the third, fourth, and

higher derivatives using this technique. It is also possil# to generate backward
and forward di erence schemes by using points only behind ofin front of the

current point respectively. Tables 4-6 summarize the secarorder and fourth-

order central di erence schemes along with the forward- andbackward-di erence
formulas which are accurate to second-order.

A nal remark is in order concerning these di erentiation schemes. The
central di erence schemes are an excellent method for genating the values of
the derivative in the interior points of a data set. However, at the end points,
forward and backward di erence methods must be used since thy do not have
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O( t*) center-di erence schemes

fo)y=[ f(t+2 t)+8f(t+ t) 8f(t t)+f(t 2 t)=12 t
fOty=[ f(t+2 t)+16f(t+ t) 30f(t)

+16f (t t) f(t 2 t)=12 t2
fORY=[ f(t+3 t)+8f(t+2 t) 13 (t+ t)

+13f (t t) 8f(t 2 t)+f(t 3 t)=8 t3
fOOR)=[ f(t+3 t)+12f(t+2 t) 39 (t+ t)+56f(t)

39f (t t)y+12f(t 2 t) f(t 3 t)]=6 t*

Table 5: Fourth-order accurate center-di erence formulas

O( t?) forward- and backward-di erence schemes

fo)y=[ 3f()+4f(t+ t) f(@+2 t)]=2 t
o) =[3f(t) 4f(t t)+f(t 2 t)]=2 t
fOU)=[2f(t) 5f(t+ t)+4f(@t+2 t) f(t+3 t)= t3
fOU) =[2f(t) 5f (t t)y+4f(t 2 t) f(t 3 t)= t3

Table 6: Second-order accurate forward- and backward-di eéence formulas.

neighboring points to the left and right respectively. Thus special care must be
taken at the end points of any computational domain.

It may be tempting to deduce from the di erence formulas that as t! O,
the accuracy only improves in these computational methods. However, this
line of reasoning completely neglects the second source ofr@r in evaluating
derivatives: numerical round-o .

Round-o and optimal step-size

An unavoidable consequence of working with numerical compiations is round-
o error. When working with most computations, double precision numbers
are used. This allows for 16-digit accuracy in the represemtion of a given
number. This round-o has signi cant impact upon numerical computations
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and the issue of time-stepping.
As an example of the impact of round-o , we consider the appraimation to

the derivative
dy y(t+ t) y(t)
dt t
where (y(t); t)measures the truncation error. Upon evaluating this expression
in the computer, round-o error occurs so that

+ (y(): 1) (4.1.11)

y(t) = Y(t)+ e(t); (4.1.12)

whereY (t) is the approximated value given by the computer ande(t) measures
the error from the true value y(t). Thus the combined error between the round-
o and truncation gives the following expression for the derivative:

dy _y(t+ t) y@)
t

dt +E(y(): b (4.1.13)

where the total error, E, is the combination of round-o and truncation such
that

e(t+ t) et t? d?y(0) .
E = Eround * Etrunc = " - gz (4.1.14)

We now determine the maximum size of the error. In particular, we can bound
the maximum value of round-o and the derivate to be

je(t+ b & (4.1.15a)

i et)j e (4.1.15b)
_ d?y(c)

M = szz?\t):ﬂ] i (4.1.15c)

This then gives the maximum error to be

G, _t2|\/| = 2ﬁ+ t’M

t 2 t 2

JEj : (4.1.16)
Note that as t gets large, the error grows quadratically due to the truncafon
error. However, as t decreases to zero, the error is dominated by round-o
which grows like 1= t.

To minimize the error, we require that @Ej=@ t) = 0. Calculating this
derivative gives

Q@E]j 2e
o +M t=0; 4.1.17
@y v ' @10
so that 1=
e 1"
t= = . (4.1.18)
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This gives the step size resulting in a minimum error. Thus the smallest step-size
is not necessarily the most accurate. Rather, a balance be®en round-o error
and truncation error is achieved to obtain the optimal step-size. Fore, 10 6,
the optimal t 10 5. Below this value of t, numerical round-o begins to
dominate the error

A similar procedure can be carried out for evaluating the optmal step size
associated with theO( t*) accurate scheme for the rst derivative. In this case

Q_ f(t+2 t)+8f(t+ t) 8f(t H+f(t 2 t)
dt 12 t

+ E(y(t); t)

(4.1.19)
where the total error, E, is the combination of round-o and truncation such
that

e(t+2 t)+8e(t+ t) 8et et 21 t4 dy(c)

12 t 30 dt®>
(4.1.20)
We now determine the maximum size of the error. In particular, we can bound
the maximum value of round-o to e as before and setM = max fj y°°°¢8)jg .
This then gives the maximum error to be

E =

3e t4*M
= ——+ — ¢
2t 30

Note that as t gets large, the error grows like a quartic due to the truncatbn
error. However, as t decreases to zero, the error is again dominated by round-
o which grows like 1= t.

To minimize the error, we require that @Ej=@ t) = 0. Calculating this
derivative gives

iEj (4.1.21)

45,
t= : 4.1.22
am ( )
Thus in this case, the optimal step t 10 3. This shows that the error can
be quickly dominated by numerical round-o if one is not careful to take this
signi cant e ect into account.

4.2 Numerical Integration

Numerical integration simply calculates the area under a gien curve. The basic

ideas for performing such an operation come from the de niton of integration
Z b )(\]

f (x)dx = lim f(x;)h (4.2.1)

a hi"o,

whereb a= Nh. Thus the area under the curve, from the calculus standpoint
is thought of as a limiting process of summing up an ever-inaasing number
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of rectangles. This process is known as numerical quadrater Speci cally, any
sum can be represented as follows

X
QIf 1= wif (Xk) = Wof (Xo) + wif (x1)+  + wnT(Xn) (4.2.2)
j=0
wherea= Xp<X1<X»< <Xxn = b. Thus the integral is evaluated as
Zy
f(x)dx = Q[f ]+ E[f] (4.2.3)

a

where the term E[f ] is the error in approximating the integral by the quadratur e
sum (4.2.2). Typically, the error E[f ] is due to truncation error. To integrate,
use will be made of polynomial ts to the y-valuesf (xj). Thus we assume the
function f (x) can be approximated by a polynomial

Phn(x)= anx"+a, 1x" '+ + aix+ ap (4.2.4)

where the truncation error in this case is proportional to the (n+1) " derivative
E[f]= Af ("D (¢) and A is a constant. This process of polynomial tting the
data gives the Newton-Cotes Formulas

Newton-Cotes Formulas

The following integration approximations result from using a polynomial t
through the data to be di erentiated. It is assumed that

Xk = Xo + hk fx="1(Xk): (4.2.5)
This gives the following integration algorithms:
z X1 h h3
Trapezoid Rule  f (x)dx = i(fo +fq) 1—2f RE) (4.2.6a)
inz h h
Simpson's Rule  f (x)dx = §(fo +4f,+ fy) %f 004¢) (4.2.6b)
vz x3 3h 3h°
Simpson's 3/8 Rule  f (x)dx= §(f0+3f1+3f2+ f3) Ef 004%) (4.2.6¢)
Z xs N 2h 8h’
Boole's Rule  f (x)dx= =—=(7f o+32f +12f #32f 5+7f4) —f © (c)(4.2.6d)
%o 45 945

These algorithms have varying degrees of accuracy. Specidly, they are O(h?),
0O(h*), O(h*) and O(h®) accurate schemes respectively. The accuracy condition
is determined from the truncation terms of the polynomial t . Note that the
Trapezoid rule uses a sum of simple trapezoids to approximate the integral.
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Simpson's rule ts a quadratic curve through three points and calculates the
area under the quadratic curve. Simpson's 3/8 rule uses four points and a cubic
polynomial to evaluate the area, whileBoole's rule uses ve points and a quintic
polynomial t to generate an evaluation of the integral.

The derivation of these integration rules follows from simpe polynomial
ts through a speci ed number of data points. To derive the Simpson's rule,
consider a second degree polynomial through the three poist(xo; fo), (X1;f2),
and (xz;f>):

(X xa))(x_ X2) . (X Xo)(Xx Xz) . (X Xo)(Xx xi)
(Xo  X1)(Xo X2) 1(Xl Xo)(X1  X2) 2(Xz Xo)(X2  X1)
(4.2.7)
This quadratic tis derived by using Lagrange coe cients. T he truncation error
could also be included, but we neglect it for the present purpses. By plugging
in (4.2.7) into the integral

z

P2(x) = fo

z,, h
f (x)dx p2(x)dx = §(fo +4f,+ ) (4.2.8)

Xo Xo

X2

The integral calculation is easily performed since it only nvolves integrating
powers ofx? or less. Evaluating at the limits then causes many terms to cacel
and drop out. Thus the Simpson's rule is recovered. The trapeoid rule, Simp-
son's 3/8 rule, and Boole's rule are all derived in a similar &shion. To make
connection with the quadrature rule (4.2.2), Q = wofo+ wif 1+ wyf 2, Simpson's
rule giveswy = h=3, w; =4h=3, and w, = h=3 as weighting factors.

Composite Rules

The integration methods (4.2.6) give values for the integrds over only a small
part of the integration domain. Trapezoid rule, for instance, only gives a value
for x 2 [xp;Xx1]. However, our fundamental aim is to evaluate the integral ower
the entire domain x 2 [a;b. Assuming once again that our interval is divided
asa= Xg<X1<Xs< <xn = b, then the trapezoid rule applied over the
interval gives the total integral

Z b [’( 1 h
f(x)dx QI[f]= E(fj +fje1) (4.2.9)
a j=l
Writing out this sum gives
X 1h

E(fj +fj41)

h h h
E(f0+f1)+§(f1+f2)+ +§(fN 1+ fn)
j=1

= g(f0+2f1+2f2+ +2fn 1+ fN) (4.2.10)
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0 1
1

= g@fo'i'fN +2 fjA
i=1

The nal expression no longer double counts the values of thepoints between
fo and fy. Instead, the nal sum only counts the intermediate values ace,
thus making the algorithm about twice as fast as the previoussum expression.
These are computational savings which should always be expited if possible.

Recursive Improvement of Accuracy

Given an integration procedure and a value ofh, a function or data set can be
integrated to a prescribed accuracy. However, it may be desable to improve the
accuracy without having to disregard previous approximations to the integral.
To see how this might work, consider the trapezoidal rule fora step size of B.
Thus, the even data points are the only ones of interest and wdave the basic
one-step integral

Z % 2h

f (x)dx = 7(fo +f)= h(fo+ f2): (4.2.11)

Xo
The composite rule associated with this is then
Zy Ns2 1
f(x)dx QI[f]= h(fo + fo+2): (4.2.12)
a j=0
Writing out this sum gives
Ny2 1

h(fa + f242)
i=0

h(fo+ fo)+ h(fa+ fa)+  +h(fn 2+ fn)

hgo+2f2+2f4+ +Z_|.fN 2+ fN) (4.2.13)
NXZ 1

h@f0+fN +2 fszZ
j=1

Comparing the middle expressions in (4.2.10) and (4.2.13)iges a great deal
of insight into how recursive schemes for improving accuracwork. Speci cally,
we note that the more accurate scheme with step sizé contains all the terms
in the integral approximation using step size 2. Quantifying this gives

1
Qh = §Q2h + h(fl + fa+ + fn 1); (4214)

where Qy, and Q,y, are the quadrature approximations to the integral with step
size h and 2h respectively. This then allows us to half the value ofh and
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improve accuracy without jettisoning the work required to approximate the
solution with the accuracy given by a step size of B. This recursive procedure
can be continued so as to give higher accuracy results. Furtr, this type of
procedure holds for Simpson's rule as well as any of the integtion schemes
developed here. This recursive routine is used in MATLAB in ader to generate
results to a prescribed accuracy.

4.3 Implementation of Di erentiation and Integration

This lecture focuses on the implementation of di erentiation and integration
methods. Since they form the backbone of calculus, accuratmethods to ap-
proximate these calculations are essential. To begin, we osider a specic
function to be di erentiated, namely a hyperbolic secant. Part of the reason for
considering this function is that the exact value of its derivative is known. This
allows us to make a comparison of our approximate methods wit the actual
solution. Thus, we consider

u = sech(x) (4.3.2)

whose derivative is g
d—)‘: = sechi)tanh(x) (4.3.2)
Di erentiation

To begin the calculations, we de ne a spatial interval. For this example we take
the interval x 2 [ 10;10]. In MATLAB, the spatial discritization, X, must
also be de ned. This gives

dx=0.1; % spatial discritization
x=-10:dx:10; % spatial domain

Once the spatial domain has been de ned, the function to be derentiated must
be evaluated

u=sech(x);
ux_exact=-sech(x)*tanh(x);
figure(1), plot(x,u,x,ux_exact)

MATLAB gure 1 produces the function and its derivative.

