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Abstract

A Finite Volume Approach to Modeling

Injury Mechanisms of Blashduced Traumatic Brain Injury

Randall Wade Hoberecht

Chair of the Supervisory Committee:
Professor Randall J. LeVeque
Department of Aplied Mathematics

The development of improved personal protective armor has increased the survivability of
the modern soldier. Increased survivitigiagainst kinetic threathas resulted an increase in

the rate of surviving casualties with blastlucedTraumatic Brain InjurgbTBI) The purpose

of this workis the development of a finite volummaodel, using equations of elasticity, to

model the propagation of pressure and shear waves through the beaunting from

exposure to an explosive blast. efprimary objectives of this research arepimvide insight

into the complex naire of Traumatic Brain Injuries aail in the develpment of higher

fidelity models This worlexamines critical aspects for effective implementatadiiinite

volume method, using CLAWPACK (Conservation LAWs PACKage), to numerically solve the

hyperbolic system of elastic equations.
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Introduction
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is often vague, than the exact answer to the wrong question,
GKAOK OFy Fftglrea 0S YIRS LINBOAA&AS®HE

-John W. Tukey, 196Zhe Future of Data Analysis

This thesis is the culmination of an initiavestigation into the utility of Fite Volume
methods for modeling shock wave propagation from air into biological matergpecifically,
this effort seeks to answer the questionarcthe implementatiorof Finite Volume methods
used to numerically solviae equations ofinear elastidy, effectively model the propagation of
shock vaves caused by explosive blasteough the human headThepurposeof this workis
to gain insight intdhe developmenbf numericalmodels of shock wave propagation through
the human head aa mechanisticauseof blastinducedTraumatic Brain InjurgbTBI)

There are two primary approaches to the research of blast injuries. One approach is the
study ofgeneralized blast response,®fK S Sy A NB o02R&Qa NBalLlRyasS G2
approach typically wolves exposure of test animals to simulated or actual explosive blast
waves [Due to the complex inteaction between physical responsét is very difficult tasolate
GKS O2yiNROdziA2Y 2F &LISOA T A OThOdeanidBpgpackiigto it KS @A O
isolate a specific injury mechanism in order to understasdontribution to the blast injury
While the former approach is important in understanding thesrall susceptibility of humans to
blast injuries the latter approach is criticatiunderstanding the contribution from individual
mechanisms The current écus of this research is in liméth the latter approachby
attempting to isolatehe pressure wave as single injury mechanisnCare must be taken to
ensure that results from @her method areproperly framed by the limitations of the approach.

An effectivenumericmodel will be valuable in understanding the extent of injuries
which can occur under a variety of conditipaad can provide insight into evaluating potential
methods for reducing the occurrence and severity of such injuriésr example, the model
could be used to evaluate materials and design of protective armRimite volume methods are
well suited for this particular problem due their ability to maintain aagracy where
discortinuities exist in the solution;ignificant discontinuities in pressure aagsociated with
the shockconditionat the leading edge of the pressure wave generated by an explosive blast.
While such discontinuigis causenumericaldifficulties whenimplementing finite difference
methods, the conservative nature of finite volume methods provides a foundation for
maintainirg accuracynd stability.



This thesis primarily addressesawritical aspects of developirafinite volume
numericmodel. First, the model must accurately represent the complex geonstdymaterial
propertiesof the head and components thereirgecomw, the model should be able to
effectively incorporate the appropriate range of pressure waveforms that matchahditons
associated witloccurrenceof b TBI(i.e. magnitude form,and duratior). The finite volume
methods implemented in this study are based on the material presentdgiangyl eVequen,
Finite Volume Methods for Hyperbolic Problearsd implemented withhe use of CLAWPACK
(Conservation LAWs PACKage), a software applidadiged on the methodologies outlined in
the book® The scope of work presented in this theisibased on gaining fundamental
understanding of how finite volume methods can be appliethie problem, and is limited
primarily to two dimensions with simplified geometric reprasation of the skull and brain.
Incorporation of increasingly accurate geometries and extension to three dimensiies is
intended continuation othis research dort.