To calculate the derivative numerically, we use the center; forward-, and
backward-di erence formulas derived for di erentiation. Speci cally, we will
make use of the following four rst-derivative approximati ons:

center dierence O(h?): % (4.3.3a)

Yn+2 +8Yn+1  8Yn 1t Yn 2

center dierence O(h*): o

(4.3.3b)
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3yn +4Yn+1  Yne2

forward dierence O(h?): o (4.3.3¢)
backward di erence O(h2) : X" 4y”2h1+ Yo 2. (4.3.3d)

Here we have usech = x and y, = y(Xn).

Second-order accurate derivative

To calculate the second order accurate derivative, we use th rst, third and
fourth equations of (4.3.3). In the interior of the domain, we use the center-
di erence scheme. However, at the left and right boundaries there are no left
and right neighboring points respectively to calculate thederivative with. Thus
we require the use of forward- and backward-di erence schees respectively.
This gives the basic algorithm

n=length(x)

% 2nd order accurate

ux(1)=(-3*u(1)+4*u(2)-u(3))/(2*dx);

for j=2:n-1
ux(f)=(u(+1)-u(-1))/(2*dx);

end

ux(n)=(3*u(n)-4*u(n-1)+u(n-2))/(2*dx);

The values ofux(1) and ux(n) are evaluated with the forward- and backward-
di erence schemes.

Fourth-order accurate derivative

A higher degree of accuracy can be achieved by using a fourthrder scheme.
A fourth-order center-di erence scheme such as the secondgeation of (4.3.3)
relied on two neighboring points. Thus the rst two and last t wo points of the
computational domain must be handled separately. In what fdlows, we use a
second-order scheme at the boundary points, and a fourth-ater scheme for the
interior. This gives the algorithm

% 4th order accurate

ux2(1)=(-3*u(1)+4*u(2)-u(3))/(2*dx);

ux2(2)=(-3*u(2)+4*u(3)-u(4))/(2*dx);

for j=3:n-2
ux2(j)=(-u(j+2)+8*u(j+1)-8*u(j-1)+u(j-2))/(12*dx);

end

ux2(n-1)=(3*u(n-1)-4*u(n-2)+u(n-3))/(2*dx);

ux2(n)=(3*u(n)-4*u(n-1)+u(n-2))/(2*dx);
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For the dx = 0:1 considered here, the second-order and fourth-order sches
result in errors of 10 2 and 10 “ respectively. To view the accuracy, the results
are plotted together with the analytic solution for the deri vative

figure(2), plot(x,ux_exact,'0’,x,ux,'c',x,ux2,'m")

To the naked eye, these results all look to be exactly on the ect solution.
However, by zooming in on a particular point, it quickly becomes clear that the
errors for the two schemes are indeed 1¢ and 10 # respectively. The failure
of accuracy can also be observed by taking large values afx. For instance,
dx = 0:5 anddx = 1 illustrate how the derivatives fail to be properly determ ined
with large dx values.

As a nal note, if you are given a set of data to di erentiate. |t is always
recommended that you rst run a spline through the data with an appropri-
ately small dx and then di erentiate the spline. This will help to give smooth
di erentiated data. Otherwise, the data will tend to be high ly inaccurate and

choppy.

Integration

There are a large number of integration routines built into MATLAB. So unlike
the di erentiation routines presented here, we will simply make use of the built
in MATLAB functions. The most straight-forward integratio n routine is the
trapezoidal rule. Given a set of data, thetrapz command can be used to
implement this integration rule. For the x and y data de ned previously for the
hyperbolic secant, the command structure gives

int_sech=trapz(x,y.*2);

where we have integrated sech(x). The value of this integral is exactly two.
The trapz command gives a value that is within 10 7 of the true value. To
generate the cumulative values, thecumtrapz command is used.

int_sech2=cumtrapz(x,y.*2);
figure(3), plot(x,int_sech?2)

MATLAB gure 3 gives the value of the integral as a function ofx.

Alternatively, a function can be speci ed for integration o ver a given domain.
The quad command is implemented by specifying a function and the rang of
integration. This will give a value of the integral using a recursive Simpson's
rule that is accurate to within 10 8. The command structure for this evaluation
is as follows

int_quad=quad(inline('sech(x).”2",-10,10)
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Here the inline command allows us to circumvent a traditional function call.
The quad command can, however, be used with a function call. This command
executes the integration of sech(x) over x 2 [ 10;10].

Double and triple integrals over two-dimensional rectanges and three-dimensional
boxes can be performed with thedbequad and triplequad commands. Note
that no version of the quad command exists that produces cumulative integra-
tion values. However, this can be easily handled in dor loop.

5 Dierential Equations

Our ultimate goal is to solve very general nonlinear partial di erential equa-

tions of elliptic, hyperbolic, parabolic, or mixed type. However, a variety of
basic techniques are required from the solutions of ordinar di erential equa-

tions. By understanding the basic ideas for computationaly solving initial and

boundary value problems for dierential equations, we can ®lve more com-
plicated partial di erential equations. The development of numerical solution
techniques for initial and boundary value problems originges from the simple
concept of the Taylor expansion. Thus the building blocks f@ scienti c comput-

ing are rooted in concepts from freshman calculus. Implemdation, however,
often requires ingenuity, insight, and clever application of the basic principles.
In some sense, our numerical solution techniques reverse ounderstanding of
calculus. Whereas calculus teaches us to take a limit in ordeto de ne a deriva-

tive or integral, in numerical computations we take the derivative or integral of
the governing equation and go backwards to de ne it as the dierence.

5.1 Initial value problems: Euler, Runge-Kutta and Adams
methods

The solutions of general partial di erential equations rely heavily on the tech-
niques developed for ordinary di erential equations. Thuswe begin by consid-
ering systems of di erential equations of the form

dy _

i f(y:t) (5.1.1)

wherey represents a vector and the initial conditions are given by

y(0) = yo (5.1.2)

with t 2 [0; T]. Although very simple in appearance, this equation cannotbe
solved analytically in general. Of course, there are certai cases for which the
problem can be solved analytically, but it will generally be important to rely
on numerical solutions for insight. For an overview of analyic techniques, see
Boyce and DiPrima [1].
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The simplest algorithm for solving this system of di erential equations is
known as the Euler method The Euler method is derived by making use of the
de nition of the derivative:

dy _ y

— =1 — 5.1.3

dt "o t ( )
Thus over atime span t = ty+; t, we can approximate the original di erential
equation by
2=t ) I ) (5.1.4)
The approximation can easily be rearranged to give

yn+l = yn + t f(yn,tn) (515)

Thus the Euler method gives an iterative scheme by which the diture values
of the solution can be determined. Generally, the algorithmstructure is of the
form

y(ta+1) = F(y(tn)) (5.1.6)

whereF(y(tn)) = y(th)+ t f(y(th);tn) The graphical representation of this
iterative process is illustrated in Fig. 1 where the slope (@rivative) of the func-
tion is responsible for generating each subsequent appraxiation to the solution
y(t). Note that the Euler method is exact as the step size descreses to zero:
t! 0.
The Euler method can be generalized to the following iteratve scheme:

Yn+r = Ynt U (5.1.7)

where the function is chosen to reduce the error over a single time step t and
VYn = Y(tn). The function is no longer constrained, as in the Euler scheme,
to make use of the derivative at the left end point of the compuational step.
Rather, the derivative at the mid-point of the time-step and at the right end of
the time-step may also be used to possibly improve accuracyn particular, by
generalizing to include the slope at the left and right ends 6the time-step t,
we can generate an iteration scheme of the following form:

yt+ t)=y@t)+ tAF(Ly)+Bf(t+P tyt)+Q t f(ty())]
(5.1.8)
where A;B; P and Q are arbitrary constants. Upon Taylor expanding the last
term, we nd

f(t+P  tyt)+Q t f(ty() =
fy)+ P t futy®)+ Q t fy(ty(t) f(tyt)+ O( t?) (5.1.9)

wheref, and f, denote di erentiation with respect to t and y respectively, use
has been made of (5.1.1), an@®( t?) denotes all terms that are of size t? and
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y(®)

Exact Solution y(t)

R

! ! Error
1Euler Approximations:

Figure 1: Graphical description of the iteration process ued in the Euler
method. Note that each subsequent approximation is generad from the slope
of the previous point. This graphical illustration suggests that smaller steps t
should be more accurate.

smaller. Plugging in this last result into the original iter ation scheme (5.1.8)
results in the following:

y(t+ t)=y(t)+ t(A+B)f(ty(t)
+PB t? f(tby(t)+ BQ t* fy(ty(t) f(ty()+ O( t*) (5.1.10)
which is valid up to O( t?).

To proceed further, we simply note that the Taylor expansionfor y(t + t)
gives:

yE+ D= yO+ t Gy 5 € AEyD)
+% 2ty ) (y®)+ O t3):(5.1.11)

Comparing this Taylor expansion with (5.1.10) gives the folowing relations:

A+B=1 (5.1.12a)
PB = % (5.1.12b)
BQ = % (5.1.12c)
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(t)

f(t+Dt )

f(©) f(t+DU2 )

t t+DY2 t+Dt

Figure 2: Graphical description of the initial, intermediate, and nal slopes used
in the 4th order Runke-Kutta iteration scheme over a time t.

which yields three equations for the four unknowsA;B;P and Q. Thus one
degree of freedom is granted, and a wide variety of schemesrche implemented.
Two of the more commonly used schemes are known adeun's method and
Modi ed Euler-Cauchy (second order Runge-Kutta). These schemes assume
A =1=2 and A = 0 respectively, and are given by:

y(t+ t)=y()+ 7t[f Gy + ft+ ty®+ t f{ty(t))] (5.1.13a)

yit+ = ym+ tf t+ 7t;y(t) " 7t Fty() (5.1.13b)
Generally speaking, these methods for iterating forward intime given a single
initial point are known as Runge-Kutta methods By generalizing the assumption
(5.1.8), we can construct stepping schemes which have arlvdry accuracy. Of
course, the level of algebraic di culty in deriving these higher accuracy schemes
also increases signi cantly from Heun's method and Modi ed Euler-Cauchy.

4th-order Runge-Kutta

Perhaps the most popular general stepping scheme used in ptce is known
as the 4th order Runge-Kutta method The term \4th order" refers to the fact
that the Taylor series local truncation error is pushed to O( t°). The total
cumulative (global) error is then O( t*) and is responsible for the scheme name
of \4th order". The scheme is as follows:

Yoo = Yo+ 5 1420042054 £ (5.1.14)

where
fi1="1(th;Yn) (5.1.15a)
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fo=1f th+ 7t;yn + %fl (5.1.15b)

fa=f t,+ —t;yn + —tfz (5.1.15c)
2 2

fa=f(n+ tynt+t t f3): (5.1.15d)

This scheme gives a local truncation error which isO( t°). The cumulative
(global) error in this case case is fourth order so that fot  O(1) then the error
is O( t*). The key to this method, as well as any of the other Runge-Kuta
schemes, is the use of intermediate time-steps to improve aaracy. For the
4th order scheme presented here, a graphical representatioof this derivative
sampling at intermediate time-steps is shown in Fig. 2.

Adams method: multi-stepping techniques

The development of the Runge-Kutta schemes rely on the de niion of the
derivative and Taylor expansions. Another approach to sohing (5.1.1) is to start
with the fundamental theorem of calculus [2]. Thus the di erential equation can
be integrated over a time-step t to give

dy z t+ t

oD )y o oym= f (ty)dt: (5.1.16)

t

And once again using our iteration notation we nd

th+

Yn+1 = Yn t f(ty)dt: (5.12.17)

th

This iteration relation is simply a restatement of (5.1.7) with t = Rttn“ f(ty)dt.
However, at this point, no approximations have been made and5.1.17) is exact.
The numerical solution will be found by approximating f (t;y) p(t;y) where
p(t;y) is a polynomial. Thus the iteration scheme in this instancewill be given

by Z th+
Yns1  Ynt p(t; y)dt: (5.1.18)
th
It only remains to determine the form of the polynomial to be used in the
approximation.

The Adams-Bashforth suite of computational methods uses the current point
and a determined number of past points to evaluate the futuresolution. As
with the Runge-Kutta schemes, the order of accuracy is detenined by the
choice of . In the Adams-Bashforth case, this relates directly to the toice
of the polynomial approximation p(t;y). A rst-order scheme can easily be
constructed by allowing

p1(t) = constant = f (tn;yn); (5.1.19)
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where the present point and no past points are used to deternmie the value of
the polynomial. Inserting this rst-order approximation i nto (5.1.18) results in
the previously found Euler scheme

Yner = Yn+ U f(thyn): (5.1.20)

Alternatively, we could assume that the polynomial used boh the current point
and the previous point so that a second-order scheme resulie The linear
polynomial which passes through these two points is given by

f f
pa(t) = fa 1+ ="t th): (5.1.21)
When inserted into (5.1.18), this linear polynomial yields
Z th+ f f
Ynsl = Yo+ fo o1+ ”7;1@ th) dt: (5.1.22)
ty
Upon integration and evaluation at the upper and lower limits, we nd the
following 2nd order Adams-Bashforth scheme

t
Yn+1 = Yn t > [3f (th;yn) f(th 1yn 1)]: (5.1.23)

In contrast to the Runge-Kutta method, this is a two-step algorithm which re-
quires two initial conditions. This technique can be easilygeneralized to include
more past points and thus higher accuracy. However, as accacy is increased,
so are the number of initial conditions required to step forward one time-step

t. Aside from the rst-order accurate scheme, any implementaion of Adams-
Bashforth will require a boot strap to generate a second \initial condition" for
the solution iteration process.

The Adams-Bashforth scheme uses current and past points to@roximate
the polymial p(t;y) in (5.1.18). If instead a future point, the present, and the
past is used, then the scheme is known as afxdams-Moulton method As before,
a rst-order scheme can easily be constructed by allowing

p1(t) = constant = f (the1;Yn+1): (5.1.24)

where the future point and no past and present points are usedo determine the
value of the polynomial. Inserting this rst-order approxi mation into (5.1.18)
results in the backward Euler scheme

Yner = Yn+ U f(thsr;yn+): (5.1.25)

Alternatively, we could assume that the polynomial used boh the future point
and the current point so that a second-order scheme resultedThe linear poly-
nomial which passes through these two points is given by

pa(t) = fo + M(t tn): (5.1.26)
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Inserted into (5.1.18), this linear polynomial yields

z th+

frer f
Yne = Yo+ fo+ Lt“(t tn) dt: (5.1.27)
th

Upon integration and evaluation at the upper and lower limits, we nd the
following 2nd order Adams-Moulton scheme

t
Yn+1 = Yn t 7” (th+1;Yn+1) + T (tnsyn)l: (5.1.28)

Once again this is a two-step algorithm. However, it is categrically dier-
ent than the Adams-Bashforth methods since it results in animplicit scheme,
i.e. the unknown valueyn.1 is specied through a nonlinear equation (5.1.28).
The solution of this nonlinear system can be very di cult, th us making ex-
plicit schemessuch as Runge-Kutta and Adams-Bashforth, which are simple
iterations, more easily handled. However, implicit scheme can have advantages
when considering stability issues related to time-steppig. This is explored fur-
ther in the notes.

One way to circumvent the di culties of the implicit steppin g method while
still making use of its power is to use aPredictor-Corrector method. This scheme
draws on the power of both the Adams-Bashforth and Adams-Molton schemes.
In particular, the second order implicit scheme given by (51.28) requires the
value of f (th+1;Yn+1) in the right hand side. If we can predict (approximate)
this value, then we can use this predicted value to solve (5.28) explicitly. Thus
we begin with a predictor step to estimatey,.; so that f (tn+1;Yn+1) can be
evaluated. We then insert this value into the right hand side of (5.1.28) and
explicitly nd the corrected value of y,.1 . The second-order predictor-corrector
steps are then as follows:

predictor (Adams-Bashforth): yh,, =y, + 7'[[3fn fn 1] (5.1.29a)
t
corrector (Adams-Moulton): yp+1 =yn+ 75 (tnes s Yher)+ T @n;yn): (5.1.29b)

Thus the scheme utilizes both explicit and implicit time-stepping schemes with-
out having to solve a system of nonlinear equations.

Higher order di erential equations

Thus far, we have considered systems of rst order equationsHigher order dif-
ferential equations can be put into this form and the methodsoutlined here can
be applied. For example, consider the third-order, nonhomgeneous, di erential
equation

d®u  ,du B _
ae +u o +cost u=g(t): (5.1.30)
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By de ning
yi=u (5.1.31a)
Yo = % (5.1.31b)
Y3 = ?;T;J ; (5.1.31c)

we nd that dys=dt = d®u=dt®. Using the original equation along with the
de nitions of y; we nd that

dy; _
dy _
dys _ d®u _ ,du

— 2
ot - ge - Ygr cost utg(t)= yiy2 cost yi+g(t)(5.1.320)

which results in the original di erential equation (5.1.1) considered previously

0 1 0 1
Y1 Y2

‘:'j_>t’ - % v, A=@ Vs A=f(yt): (51.33)
Y3 yZy> cost yi+ g(t)

At this point, all the time-stepping techniques developed thus far can be applied
to the problem. It is imperative to write any di erential equ ation as a rst-order
system before solving it numerically with the time-stepping schemes developed
here.

MATLAB commands

The time-stepping schemes considered here are all availablin the MATLAB
suite of di erential equation solvers. The following are a few of the most common
solvers:

ode23: second-order Runge-Kutta routine
ode45: fourth-order Runge-Kutta routine
0del13: variable order predictor-corrector routine

odel5s: variable order Gear method for sti problems [3, 4]

5.2 Error analysis for time-stepping routines

Accuracy and stability are fundamental to numerical analysis and are the key fac-
tors in evaluating any numerical integration technique. Therefore, it is essential
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to evaluate the accuracy and stability of the time-stepping schemes developed.
Rarely does it occur that both accuracy and stability work in concert. In fact,
they often are o setting and work directly against each other. Thus a highly
accurate scheme may compromise stability, whereas a low ag@acy scheme may
have excellent stability properties.

We begin by exploring accuracy. In the context of time-steppng schemes,
the natural place to begin is with Taylor expansions. Thus we consider the
expansion ;o

- dy(t) , t° d(9
yt+ t)=y{)+ t gt + 3 e (5.2.1)
wherec 2 [t;t+ t]. Since we are consideringly=dt = f (t;y), the above formula
reduces to the Euler iteration scheme

Yne = Yo+t f(ta;yn)+ O( t7): (5.2.2)

It is clear from this that the truncation error is O( t?). Speci cally, the trun-
cation error is given by t?=2 d?y(c)=dt?.

Of importance is how this truncation error contributes to th e overall error
in the numerical solution. Two types of error are important t o identify: local
and global error. Each is signi cant in its own right. However, in practice we
are only concerned with the global (cumulative) error. The global discretization
error is given by

Ex = y(tk) VY« (5.2.3)

where y(tx) is the exact solution and yi is the numerical solution. The local
discretization error is given by

ker = Y(tena)  (Y(t)+ t ) (5.2.4)

wherey (tx+1 ) is the exact solution andy (tx)+ t is a one-step approximation
over the time interval t 2 [tn;th+1 ]

For the Euler method, we can calculate both the local and glolal error.
Given a time-step t and a specied time interval t 2 [a;b], we have afterK
stepsthat t K=b a. Thuswe nd

. tdy(w) 2
local: K= 5 g o( t9) (5.2.5a)
X 2dy(g) P dy(o)
gIobaI. Ek—j:1 T dt2 T di2
_tPd’y(c) b a_b a ¢ d?y(c) O( 1) (5.2.5b)
T2 d2 t 2 dt2 -

which gives a local error for the Euler scheme which i€O( t?) and a global
error which is O( t). Thus the cumulative error is poor for the Euler scheme,
i.e. it is not very accurate.
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scheme local error ¢ global error Eg
Euler o( t?) Oo( t)
2nd order Runge-Kutta o( t3) o( t?)
4th order Runge-Kutta o( t9) o( t%
2nd order Adams-Bashforth o( t3) o( t?)

Table 7: Local and global discretization errors associatedvith various time-
stepping schemes.

A similar procedure can be carried out for all the schemes dmissed thus
far, including the multi-step Adams schemes. Table 7 illustates various schemes
and their associated local and global errors. The error angkis suggests that the
error will always decrease in some power of t. Thus it is tempting to conclude
that higher accuracy is easily achieved by taking smaller tme steps t. This
would be true if not for round-o error in the computer.

Round-o and step-size

An unavoidable consequence of working with numerical compiations is round-
o error. When working with most computations, double precision numbers
are used. This allows for 16-digit accuracy in the represemtion of a given
number. This round-o has signi cant impact upon numerical computations
and the issue of time-stepping.

As an example of the impact of round-o , we consider the Eulerapproxima-
tion to the derivative

dy Yn+1  Yn .
Fr + (yn; 1) (5.2.6)

where (y,; t) measures the truncation error. Upon evaluating this expression
in the computer, round-o error occurs so that

Yo+t = Yinet + €net ! (5.2.7)

Thus the combined error between the round-o and truncation gives the follow-
ing expression for the derivative:
d_y _ Y n+1 Y n
dt t
where the total error, E,, is the combination of round-o and truncation such
that

+ En(yn; 1) (5.2.8)

_ _ €ns1 € t? d?y(c) .
En = Eround * Etrunc = nitn = a2 (5.2.9)
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We now determine the maximum size of the error. In particular, we can bound
the maximum value of round-o and the derivate to be

jena1] & (5.2.10a)

i en] e (5.2.10b)
_ dy(© .

M = czmz;aéﬂ] iz : (5.2.10c)

This then gives the maximum error to be

er+er+_t2|\/|:2ﬁ+ M

JEnj n 5 T 5 (5.2.11)

To minimize the error, we require that @E,j=@ t) = 0. Calculating this
derivative gives .
@Enj _ 2e

+ =0; 2.
@ 2 M t=0; (5.2.12)
so that 1=
e
t= — 5.2.13
~ (5.2.13)

This gives the step size resulting in @ minimum error. Thus the smallest step-
size is not necessarily the most accurate. Rather, a balandeetween round-o
error and truncation error is achieved to obtain the optimal step-size.

Stability

The accuracy of any scheme is certainly important. Howeverijt is meaningless
if the scheme is not stable numerically. The essense of a stebscheme: the
numerical solutions do not blow up to in nity. As an example, consider the
simple di erential equation

dy _
i y (5.2.14)
with
y(0) = yo: (5.2.15)

The analytic solution is easily calculated to bey(t) = ypexp(t ). However, if
we solve this problem numerically with a forward Euler method we nd

Yne1r = Yo+ t yn=(1+ t)Yn : (5.2.16)
After N steps, we nd this iteration scheme vyields

yw=@0+ t)Vyp: (5.2.17)
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Given that we have a certain amount of round o error, the numerical solution
would then be given by

=@+ Vvt e: (5.2.18)
The error then associated with this scheme is given by
E=@1+ tNe: (5.2.19)

At this point, the following observations can be made. For > 0, the solution
yw 'l inEq.(5.218)asN !'1 . So although the error also grows, it may
not be signi cant in comparison to the size of the numerical ®lution.

In contrast, Eq. (5.2.18) for < 0 is markedly dierent. For this case,
yv ! 0 in Eqg. (5.2.18) asN ! 1 . The error, however, can dominate in
this case. In particular, we have the two following cases fothe error given by
(5.2.19):

I j1+ tj<1 then E! O (5.2.20a)
n: j1+ tj>1 then E!1 : (5.2.20b)

In case |, the scheme would be considered stable. However,sall holds and is
unstable provided t> 2= .

A general theory of stability can be developed for any one-stp time-stepping
scheme. Consider the one-step recursion relation for all M system

VYn+1 = Ay (5.2.21)
After N steps, the algorithm yields the solution
yn = Alyo; (5.2.22)

whereyy is the initial vector. A well known result from linear algebr a is that

ANV =51 Ng (5.2.23)
where S is the matrix whose columns are the eigenvectors oA, and
0 1 0 1
1 O 0 Yoo 0
0 > O 0 ¥ o0
0 0 wm 0 0 N

is a diagnonal matrix whose entries are the eigenvalues & . Thus upon calcu-
lating N, we are only concerned with the eigenvalues. In particularjnstability
occurs if<f jg> 1fori =1;2;::;M. This method can be easily generalized
to two-step schemes (Adams methods) by considering,+1 = Ay, + By, 1.
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Figure 3: Regions for stable stepping for the forward Euler ad backward Euler
schemes.

Lending further signi cance to this stability analysis is i ts connection with
practical implementation. We contrast the di erence in stability between the
forward and backward Euler schemes. The forward Euler schemhas already
been considered in (5.2.16)-(5.2.19). The backward Euleridplays signi cant
di erences in stability. If we again consider (5.2.14) with (5.2.15), the backward
Euler method gives the iteration scheme

Yn#1 = Ynt U Yo, (5.2.25)

which after N steps leads to

N
WE T Yo (5.2.26)

The round-o error associated with this scheme is given by

E= e: (5.2.27)

By letting z = t be a complex number, we nd the following criteria to yield
unstable behavior based upon (5.2.19) and (5.2.27)

forward Euler:  jl1+2zj> 1 (5.2.28a)

backward Euler: 1 > > 1: (5.2.28b)

Figure 3 shows the regions of stable and unstable behavior as function of z.

It is observed that the forward Euler scheme has a very smallange of stability

whereas the backward Euler scheme has a large range of statyil This large

stability region is part of what makes implicit methods so attractive. Thus

stability regions can be calculated. However, control of tle accuracy is also
essential.
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5.3 Boundary value problems: the shooting method

To this point, we have only considered the solutions of di erential equations for
which the initial conditions are known. However, many physical applications
do not have speci ed initial conditions, but rather some given boundary (con-
straint) conditions. A simple example of such a problem is tke second-order
boundary value problem

Py _ . . dy
= g (5.3.1)
ont 2 [a; b with the general boundary conditions
dy(a
1y(a) + 1—3:;) = (5.3.2a)
dy(b
i+ =, (5.3.20)

Thus the solution is de ned over a speci ¢ interval and must satisfy the relations

(5.3.2) at the end points of the interval. Figure 4 gives a grghical representa-
tion of a generic boundary value problem solution. We discus the algorithm

necessary to make use of the time-stepping schemes in order solve such a
problem.

The Shooting Method

The boundary value problems constructed here require infanation at the present
time (t = a) and a future time (t = b). However, the time-stepping schemes de-
veloped previously only require information about the staiting time t = a. Some
e ort is then needed to reconcile the time-stepping schemesvith the boundary
value problems presented here.

We begin by reconsidering the generic boundary value probta

Py _ o .. dy
ont 2 [a; b with the boundary conditions
y(a) = (5.3.4a)
y(b) = : (5.3.4b)

The stepping schemes considered thus far for second order @iential equations
involve a choice of the initial conditions y(a) and y%a). We can still approach
the boundary value problem from this framework by choosing he \initial" con-

ditions

y(a) = (5.3.5a)

ay(@) _ .

- : (5.3.5b)
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y(t) | y"=f(t,y.y")

y(a)

a b
Figure 4: Graphical depiction of the structure of a typical solution to a boundary
value problem with constraints att = aandt = h.

where the constantA is chosen so that as we advance the solution tb = b we
nd y(b) = . The shooting method gives an iterative procedure with whid we
can determine this constantA. Figure 5 illustrates the solution of the boundary
value problem given two distinct values ofA. In this case, the value ofA = A;
gives a value for the initial slope which is too low to satisfy the boundary
conditions (5.3.4), whereas the value ofA = A is too large to satisfy (5.3.4).

Computational Algorithm

The above example demonstrates that adjusting the value ofA in (5.3.5b) can
lead to a solution which satis es (5.3.4b). We can solve thisusing a self-
consistent algorithm to search for the appropriate value of A which satis es
the original problem. The basic algorithm is as follows:

1. Solve the di erential equation using a time-stepping scteme with the ini-
tial conditions y(a) = and y%a) = A.

2. Evaluate the solution y(b) at t = band compare this value with the target
value of y(b) =

3. Adjust the value of A (either bigger or smaller) until a desired level of
tolerance and accuracy is achieved. A bisection method for etermining
values of A, for instance, may be appropriate.

4. Once the specied accuracy has been achieved, the numeal solution
is complete and is accurate to the level of the tolerance ches and the
discretization scheme used in the time-stepping.
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y"=f(ty.y’)
v y(b)=b
: target
b - o Y(b) =b
y(b) <b
y"'=fty.y’) 1
a —
y(@)
| ot
a b

Figure 5: Solutions to the boundary value problem withy(a) = andy9%a) = A.
Here, two values ofA are used to illustrate the solution behavior and its lack
of matching the correct boundary valuey(b) = . However, the two solutions
suggest that a bisection scheme could be used to nd the core solution and
value of A.

We Iillustrate graphically a bisection process in Fig. 6 and kow the con-
vergence of the method to the numerical solution which saties the original
boundary conditionsy(a) = andy(b) = . This process can occur quickly so
that convergence is achieved in a relatively low amount of ierations provided
the di erential equation is well behaved.

Implementing MATLAB time-stepping schemes

Up to this point in our discussions of di erential equations, our solution tech-
niques have relied on solving initial value problems with sme appropriate it-
eration procedure. To implement one of these solution scheas in MATLAB
requires information about the equation, the time or spatia range to solve for,
and the initial conditions.

To build on a speci ¢ example, consider the third-order, norhomogeneous,
di erential equation

d®u  ,du . 5
+ -+ = . .O.
e u o cost u= Asin“t (5.3.6)
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y"=f(t.y,y")
A=A,
y(®

b - ;y(b) =b target
ASALA ,
A<AKA
ARALA

a |

y(a)

t

a b

Figure 6: Graphical illustration of the shooting process whch uses a bisection
scheme to converge to the appropriate value oA for which y(b) =

By de ning
yi=u (5.3.7a)
y2 = % (5.3.7b)
y3 = le;; (5.3.7¢)

we nd that dys=dt = d®u=dt®. Using the original equation along with the
de nitions of y; we nd that

dys

—= = 5.3.8
dt Y2 ( a)
dy>
—== 5.3.8b
dt Y3 ( )
dys _d®u_  ,du o5 -,
T u p cost u+Asin“t= yiy» cost y;+ Asin“t (5.3.8c)
which results in the rst-order system (5.1.1) considered peviously
0 1 0 1
Y1 y2

Y3 yiy» cost y; + Asin’t
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At this point, all the time-stepping techniques developed thus far can be applied
to the problem. It is imperative to write any di erential equ ation as a rst-order
system before solving it numerically with the time-stepping schemes developed
here.

Before solving the equation, the initial conditions and time span must be
de ned. The initial conditions in this case specify y1(to), Y2(to) and ys(to), or
equivalently u(tp), ut(to) and uy (tp). The time span speci es the beginning and
end times for solving the equations. Thust 2 [to; t; ], wheretg is the initial time
and t; the nal time. For this example, let's consider solving the equations
with initial conditions y;(0) = 1, y2(0) = 0 and y3(0) = O over the interval
t 2 [to;tf ] =[0;30] with A = 2. In MATLAB this would be accomplished with

y0=[1 0 0]; % initial conditions
tspan=[0 30]; % time interval
A=2; % parameter value

These can now be used in calling the di erential equation soler.
The basic command structure and function call to solve this guation is given
as follows:

[t.y]=ode45('rhs' ,tspan,y0,[],A)

This piece of code calls a functiorrhs.m which contains information about the
di erential equations. It sends to this function the time sp an for the solution,
the initial conditions, and the parameter value of A. The brackets are placed in a
position for specifying accuracy and tolerance options. Byplacing the brackets
with nothing inside, the default accuracy will be used by ode45. To access
other methods, simply ode45 with ode23, odel13, or odel5s as needed.

The function rhs.m contains all the information about the di erential equa-
tion. Speci cally, the right hand side of (5.3.9) is of primary importance. This
right hand side function looks as follows:

function rhs=rhs(t,y,dummy,A) % function call setup
rhs=[y(1);

y(2);

-(y(1)"2)*y(2)-cos(t)*y(1)+A*sin(t)]; % rhs vector

This function imports the variable t which takes on values between those given
by tspan. Thus t starts at t = 0 and ends att = 30 in this case. In between
these points,t gives the current value of time. The variabley stores the solu-
tion. Initially, it takes on the value of y0. The dummy slot is for sending in
information about the tolerances and the last slot with A allows you to send in
any parameters necessary in the right hand side.

Note that the output of ode45 are the vectorst andy. The vectort gives all
the points betweentspan for which the solution was calculated. The solution
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at these time points is given as the columns of matrixy. The rst column
corresponds to the solutiony;, the second column containsy, as a function of
time, and the third column gives y3;. To plot the solution u = y; as a function
of time, we would plot the vector t versus the rst column of y:

figure(1), plot(t,y(:,1)) % plot solution u
figure(2), plot(t,y(:,2)) % plot derivative du/dt

A couple of important points and options. The inline command could also
be used in place of the function call. Also, it may desirable ¢ have the solution
evaluated at specied time points. For instance, if we wanted the solution
evaluated fromt =0 to t = 30 in steps of 0.5, then choose

tspan=0:0.5:30 % evaluate the solution every dt=0.5

Note that MATLAB still determines the step sizes necessary b maintain a given
tolerance. It simply interpolates to generate the values atthe desired locations.

5.4 Implementation of the shooting method

The implementation of the shooting scheme relies on the e efive use of a time-
stepping algorithm along with a root nding method for choosing the appro-
priate initial conditions which solve the boundary value problem. Boundary
value problems often arise as eigenvalue systems for whiclné eigenvalue and
eigenfunction must both be determined. As an example of sucla problem, we
consider the Schredinger equation from quantum mechanicsvhich is a second
order di erential equation

2

T24I00) ] 0 =0 (5.4.1)

with the boundary conditions ( 1) =0.
Rewriting the di erential equation into a coupled rst orde r system gives

o 0 1

X°= Lo 0 X (5.4.2)

wherex = (x1 x2)T =( » d ,=dx)T. The boundary conditions are

x=1: n(1)= x1(1)=0 (5.4.3a)
x= 1: n( )=x1( 1)=0: (5.4.3b)

At this stage, we will also assume thatn(x) = ng for simplicity.

With the problem thus de ned, we turn our attention to the key aspects in
the computational implementation of the boundary value problem solver. These
are



AMATH 301 ( ¢J. N. Kutz) 69

FOR loops

IF statements

time-stepping algorithms: ode23, ode45, odel113, odel5s
step-size control

code development and ow

Every code will be controlled by a set of FOR loops and IF statenents. It is
imperative to have proper placement of these control staterants in order for
the code to operate successfully.

Flow Control

In order to begin coding, it is always prudent to construct the basic structure
of the algorithm. In particular, it is good to determine the number of FOR
loops and IF statements which may be required for the computéons. What
is especially important is determining the hierarchy strucure for the loops. To
solve the boundary value problem proposed here, we requireMo FOR loops
and one IF statement block. The outermost FOR loop of the codeshould
determine the number of eigenvalues and eigenmodes to be selaed for. Within
this FOR loop exists a second FOR loop which iterates the shating method
so that the solution converges to the correct boundary valuesolution. This
second FOR loop has a logical IF statement which needs to chkcwhether
the solution has indeed converged to the boundary value sotion, or whether
adjustment of the value of , is necessary and the iteration procedure needs
to be continued. Figure 7 illustrates the backbone of the nunerical code for
solving the boundary value problem. It includes the two FOR loops and logical
IF statement block as the core of its algorithmic structure. For a nonlinear
problem, a third FOR loop would be required for A in order to achieve the
normalization of the eigenfunctions to unity.
The various pieces of the code are constructed here using tidATLAB pro-

gramming language. We begin with the initialization of the parameters.

Initialization

clear all; % clear all previously defined variables
close all; % clear all previously defined figures

tol=10"(-4); % define a tolerance level to be achieved
% by the shooting algorithm
col=[r,b''g"'c,'m' 'k]; % eigenfunction colors

n0=100; % define the parameter nO
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initialize
parameters
v
—® choose A > chooseb, <+
v
solve ODEs
mode loop v b, loop

IF statement:
root solve for by,

‘ A 4
IF converged: IF not converged:
plot and save data new value of by,

v

normalize and
choose new mode

Figure 7: Basic algorithm structure for solving the boundary value problem.
Two FOR loops are required to step through the values of , and A along with
a single IF statement block to check for convergence of the &ation

A=1; % define the initial slope at x=-1
x0=[0 A]; % initial conditions: x1(-1)=0, x1'(-1)=A
xp=[-1 1]; % define the span of the computational domain

Upon completion of the initialization process for the paranmeters which are not
involved in the main loop of the code, we move into the main FORIloop which
searches out a speci ed number of eigenmodes. Embedded inihFOR loop
is a second FOR loop which attemps di erent values of ,, until the correct
eigenvalue is found. An IF statement is used to check the corergence of values
of , to the appropriate value.

Main Program

beta_start=n0; % beginning value of beta
for modes=1.5 % begin mode loop
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beta=beta_start; % initial value of eigenvalue beta

dbeta=n0/100; % default step size in beta

for j=1:1000 % begin convergence loop for beta
[t,y]=ode45('shoot2',xp,x0,[],n0,beta); % solve ODEs
if abs(y(end,1)-0) < tol % check for convergence

beta % write out eigenvalue
break % get out of convergence loop

end

if (-1)*(modes+1)*y(end,1)>0 % this IF statement block
beta=beta-dbeta; % checks to see if beta

else % needs to be higher or lower
beta=beta+dbeta/2; % and uses bisection to
dbeta=dbeta/2; % converge to the solution

end %

end % end convergence loop
beta_start=beta-0.1; % after finding eigenvalue, pick
% new starting value for next mode
norm=trapz(t,y(:,1).*y(:,1)) % calculate the normalizat ion
plot(t,y(:,1)/sqrt(horm),col(modes)); hold on % plot mod es
end % end mode loop

The code usesode4) which is a fourth-order Runge-Kutta method, to solve
the di erential equation and advance the solution. The function shoot2.mis
called in this routine. For the di erential equation consid ered here, the function
shoot2.mwould be the following:

shoot2.m

function rhs=shoot2(xspan,x,dummy,n0,beta)
rhs=[ x(2)
(beta-n0)*x(1) I;

This code will nd the rst ve eigenvalues and plot their cor responding
normalized eigenfunctions. The bisection method implemeted to adjust the
values of , to nd the boundary value solution is based upon observatiors of
the structure of the even and odd eigenmodes. In general, itsi always a good
idea to rst explore the behavior of the solutions of the boundary value problem
before writing the shooting routine. This will give importa nt insights into the
behavior of the solutions and will allow for a proper constriction of an accurate
and e cient bisection method. Figure 8 illustrates several characteristic features
of this boundary value problem. In Fig. 8(a) and 8(b), the behavior of the
solution near the rst even and rst odd solution is exhibite d. From Fig. 8(a)
it is seen that for the even modes increasing values of bring the solution
from ,(1) > 0to ,(1) < 0. In contrast, odd modes go from ,(1) < O to

n(1) > 0 as is increased. This observation forms the basis for the bis¢ion
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Figure 8: In (a) and (b) the behavior of the solution near the rst even and
rst odd solution is depicted. Note that for the even modes increasing values of

bring the solution from ,(1) > 0to (1) < 0. In contrast, odd modes go
from ,(1)< O0to ,(1)> 0as isincreased. In (c) the rst four normalized
eigenmodes along with their corresponding eigenvalues aibustrated for ng =
100.

method developed in the code. Figure 8(c) illustrates the rst four normalized
eigenmodes along with their corresponding eigenvalues.

5.5 Boundary value problems: direct solve and relaxation

The shooting method is not the only method for solving bounday value prob-
lems. The direct method of solution relies on Taylor expandng the di erential

equation itself. For linear problems, this results in a matrix problem of the
form Ax = b. For nonlinear problems, a nonlinear system of equations mst be
solved using a relaxation scheme, i.e. a Newton or Secant ntetd. The proto-
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typical example of such a problem is the second-order bounag value problem

Py _ o .. dy
o=ty (55.1)
ont 2 [a; b with the general boundary conditions
dy(a
@+ 1 Bé(t) =1 (5.5.2a)
dy(b
2y(b) + 2—>(;(t) = (5.5.2b)

Thus the solution is de ned over a speci ¢ interval and must satisfy the relations
(5.5.2) at the end points of the interval.

Before considering the general case, we simplify the methoby considering
the linear boundary value problem

Py _ . dy
a2 p(t)a + q(t)y + r(t) (5.5.3)
ont 2 [a; b with the simpli ed boundary conditions
y(a) = (5.5.4a)
y(b = : (5.5.4b)

Taylor expanding the di erential equation and boundary conditions will gen-
erate the linear system of equations which solve the boundarvalue problem.
Tables 4-6 (Sec. 4.1) summarize the second-order and fourtbrder central di er-
ence schemes along with the forward- and backward-di ereng formulas which
are accurate to second-order.

To solve the simpli ed linear boundary value problem above which is accu-
rate to second order, we use table 4 for the second and rst dévatives. The
boundary value problem then becomes

y(t+ t) ZYEE)"' y(t t) - p(t)y(t+ t)z i’(t t)+q(t)y(t)+ r(t) (5.5.5)

with the boundary conditions y(a) = andy(b) = . We can rearrange this
expression to read

1 7tp(t) yt+ 1) 2+ t2q) yb)+ 1+7t vt = t2r():

(5.5.6)
We discretize the computational domain and denotety = ato be the left bound-
ary point and ty = bto be the right boundary point. This gives the boundary
conditions

y(to) = y(a) = (5.5.7a)
y(tn) = y(b) = (5.5.7b)
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The remaining N 1 points can be recast as a matrix problemAx = b where

2 s . 3
2+ teq(ty) 1+ Tp(tl) 0 0
1 Stety)  2¢ tZgtp) 1+ tp(tp) 0 :
| :
1+ Ttp(tN 2)
0 0 1oStety 1) 2+ t2alty q)
(5.5.8)
and
2 3 2 )
y(t1) tor(ty)) +(1+  tp(t1)=2)y(to)
y(t2) t?r(t2)
X= : b=g :
y(tn 2) t2r(tn 2)
y(tn 1) t2r(tn 1)+ (1 tp(tn 1)=2)y(tn)
(5.5.9)

Thus the solution can be found by a direct solve of the linear gstem of equations.

Nonlinear Systems

A similar solution procedure can be carried out for nonlinea systems. However,
di culties arise from solving the resulting set of nonlinear algebraic equations.
We can once again consider the general di erential equatiorand expand with
second-order accurate schemes:

y(t+ 9 y+ylt 1 _.
t2

y(t+ t) y(t 1)

0L £ (v v |
yoEf (Gy;y9 ! X

ty(t);

(5.5.10)
We discretize the computational domain and denotety = ato be the left bound-
ary point and ty = bto be the right boundary point. Considering again the
simpli ed boundary conditions y(tg) = y(a) = andy(ty) = y(b) = gives
the following nonlinear system for the remainingN 1 points.

2y1 Y2 o+ gy )=2 1)=0
yi+2y, ys+ t(tayai(ys y1)=2 t)=0

YN 3+2Yn 2 Yn 1t Pt 2iyn 2i(Yn 1 YN 3)=2 1) =0
YN 2+2yn 1+ PF(tn uyn (0 YN 2)=2 1)=0:

This (N 1) (N 1) nonlinear system of equations can be very di cult to
solve and imposes a severe constraint on the usefulness okttecheme. However,
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there may be no other way of solving the problem and a solutiorto these system
of equations must be computed. Further complicating the issie is the fact that
for nonlinear systems such as these, there are no guarantealsout the existence
or uniqueness of solutions. The best approach is to use glaxation scheme
which is based upon Newton or Secant method iterations.

Solving Nonlinear Systems: Newton-Raphson Iteration

The only built-in MATLAB command which solves nonlinear system of equa-
tions is FSOLVE. However, this command is now packaged witha the opti-
mization toolbox. Most users of MATLAB do not have access to his toolbox
and alternatives must be sought. We therefore develop the bsic ideas of the
Newton-Raphson lIteration method, commonly known as a Newta's method.
We begin by considering a single nonlinear equation

f(x)=0 (5.5.12)

wherex; is the root to the equation and the value being sought. We woull like to
develop a scheme which systematically determines the valuef x, . The Newton-
Raphson method is an iterative scheme which relies on an in#l guess,xq, for
the value of the root. From this guess, subsequent guesseseadetermined until
the scheme either converges to the roox, or the scheme diverges and another
initial guess is used. The sequence of guesse {X1; X2;::}) is generated from
the slope of the functionf (x). The graphical procedure is illustrated in Fig. 9.
In essence, everything relies on the slope formula as illustted in Fig. 9(a):

_d(xp) _rise _ 0 f(xn) .

I =——~= —= 5.5.13
siope dx run  Xp+1  Xn ( )
Rearranging this gives the Newton-Raphson iterative relaton
f(xn)
= : 5.5.14
Xn+1 = Xn Foxn) ( )

A graphical example of how the iteration procedure works is gzen in Fig. 9(b)
where a sequence of iterations is demonstrated. Note that th scheme fails if
f Axn) = 0 since then the slope line never intersectsy = 0. Further, for certain
guesses the iterations may diverge. Provided the initial gess is su ciently close,
the scheme usually will converge. Conditions for convergere can be found in
Burden and Faires [5].

The Newton method can be generalized for system of nonlineagquations.
The details will not be discussed here, but the Newton iteraton scheme is similar
to that developed for the single function case. Giveg a systa:

f1(X1;X2; X3, 1 XN )

§ fo(X1;X2; X35 5 XN ) Z

F(xn)= =0; (5.5.15)

fn(X1;X2; X3; 5 XN )
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slope=rise/run=(0-%, ) o +1 *n

Xn Xn+1 X3 Xo Xqg /X2 X

f(Xn41)
f(xn)

(@ (b)

Figure 9: Construction and implementation of the Newton-Raphson iteration
formula. In (a), the slope is the determining factor in deriving the Newton-
Raphson formula. In (b), a graphical representation of the teration scheme is
given.

the iteration scheme is

Xn+1 = Xn + X n (5.5.16)
where
J(Xn) X n = F(Xn) (5.5.17)
and J(xy) is the Jacobian matrix
2
f1><1 flxz f1><N
fao,,  fa, fo,
J(Xn) = : : : (5.5.18)
fneg,  fng, s,

This algorithm relies on initially guessing values forxi;x2;::;; XN . As before,
there is no guarantee that the algorithm will converge. Thusa good initial guess
is critical to its success. Further, the determinant of the Jacobian cannot equal
zero, detJ(xn) 6 0, in order for the algorithm to work.

5.6 Implementing the direct solve method

To see how the nite di erence discretization technique is gpplied, we consider
the same example problem considered with the shooting methth Speci cally,
the boundary value problem gives rise to an eigenvalue syste for which the
eigenvalue and eigenfunction must both be determined. Thexample considered
is the Schredinger equation from quantum mechanics which$ a second order
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di erential equation
2

%g*WW) ] =0 (5.6.1)

with the boundary conditions ( 1) = 0. As before, we will considern(x) =
noe = 100: Unlike the shooting method, there is no need to rewrite the egation
as a coupled system of rst order equations.

To discretize, we rst divide the spatial domain x 2 [ 1;1] into a speci ed
number of equally spaced points. At each point, let

Xn)= n: (5.6.2)
Upon discretizing, the governing equation becomes
n+1 2 n + n
X2
Multiplying through by ~ x? and collecting terms gives
net t 2+ X%ng at+ no1= X2 4 n=1;23:N 1: (5.6.4)

4(no ) n=0 n=1;23:N 1: (5.6.3)

Note that the term on the right hand side is placed there becase the values of
are unknown. Thus part of the problem is to determine what these values are
as well as all the values of ,.
Dening = x? gives the eigenvalue problem
A=~ (5.6.5)
where
2+ X2ng 1 0 0

2
1 2+ x?np 1 O :
0 - PR

A= : : (5.6.6)
0

and

~= : : (5.6.7)

(XN 2)

(XN 1)
Thus the solution can be found by an eigenvalue solve of the diear system of
equations. Note that we already know the boundary conditiors ( 1)= =0
and (1)= n =0. Thuswe are leftwithand N 1 N 1 eigenvalue problem
for which we can use theeig command.
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numerical implementation
To implement this solution, we begin with the preliminaries of the problem

clear all; close all;

n=200; % number of points
x=linespace(-1,1,n); % linear space of points
dx=x(2)-x(1); % delta x values

With these de ned, we turn to building the matrix A. It is a sparse matrix
which only has three diagonals of consequence.

n0=100; % value of n_0
m=n-2; % size of A matrix (mXm)
% DIAGONALS
for j=1:m
A(j,j)=-2+dx"2*n0;
end
% OFF DIAGONALS
for j=1:m-1
A(j,j+1)=1;
A(+1,)=1;
end
Note that the size of the matrixis m = n 2 since we already know the boundary
conditons ( 1)= g=0and (1)= y =0.
To solve this problem, we simply use theeig command

[V,D]=eig(A) % get the eigenvectors (V), eigenvalues (D)

The matrix V is anm m matrix which contains as columns the eigenvectors
of the matrix A. The matrix D is anm m matrix whose diagonal elements
are the eigenvalues corresponding to the eigenvectord. The eig command
automatically sorts the eigenvalues puts them in the order ¢ smallest to biggest
as you move across the columns o¥ . In this particular case, we are actually
looking for the largest ve values of , thus we need to look at the last ve
columns ofV for our eigenvectors and last ve diagonals oD for the eigenvalues.
col=['r','b",'g",'c'/m"'K]; % eigenfunction colors
for j=1:5
eig(1)=0; % left boundary condition
eig(2:m+1)=V(;,end+1-j); % interior points
eig(n)=0 % right boundary condition
norm=trapz(x,eig.”2); % normalization
plot(x,eig/sqgrt(norm),col(j)); hold on % plot
beta=D(end+1-j,end+1-j)/dx/dx % write out eigenvalues
end

This plots out the normalized eigenvector solutions and thér eigenvalues.
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6 Fourier Transforms

Fourier transforms are one of the most powerful and e cient techniques for
solving a wide variety of problems. The key idea of the Fourie transform

is to represent functions and their derivatives as sums of cgines and sines.
This operation can be done with the Fast-Fourier transform (FFT) which is

an O(N logN) operation. Thus the FFT is faster than most linear solvers o

O(N?). The basic properties and implementation of the FFT will be considered
here.

6.1 Basics of the Fourier Transform

Other techniques exist for solving many computational prodems which are not
based upon the standard Taylor series discretization. An akrnative to standard
discretization is to use the Fast-Fourier Transform (FFT). The FFT is an inte-
gral transform de ned over the entire line x 2 [1 ;1 ]. Given computational
practicalities, however, we transform over a nite domain x 2 [ L;L] and as-
sume periodic boundary conditions due to the oscillatory béavior of the kernel
of the Fourier transform. The Fourier transform and its inverse are de ned as
z 1

F(k)= p— e f (x)dx (6.1.1a)
Z3

f(x)= p=— e ™ F(k)dk: (6.1.1b)
1

- oF-

There are other equivalent de nitions. However, this de nition will serve to
illustrate the power and functionality of the Fourier trans form method. We
again note that formally, the transform is over the entire real line x 2 [1 ;1]
whereas our computational domain is only over a nite domainx 2 [ L;L].
Further, the Kernel of the transform, exp( ikx), describes oscillatory behavior.
Thus the Fourier transform is essentially an eigenfunctionexpansion over all
continuous wavenumbersk. And once we are on a nite domainx 2 [ L;L],
the continuous eigenfunction expansion becomes a discreseim of eigenfunctions
and associated wavenumbers (eigenvalues).

Derivative Relations

The critical property in the usage of Fourier transforms corcerns derivative
relations. To see how these properties are generated, we lirgoy considering
the Fourier transform of f (x). We denote the Fourier transform of f (x) as
fd(x). Thus we nd
z . Z
1 ik 1

f(x) = 912: e f ) dx = f (x)e" jY P e f (x)dx: (6.1.2)
1 1
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Assuming that f (x) ! Oasx! 1 results in
L2y
fa(x) = p% e f (x)dx = ikfdx): (6.1.3)
1
Thus the basic relation f° = ik is established. It is easy to generalize this
argument to an arbitrary number of derivatives. The nal res ult is the following
relation between Fourier transforms of the derivative and the Fourier transform
itself

Ay = (k) (6.1.4)

This property is what makes Fourier transforms so useful andpractical.
As an example of the Fourier transform, consider the followng di erential
equation

yoO 12y= f(x) x2[1 ;1]: (6.1.5)

We can solve this by applying the Fourier transform to both sides. This gives
the following reduction

go 12p=
K 12p= O
(K*+12)p=P

f

To nd the solution y(x), we invert the last expression above to yield

1 41 0
y(x) = P ) e I(2+!20||<: (6.1.7)

This gives the solution in terms of an integral which can be esluated analyti-
cally or numerically.

The Fast Fourier Transform

The Fast Fourier transform routine was developed speci caly to perform the
forward and backward Fourier transforms. In the mid 1960s, @oley and Tukey
developed what is nhow commonly known as the FFT algorithm [7] Their al-
gorithm was named one of the top ten algorithms of the 20th cetury for one
reason: the operation count for solving a system dropped t@(N logN). For
N large, this operation count grows almost linearly likeN . Thus it represents a
great leap forward from Gaussian elimination and LU decompsition. The key
features of the FFT routine are as follows:

1. It has a low operation count: O(N logN).
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2. It nds the transform on an interval x 2 [ L;L]. Since the integration
Kernel exp(ikx) is oscillatory, it implies that the solutions on this nite
interval have periodic boundary conditions.

3. The key to lowering the operation count to O(N logN) is in discretizing
the rangex 2 [ L;L]into 2" points, i.e. the number of points should be
2,4, 8;16,32, 64,128 256

4. The FFT has excellent accuracy properties, typically wel beyond that of
standard discretization schemes.

We will consider the underlying FFT algorithm in detail at a | ater time. For
more information at the present, see [7] for a broader overaw.

The practical implementation of the mathematical tools available in MAT-
LAB is crucial. This lecture will focus on the use of some of tle more sophis-
ticated routines in MATLAB which are cornerstones to scienti c computing.
Included in this section will be a discussion of the Fast Fouier Transform rou-
tines (t, it, tshift, itshift, t2, it2 ), sparse matrix construction (spdiag,
spy), and high end iterative techniques for solvingAx = b (bicgstab, gmres
These routines should be studied carefully since they are # building blocks of
any serious scienti c computing code.

Fast Fourier Transform: FFT, IFFT, FFTSHIFT, IFFTSHIFT2

The Fast Fourier Transform will be the rst subject discussed. Its implemen-
tation is straightforward. Given a function which has been discretized with 2"
points and represented by a vectorx, the FFT is found with the command
t(x) . Aside from transforming the function, the algorithm assodated with the
FFT does three major things: it shifts the data so that x 2 [O;L]! [ L;O]
andx 2 [ L;0]! [0;L], additionally it multiplies every other mode by 1, and
it assumes you are working on a 2 periodic domain. These properties are a
consequence of the FFT algorithm discussed in detail at a lar time.

To see the practical implications of the FFT, we consider thetransform of
a Gaussian function. The transform can be calculated analyitally so that we
have the exact relations:

2
(W=exp( x| RQ=p=ep o (619
A simple MATLAB code to verify this with =1 is as follows

clear all; close all; % clear all variables and figures

L=20; % define the computational domain [-L/2,L/2]
n=128; % define the number of Fourier modes 2”n
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x2=linspace(-L/2,L/2,n+1); % define the domain discretiz ation
x=x2(1:n); % consider only the first n points: periodicity

u=exp(-x.*x); % function to take a derivative of
ut=fft(u); % FFT the function
utshift=fftshift(ut); % shift FFT

figure(1), plot(x,u) % plot initial gaussian
figure(2), plot(abs(ut)) % plot unshifted transform
figure(3), plot(abs(utshift)) % plot shifted transform

The second gure generated by this script shows how the pulsés shifted. By
using the command tshift , we can shift the transformed function back to its
mathematically correct positions as shown in the third gure generated. How-
ever, before inverting the transformation, it is crucial that the transform is
shifted back to the form of the second gure. The commandi tshift does this.
In general, unless you need to plot the spectrum, it is betternot to deal with
the tshift and itshift commands. A graphical representation of thet pro-
cedure and its shifting properties is illustrated in Fig. 10 where a Gaussian is
transformed and shifted by the t routine.

To take a derivative, we need to calculate thek values associated with the
transformation. The following example does this. Recall ttat the FFT assumes
a 2 periodic domain which gets shifted. Thus the calculation ofthe k values
needs to shift and rescale to the 2 domain. The following example di erentiates
the function f (x) = sech(x) three times. The rst derivative is compared with
the analytic value of f (x) = sech) tanh(x).

clear all; close all; % clear all variables and figures

L=20; % define the computational domain [-L/2,L/2]
n=128; % define the number of Fourier modes 2"n

x2=linspace(-L/2,L/2,n+1); % define the domain discretiz ation
x=x2(1:n); % consider only the first n points: periodicity
u=sech(x); % function to take a derivative of

ut=fft(u); % FFT the function

k=(2*pi/L)*[0:(n/2-1) (-n/2):-1]; % k rescaled to 2pi doma in
utl=i*k.*ut; % first derivative

ut2=-k.*k.*ut; % second derivative

ut3=-i*k.*k.*k.*ut; % third derivative

ul=ifft(utl); u2=ifft(ut2); u3=ifft(ut3); % inverse tran sform
ulexact=-sech(x).*tanh(x); % analytic first derivative
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Figure 10: Fast Fourier Transform of Gaussian data illustraing the shifting
properties of the FFT routine. Note that the tshift command restores the
transform to its mathematically correct, unshifted state.

figure(1)
plot(x,u,'r',x,ul,'g',x,ulexact,'go’,x,u2,'b',x,u3, 'c) % plot

The routine accounts for the periodic boundaries, the corret k values, and
di erentiation. Note that no shifting was necessary since we constructed thek
values in the shifted space.

For transforming in higher dimensions, a couple of choicesni MATLAB are
possible. For 2D transformations, it is recommended to use le commands
t2 andit2 . These will transform a matrix A, which represents data in the
x and y direction respectively, along the rows and then columns. Fo higher
dimensions, the t command can be modied to t(x,[],N) where N is the
number of dimensions.



AMATH 301 ( ¢J. N. Kutz) 84

6.2 Spectral Analysis

Although our primary use of the FFT will be related to dieren tiation and

solving ordinary and partial di erential equations, it sho uld be understood that
the impact of the FFT is far greater than this. In particular, FFTs and other
related frequency transforms have revolutionized the eldof digital signal pro-

cessing and imaging. The key concept in any of these applicamns is to use the
FFT to analyze and manipulate data in the frequency domain.

This lecture will discuss a very basic concept and manipulabn procedure to
be performed in the frequency domain: noise attenuation vidrequency (band-
pass) ltering. This ltering process is fairly common in el ectronics and signal
detection. To begin we consider a ideal signal generated irhe time-domain.

clear all; close all;

T=20; % Total time slot to transform

n=128; % number of Fourier modes 2"7

t2=linspace(-T/2,T/2,n+1); t=t2(1:n); % time values
k=(2*pi/L)*[0:(n/2-1) -n/2:-1]; % frequency components o f FFT

u=sech(t); % ideal signal in the time domain
figure(1), plot(t,u,'k"), hold on

This will generate an ideal hyperbolic secant shape in the the domain.

In most applications, the signals as generated above are natleal. Rather,
they have a large amount of noise on top of them. Usually this pise is what is
called white noise i.e. a noise which e ects all frequencies the same. We can
add white noise to this signal by considering the pulse in thefrequency domain.

noise=10;
ut=fft(u);
utn=ut+noise*(rand(1,n)+i*rand(1,n));

These three lines of code generate the Fourier transform ofhie function along
with the vector utn which is the spectrum with a complex and Gaussian dis-
tributed (mean zero, unit variance) noise source term addedn.

6.3 Applications of the FFT

Spectral methods are one of the most powerful solution techiques for ordinary
and partial di erential equations. The best known example of a spectral method
is the Fourier transform. We have already made use of the Fouer transform
using FFT routines. Other spectral techniques exist which ender a variety of
problems easily tractable and often at signi cant computational savings.
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Discrete Cosine and Sine Transforms

When considering a computational domain, the solution can aly be found on
a nite length domain. Thus the de nition of the Fourier tran sform needs to be
modi ed in order to account for the nite sized computationa | domain. Instead
of expanding in terms of a continuous integral for values of vavenumberk and
cosines and sines (exfkx)), we expand in a Fourier series

X
F (k) = f (n)exp i%(n 1) 1 k N (6.3.1a8)
n=1
R 2 (k1) .
f(n)= N F (k) exp |T(n 1) 1 n N:(6.3.1b)

k=1

Thus the Fourier transform is nothing but an expansion in a basis of cosine and
sine functions. If we de ne the fundamental oscillatory piece as

2 (k 1)(n 1) 2 (k 1)(n 1) .. 2 (k 1)n 1)
nk — B S S i S e < kK Hin L
w™ =exp N cos N i sin N ;
(6.3.2)
then the Fourier transform results in the expression
1
Fn = w*f, 0 n N 1: (6.3.3)
k=0

Thus the calculation of the Fourier transform involves a double sum and an
O(N?) operation. Thus at rst it would appear that the Fourier tra nsform
method is the same operation count as LU decomposition. The &sis functions
used for the Fourier transform, sine transform and cosine tansform are depicted
in Fig. 11. The process of solving a di erential or partial di erential equation
involves evaluating the coe cient of each of the modes. Notethat this expan-
sion, unlike the nite di erence method, is a globalexpansion in that every basis
function is evaluated on the entire domain.

The Fourier, sine, and cosine transforms behave very dieratly at the
boundaries. Speci cally, the Fourier transform assumes pgodic boundary con-
ditions whereas the sine and cosine transforms assume pinth@nd no- ux bound-
aries respectively. The cosine and sine transform are oftechosen for their
boundary properties. Thus for a given problem, an evaluatim must be made
of the type of transform to be used based upon the boundary catitions need-
ing to be satis ed. Table 8 illustrates the three di erent ex pansions and their
associated boundary conditions. The appropriate MATLAB command is also
given.
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—— mode 1
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Figure 11: Basis functions used for a Fourier mode expansioftop), a sine
expansion (middle), and a cosine expansion (bottom).

Fast-Poisson Solvers

The FFT algorithm provides a fast and e cient method for solv ing the Poisson
equation

r2 =1 (6.3.4)
given the function ! . In two dimensions, this equation is equivalent to
@ + @ =1 (6.3.5)
@% @y

By discretizing in both the x and y directions, this forces us to solve an as-
sociated linear problemAx = b. At best, we can use a factorization scheme
to solve this problem in O(N?) operations. Although iteration schemes have
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command expansion boundary conditions

! Fi = ;i:No 'fj exp(ijk=N ) periodic: f (0)= f (L)
dst F=p i\lzllfj sin(jk=N )  pinned: f (0)= f(L)=0
et Fi= (5o fjcos(jk=2N) no-ux: fq0)= fqL)=0

Table 8: MATLAB functions for Fourier, sine, and cosine transforms and their
associated boundary conditions. To invert the expansionsthe MATLAB com-
mands areit, idst, and idct repectively.

the possibility of outperforming this, it is not guaranteed. Fourier transform
methods allow us to solve the problem inO(N logN).

Denoting the Fourier transform in x as fd(x) and the Fourier transform in y
as§ly), we transform the equation. We begin by transforming in x:

6 & @b
@+@—§,—b! kf+@—§’_

where ky are the wavenumbers in thex direction. Transforming now in the y
direction gives

b; (6.3.6)

b
kf%+ % =8 | k§%+ ki%: 5) (6.3.7)
This can be rearranged to obtain the nal result
B : (6.3.8)
kg + k2

The remaining step is to inverse transform inx and y to get back to the solution
(x:y).
The algorithm to solve this is surprisingly simple. Before gnerating the
solution, the spatial domain, Fourier wavenumber vectors,and two-dimensional
function ! (x;y) are de ned.

Lx=20; Ly=20, nx=128; ny=128; % domains and Fourier modes
x2=linspace(-Lx/2,Lx/2,nx+1); x=x2(1:nx); % x-values
y2=linspace(-Ly/2,Ly/2,ny+1); y=y2(1:nx); % y-values
[X,Y]=meshgrid(x,y); % generate 2-D grid
omega=exp(-X."2-Y.»2); % generate 2-D Gaussian

After de ning the preliminaries, the wavenumbers are geneated and the equa-
tion is solved
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kx=(2*pi/Lx)*[0:nx/2-1 -nx/2:-1]; % x-wavenumbers
ky=(2*pi/Ly)*[0:ny/2-1 -ny/2:-1]; % y-wavenumbers

kx(1)=107(-6); ky(1)=107(-6); % fix divide by zero
[KX,KY]=meshgrid(kx,ky); % generate 2-D wavenumbers

psi=real( ifft2( -fft2(omega)./(KX."2+KY."2) ) ); % solut ion

Note that the real part of the inverse 2-D FFT is taken since numerical round-o
generates imaginary parts to the solution (x;y).

An observation concerning (6.3.8) is that there will be a divide by zero when
kx = ky = 0 at the zero mode. Two options are commonly used to overcome
this problem. The rst is to modify (6.3.8) so that

e. B (6.3.9)
kZ + kZ + eps

where epsis the command for generating a machine precision number whh is
on the order of O(10 °). It essentially adds a round-o to the denominator
which removes the divide by zero problem. A second option, wigch is more
highly recommended, is to rede ne theky and ky vectors associated with the
wavenumbers in thex and y directions. Speci cally, after de ning the kyx and
ky, we could simply add the command line

kx(1)=107(-6);
ky(1)=107(-6);

The values ofkx(1) = ky(1) = 0 by default. This would make the values small
but nite so that the divide by zero problem is e ectively rem oved with only a
small amount of error added to the problem.

There is a second mathematical di culty which must be addressed. The
function (x;y) with periodic boundary conditions does not have a unique se
lution. Thus if o(x;y) is a solution, so is o(x;y) + ¢ wherec is an arbitrary
constant. When solving this problem with FFTs, the FFT will a rbitrarily add
a constant to the solution. Fundamentally, we are only interested in deriva-
tives of the streamfunction. Therefore, this constant is irconsequential. When
solving with direct methods for Ax = b, the non-uniqueness gives a singular
matrix A. Thus solving with Gaussian elimination, LU decomposition or it-
erative methods is problematic. Often in applications the abitrary constant
does not matter. Speci cally, most applications only are caocerned with the
derivative of the function (x;y). Thus we can simply pin the value of (x;y)
to some prescribed value on our computational domain. This W x the con-
stant ¢ and give a unique solution to Ax = b. For instance, we could impose
the following constraint condition ( L; L;t)=0. Such a condition pins the
value of (x;y;t) at the left hand corner of the computational domain and xes
C.



AMATH 301 ( ¢J. N. Kutz) 89

7 Partial Di erential Equations

With the Fourier transform and discretization in hand, we can turn towards the

solution of partial di erential equations whose solutions need to be advanced
forward in time. Thus, in addition to spatial discretizatio n, we will need to
discretize in time in a self-consistent way so as to advancehe solution to a
desired future time. Issues of stability and accuracy are, bcourse, at the heart
of a discussion on time and space stepping schemes.

7.1 Basic time- and space-stepping schemes

Basic time-stepping schemes involve discretization in bdt space and time. Is-
sues of numerical stability as the solution is propagated intime and accuracy
from the space-time discretization are of greatest concerifior any implementa-
tion. To begin this study, we will consider very simple and wdl known examples
from partial di erential equations. The rst equation we co nsider is the heat
(di usion) equation

@u_ @u

@t @%
with the periodic boundary conditions u( L) = u(L). We discretize the spatial
derivative with a second-order scheme (see Table 4) so that

@u_

@t
This approximation reduces the partial di erential equati on to a system of or-
dinary di erential equations. We have already considered avariety of time-

stepping schemes for di erential equations and we can applythem directly to
this resulting system.

(7.1.1)

—z U+ x) 2009+ ux X (7.1.2)

The ODE System
To de ne the system of ODEs, we discretize and de ne the valus of the vector
u in the following way.

u( L)= ug

ul L+ x)=uz

ulL 2 xX)=uy 1
u(L X) = Up
u(L) = Up+1 :
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Recall from periodicity that u; = up+1. Thus our system of di erential equa-

tions solves for the vector 0 1
up
uz
u= ) : (7.1.3)
Un

The governing equation (7.1.2) is then reformulated as the derential equations
system

du
i TAU ; (7.1.4)
where A is given by the sparse matrix
2 3
2 1 o0 0o 1
1 2 1 0 0
0 .
A= : 17, (7.1.5)
0
o 1 2 1
1 0 o 1 2

and the values of one on the upper right and lower left of the méix result from
the periodic boundary conditions.
MATLAB implementation

The system of di erential equations can now be easily solvedvith a standard
time-stepping algorithm such asode23or ode45 The basic algorithm would be
as follows

1. Build the sparse matrix A.

el=ones(n,1); % build a vector of ones
A=spdiags([el -2*el el],[-1 O 1],n,n); % diagonals
A(1,n)=1; A(n,1)=1; % periodic boundaries

2. Generate the desired initial condition vectoru = ug.

3. Call an ODE solver from the MATLAB suite. The matrix A, the di usion
constant and spatial step x need to be passed into this routine.

[t,y]=ode4d5('rhs',tspan,u0,[],k,dx,A);
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The function rhs.m should be of the following form

function rhs=rhs(tspan,u,dummy,k,dx,A)
rhs=(k/dx"2)*A*u;

4. Plot the results as a function of time and space.

The algorithm is thus fairly routine and requires very littl e e ort in programming
since we can make use of the standard time-stepping algoriths already available
in MATLAB.

2D MATLAB implementation

In the case of two dimensions, the calculation becomes sliglg more di cult
since the 2D data is represented by a matrix and the ODE solves require a
vector input for the initial data. For this case, the governing equation is

@Qu_  @u, @u

— = —t — 7.1.6
@t @% @y (7.1.6)
where we discretize inx andy. Provided x = y= arethe same, the system
can be reduced to the linear system
du
E = —ZBU ’ (717)
where we have arranged the vectou so that
0 1
Ui
Uiz
Uin
u= Uoy ; (7.1.8)
Uz2
un(n 1)
Unn

where we have de neduj = u(x;;yk). The matrix B is a nine diagonal matrix.
The kron command can be used to generate it from its 1D version.

Again, the system of di erential equations can now be easilysolved with a
standard time-stepping algorithm such asode23or ode45 The basic algorithm
follows the same course as the 1D case, but extra care is takém arranging the
2D data into a vector.



AMATH 301 ( ¢J. N. Kutz) 92

1. Build the sparse matrix B. Here the matrix B can be built by using the
fact that we know the di erentiation matrix in one dimension , i.e. the
matrix A of the previous example.

n=100; % number of discretization points in x and y
I=eye(n); % idendity matrix of size nXn
B=kron(l,A)+kron(A,l); % 2-D differentiation matrix

2. Generate the desired initial condition matrix U = U and reshape it to a
vector u = up. This example considers the case of a simple Gaussian as
the initial condition. The reshapeand meshgridcommands are important
for computational implementation.

Lx=20; Ly=20; % spatial domain of x and y
nx=100; ny=100; % discretization points in x and y
N=nx*ny; % elements in reshaped initial condition

x2=linspace(-Lx/2,Lx/2,nx+1); % account for periodicity
x=x2(1:nx); % x-vector
y2=linspace(-Ly/2,Ly/2,ny+1); % account for periodicity
y=y2(1:ny); % y-vector

[X,Y]=meshgrid(x,y); % set up for 2D initial conditions

U=exp(-X."2-Y."2); % generate a Gaussian matrix
u=reshape(U,N,1); % reshape into a vector

3. Call an ODE solver from the MATLAB suite. The matrix A, the di usion
constant and spatial step x = y = dx need to be passed into this
routine.

[t,y]=ode4d5('rhs',tspan,u0,[],k,dx,A);

The function rhs.m should be of the following form
function rhs=rhs(tspan,u,dummy,k,dx,A)
rhs=(k/dx"2)*A*u;

4. Plot the results as a function of time and space.

The algorithm is again fairly routine and requires very litt le e ort in program-
ming since we can make use of the standard time-stepping algthms.
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Figure 12: Graphical representation of the progression oftte numerical solu-
tion using the method of lines. Here a second order discretiion scheme is
considered which couples each spatial point with its nearéseighbor.

Method of Lines

Fundamentally, these methods use the data at a single slicefdime to generate
a solution t in the future. This is then used to generate a solution 2 t into

the future. The process continues until the desired future tme is achieved.
This process of solving a partial di erential equation is known as the method of
lines. Each line is the value of the solution at a given time slice. The lines ag
used to update the solution to a new timeline and progressivg generate future
solutions. Figure 12 depicts the process involved in the métod of lines for the
1D case.

7.2 Time-stepping schemes: explicit and implicit methods

Now that several technical and computational details have keen addressed, we
continue to develop methods for time-stepping the solutioninto the future.
Some of the more common schemes will be considered along withgraphical
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Figure 13: Four-point stencil for second-order spatial disretization and Euler
time-stepping of the one-wave wave equation.

representation of the scheme. Every scheme eventually leadto an iteration
procedure which the computer can use to advance the solutiom time.

We will begin by considering the most simple partial di erential equations.
Often, it is di cult to do much analysis with complicated equ ations. Therefore,
considering simple equations is not merely an excersize, buather they are
typically the only equations we can make analytical progres with.

As an example, we consider the one-way wave equation

@Qu_ @u

@t “@x
The simplest discretization of this equation is to rst central di erence in the x
direction. This yields

(7.2.1)

@u_ c

@t 2 x
where u, = u(xn;t). We can then step forward with an Euler time-stepping
method. Denoting u{™ = u(Xn;tm), and applying the method of lines iteration
scheme gives

(Uns1  Un 1) ; (7.2.2)

ct
ugm+1) = ugm) + 5% um% ugm)l : (7.2.3)

This simple scheme has the four-point stencil shown in Fig. 3. To illustrate
more clearly the iteration procedure, we rewrite the discréized equation in the
form

u|('1m+1) - U|(-|m) + E ugn:]). UE‘Im)l (724)

where

—

c
= — 7.2.5

. (7.2.5)

is known as the CFL (Courant, Friedrichs, and Levy) condition. The iteration
procedure assumes that the solution does not change signiantly from one time-

step to the next, i.e. u™  u™ . The accuracy and stability of this scheme
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is controlled almost exclusively by the CFL number . This parameter relates
the spatial and time discretization schemes in (7.2.5). Nog¢ that decreasing x
without decreasing t leads to an increase in which can result in instabilities.
Smaller values of t suggest smaller values of and improved numerical stability
properties. In practice, you want to take x and t as large as possible for
computational speed and e ciency without generating instabilities.

There are practical considerations to keep in mind relatingto the CFL num-
ber. First, given a spatial discretization step-size x, you should choose the
time discretization so that the CFL number is kept in check. Often a given
scheme will only work for CFL conditions below a certain valwe, thus the im-
portance of choosing a small enough time-step. Second, ifdeed you choose to
work with very small t, then although stability properties are improved with
a lower CFL number, the code will also slow down accordingly.Thus achieving
good stability results is often counter-productive to fast numerical solutions.

Central Di erencing in Time

We can discretize the time-step in a similar fashion to the sptial discretiza-
tion. Instead of the Euler time-stepping scheme used abovewe could central
di erence in time using Table 4. Thus after spatial discretization we have

@u_ c
@t 2 x
as before. And using a central di erence scheme in time now gilds

(Uns1  Un 1) ; (7.2.6)

(m+1) (m 1)
Un Un C o m o m (727)
2t 2 X n+1 n 1 - re

This last expression can be rearranged to give

um*=) = ym D4 glmym (7.2.8)
This iterative scheme is calledleap-frog (2,2) since it is O( t?) accurate in time
and O( x?) accurate in space. It uses a four point stencil as shown in . 14.
Note that the solution utilizes two time slices to leap-frog to the next time slice.
Thus the scheme is not self-starting since only one time sl& (initial condition)
is given.

Improved Accuracy

We can improve the accuracy of any of the above schemes by ugjrhigher order
central di erencing methods. The fourth-order accurate shheme from Table 5
gives

@u_  u(x+2 x)+8u(x+ x) 8u(x X)+ u(x 2 Xx).
@x 12 x '

(7.2.9)
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Figure 14: Four-point stencil for second-order spatial disretization and central-
di erence time-stepping of the one-wave wave equation.

Combining this fourth-order spatial scheme with second-oder central di erenc-
ing in time gives the iterative scheme

4 1
ufm = Ve ol w s wl u, o (7210)

This scheme, which is based upon a six point stencil, is caliEleap frog (2,4). It
is typical that for (2,4) schemes, the maximum CFL number for stable compu-
tations is reduced from the basic(2,2) scheme.

Lax-Wendro

Another alternative to discretizing in time and space involves a clever use of the
Taylor expansion

@uxt) | t? @u(xit)
@t 2! @?
But we note from the governing one-way wave equation

@u_ C@u c
@t @x 2 x
Taking the derivative of the equation results in the relation
@u_Gu c
@% - @% X2 n+1

These two expressions fo@ u=@ind @u=@1 can be substituted into the Taylor
series expression to yield the iterative scheme

u(x;t+  t)= u(xt)+ t +0( t3):  (7.211)

(Uns1  Un 1) (7.2.12a)

2un + Up 1) : (7.2.13a)

2
Y = o w20 (7.2.14)
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Scheme Stability
Forward Euler unstable for all
Backward Euler stable for all

Leap Frog (2,2) stable for 1
Leap Frog (2,4) stable for 0:707

Table 9: Stability of time-stepping schemes as a function othe CFL number.

This iterative scheme is similar to the Euler method. Howeve, it introduces an
important stabilizing di usion term which is proportional to 2. This is known
as the Lax-Wendro scheme. Although useful for this example, it is di cult to
implement in practice for variable coe cient problems. It i llustrates, however,
the variety and creativity in developing iteration schemes for advancing the
solution in time and space.

Backward Euler: Implicit Scheme

The backward Euler method uses the future time for discretiing the spatial
domain. Thus upon discretizing in space and time we arrive atthe iteration
scheme

um*D = y(m + 5 ulmAa - ymin (7.2.15)
This gives the tridiagonal system
u(m = Euﬁrﬂfl) +u(m+D 4 Euﬁ]mzl) ; (7.2.16)
which can be written in matrix form as
Au (M*D = (M) (7.2.17)
where 0 1
2 0
1 2
A= 55 ) ) : (7.2.18)

0 2

Thus before stepping forward in time, we must solve a matrix poblem. This
can severely a ect the computational time of a given scheme.The only thing
which may make this method viable is if the CFL condition is such that much
larger time-steps are allowed, thus overcoming the limitatons imposed by the
matrix solve.
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MacCormack Scheme

In the MacCormack Scheme, the variable coe cient problem ofthe Lax-Wendro
scheme and the matrix solve associated with the backward Eer are circum-
vented by using a predictor-corrector method. The computaton thus occurs in
two pieces:

ulP) = y(m + um u<nm)l (7.2.19a)
h i
1
u§1m+1) - 5 uSwm) + ugp) + Ugi)l ugp)l : (7.2.19b)

This method essentially combines forward and backward Euleschemes so that
we avoid the matrix solve and the variable coe cient problem.

The CFL condition will be discussed in detail in the next secion. For now,
the basic stability properties of many of the schemes consited here are given
in Table 9. The stability of the various schemes hold only forthe one-way
wave equation considered here as a prototypical example. Eh partial di er-
ential equation needs to be considered and classi ed indidually with regards
to stability.

7.3 Implementing Time- and Space-Stepping Schemes

Computational performance is always crucial in choosing a americal scheme.
Speed, accuracy and stability all play key roles in determiing the appropriate
choice of method for solving. We will consider three prototyical equations:

gu- gu one-way wave equation (7.3.1a)
Gu= %} di usion equation (7.3.1b)
i 9= %%g + juj?u  nonlinear Schredinger equation:  (7.3.1c)

Periodic boundary conditions will be assumed in each case. e purpose of this
section is to build a numerical routine which will solve thes problems using the
iteration procedures outlined in the previous two sections Of speci ¢ interest
will be the setting of the CFL number and the consequences ofivlating the
stability criteria associated with it.

The equations are considered in one dimension such that therst and second
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derivative are given by

2 0 1 0 0 13
1 0 1 0 0 0 1
o . 0 31
u 2
0 :
Un
0 1 0 1
1 0 0 1 0
and
2 2 1 0 0 13
1 2 1 0 0 0 1
. . . Uiy
o . . -
@U 1 Uo
@! —z : : (7.3.3)
0 :
Un

: o 1 2 1
1 0 o 1 2

From the previous lectures, we have the following discretiation schemes for
the one-way wave equation (7.3.1):

Euler (unstable): u(m+D = y(m 4+ 5 ulm ™ (7.3.4a)
leap-frog (2,2) (stable for  1): u(m*D =ym Dy M yM (7 3 4p)

where the CFL number is given by = t= x. Similarly for the diusion
equation (7.3.1)

Euler (stable for 1=2): u™D =u™+ ™ 20+ o™ (7.3.5a)
leap-frog (2,2) (unstable): u(m*) =y V+2 M yMm 4 y™ (7.3.5p)

where now the CFL number is givenby = t= x2. The nonlinear Schredinger
equation discretizes to the following form:

@ i o
ot- 1% u™ 2 g g™ jjumym . (7.3.6)

The Euler and leap-frog (2,2) time-stepping schemes will bexplored with this
equation.



AMATH 301 ( ¢J. N. Kutz) 100

Figure 15: Evolution of the one-way wave equation with the lap-frog (2,2)
scheme and with CFL=0.5. The stable traveling wave solutionis propagated in
this case to the left.

One-Way Wave Equation

We rst consider the leap-frog (2,2) scheme applied to the oe-way wave equa-
tion. Figure 15 depicts the evolution of an initial Gaussian pulse. For this case,
the CFL=0.5 so that stable evolution is analytically predicted. The solution
propagates to the left as expected from the exact solution. Tie leap-frog (2,2)
scheme becomes unstable for 1 and the system is always unstable for the
Euler time-stepping scheme. Figure 16 depicts the unstablevolution of the
leap-frog (2,2) scheme with CFL=2 and the Euler time-stepping scheme. The
initial conditions used are identical to that in Fig. 15. Since we have predicted
that the leap-frog numerical scheme is only stable provided < 1, it is not sur-
prising that the gure on the left goes unstable. Likewise, the gure on the right
shows the numerical instability generated in the Euler schene. Note that both
of these unstable evolutions develop high frequency osailfions which eventually
blow up. The MATLAB code used to generate the leap-frog and Eler iterative
solutions is given by

clear all; close all; % clear previous figures and values
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Figure 16: Evolution of the one-way wave equation using the déap-frog (2,2)
scheme with CFL=2 (left) along with the Euler time-stepping scheme (right).
The analysis predicts stable evolution of leap-frog provieéd the CFL 1. Thus
the onset of numerical instability neart 3 for the CFL=2 case is not surprising.
Likewise, the Euler scheme is expected to be unstable for aCFL.

% initialize grid size, time, and CFL number
Time=4;

L=20;

n=200;
x2=linspace(-L/2,L/2,n+1);
x=x2(1:n);

dx=x(2)-x(1);

dt=0.2;

CFL=dt/dx
time_steps=Time/dt;
t=0:dt:Time;

% initial conditions
uO=exp(-x."2)";
ul=exp(-(x+dt).”2)";
usol(:,1)=u0;
usol(;,2)=ul;

% sparse matrix for derivative term
el=ones(n,l1);

A=spdiags([-el el],[-1 1],n,n);
A(1,n)=-1; A(n,1)=1;

% leap frog (2,2) or euler iteration scheme
for j=1:time_steps-1
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% u2 = u0 + CFL*A*ul; % leap frog (2,2)

% u0 = ul; ul = uz; % leap frog (2,2)
u2 = ul + 0.5*CFL*A*ul; % euler
ul = uz; % euler
usol(:,j+2)=u2;

end

% plot the data
waterfall(x,t,usol’);
map=[0 0 0];
colormap(map);

% set x and y limits and fontsize

set(gca, Xlim',[-L/2 L/2],'Xtick’,[-L/2 O L/2],'FontSi ze',[20]);
set(gca,'Ylim',[0 Time],'ytick',[0 Time/2 Time],'FontS ize',[20]);
view(25,40)

% set axis labels and fonts
xl=xlabel('x); yl=ylabel('t"); zl=zlabel('u");
set(xl,'FontSize',[20]);set(yl,'FontSize',[20]);set (zl,'FontSize',[20]);

print -djpeg -r0 fig.jpg % print jpeg at screen resolution

Heat Equation

In a similar fashion, we investigate the evolution of the di usion equation when
the space-time discretization is given by the leap-frog (2) scheme or Euler
stepping. Figure 17 shows the expected di usion behavior fothe stable Euler
scheme ( 0:5). In contrast, Fig. 18 shows the numerical instabilities which are
generated from violating the CFL constraint for the Euler scheme or using the
always unstable leap-frog (2,2) scheme for the di usion eqation. The numerical
code used to generate these solutions follows that given pvmusly for the one-
way wave equation. However, the sparse matrix is now given by

% sparse matrix for second derivative term
el=ones(n,l1);

A=spdiags([el -2*el el],[-1 0 1],n,n);
A(1,n)=1; A(n,1)=1;

Further, the iterative process is now
% leap frog (2,2) or euler iteration scheme

for j=1:time_steps-1
u2 = u0 + 2*CFL*A*ul; % leap frog (2,2)
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Figure 17: Stable evolution of the heat equation with the Eulker scheme with
CFL=0.5. The initial Gaussian is di used in this case.

u0 = ul; ul = uz; % leap frog (2,2)
% u2 = ul + CFL*A*ul; % euler
% ul = uz; % euler
usol(:,j+2)=u2;
end

where we recall that the CFL condition is now given by = t= x2, i.e.
CFL=dt/dx/dx

This solves the one-dimensional heat equation with periodi boundary condi-
tions.

Nonlinear Schedinger Equation

The nonlinear Schredinger equation can easily be discretied by the above tech-
nigues. However, as with most nonlinear equations, it is a limore di cult to
perform a von Neumann analysis. Therefore, we explore the bavior for this
system for two di erent discretization schemes: Euler and kap-frog (2,2). The
CFL number will be the same with both schemes ( = 0:05) and the stability
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Figure 18: Evolution of the heat equation with the Euler time-stepping scheme
(left) and leap-frog (2,2) scheme (right) with CFL=1. The an alysis predicts
that both these schemes are unstable. Thus the onset of numigal instability
is observed.

Figure 19: Evolution of the nonlinear Schmdinger equatian with the Euler time-
stepping scheme (left) and leap-frog (2,2) scheme (right) wh CFL=0.05.

will be investigated through numerical computations. Figure 19 shows the evo-
lution of the exact one-soliton solution of the nonlinear Sti@dinger equation
(u(x; 0) = sech(x)) over six units of time. The Euler scheme is observed to
lead to numerical instability whereas the leap-frog (2,2) €heme is stable. In
general, the leap-frog schemes work well for wave propagatn problems while
Euler methods are better for problems of a di usive nature.

The MATLAB code modi cations necessary to solve the nonlinear Schredinger
equation are trivial. Speci cally, the iteration scheme requires change. For the
stable leap-frog scheme, the following command structuresi required

u2
uo

u0 + -i*CFL*A*ul- i*2*dt*(conj(ul).*ul).*ul;
ul; ul = uz;
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Note that i is automatically de ned in MATLAB as i = p_1. Thus it is
imperative that you do not use the variable i as a counter in your FOR loops.
You will solve a very di erent equation if not careful with th is de nition.
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