An underlying assumption in this effort is that useful results may be attained through
limiting the domain of interest to the head and immediate surrounding area. This allows a
significant reduction in computational cdsy excludingiumericalmodeing of the detonation
of an explosive or the interaction of the pressure wave with other bodispaiithough some
researchers hypothesizbat a significant contribution to brain injury may be pressure waves
initiated in the thoracic cavity, whigbropacate through the vascular system directly into the
brain>* a reduced model including only the&d may contribute to determination of the
feasibility of these hypotheseafailure ofthe reduced model trovide results consistent with
the expectedseveity of injury would indicate th@resenceof other sources leading to injury.
Additional hypothesized injury mechanisissociated with the blast waveclude caviations
resulting fromthe period ofrelative negative present in an explosive blgsessue wave as
well asthe presences of electromagnetic pulses generated by the Blétss foreseeable that
the finite volumemethod could predict the occurmece of conditions leading to ciation based
on the presence of negative relative pressungthin the brain

This research supports current effoasthe+ S (i S NIy Ruet Solirl Médidd
Centerin the study of bTBI, directly related to critical knowledge gaps identified during the May
2009 International Statef-the-Science Meeting on Nelmpact Blastinduced Mitl Traumatic
Brain Injury. Twessential areas for current researictentified in the meeting aré:
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Background
According to the definition adhered to by tiBrain Injury Associatioof America
Traumatic brain injury is:

¢an insult to the brainnot of a degenerative or congenital nature but
caused by an egtnal physical forcethat may produce a diminished or
altered state of consciousness, which results in an impairment of
cognitive abilities or physical functioning. It can also result in the
disturbance of behavioral or emotional functioning. These impaitts
may be either temporary or permanent and cause partial or total
functional disability or psychosocial maladjustméht.

Traumatic Brain Injuries are not uncommon, with an estimated 1.4 million occurring
each yeain the United State& Historicallyrelatively few of thesénjuries have beeblast
induced as a result, pasiBI researckfforts havefocusedprimarilyon understanding TBI
resulting from the more common causes of sgpyehicle accidentand falls and have not
addressed blasinducedinjuries to the same degreef academic rigar The conduct of current
military operdions, in which our adversaries favor the use of land mines and remotely
detonated explosive® direct confrontation, as well as increased armor effectiveness and
immediae medical respors capabilityhas lel to an increased emphasis on the study of bTBI.
A studyrecently completed in 2008 of approximat&$00 soldiersrepresenting two infantry
brigades following deployment tdraq reported that 4.9% of the soldiersstained injuries with
loss of consciousness, and 3% reported injuries with alted mental status. Although the
actual number of soldiers with bTBI is a subject of some controyigsgyrevalence has spurred
significant research efforts throughoutetcountry.

Injuries that result from explosive blasise categorized into four categories victim of
blast injury, however, is likely to sustain injuries in more than one, if not all, of the categories
making diagnosis of specific injury mechanismseewely difficult These categories are
described as follows:

Primary: These injuriesire adirectresult ofoverpressure otthe organs within
the body. Due to the compressibility of aijprimary Hast injuries are
typically associated withir-filled structures such as the lung, ear,dan
gastrointestinal tract; however, this does not preclude primary injury to
other organs such as the brain.

Seconday: Explosive blastgenerate flying debris (shrapnel from the explosive
casing, or other objets near theblast) that causes this type ofjury
whenit impact people.



Tertiary. This ype of injury occurs when a boggccelerated by the explosive
blast impactsa stationary structure or other object.

MiscellaneousThese injuries are all thostat do not mee the criteria of the
first three categoies. Examples of miscellaneous injuiresude:
burns, crush injurieom structure collapse, and toxic inhalations.

BlastinducedTBI has previously been viewed as a result of secondary and tertiary blast
injuries, however, recent research suggesttthamary Hast injuryis likely a significardauseof
bTBI'® Brain injury caused by secondary or tertiary biagiry mechanisms can baore closely
comparedto typical nonblast TBIs such as those resulting fribra impacts and rapid head
accelerations associated witutomobile or sportgelated accidents Effective prevention b
bTBI must addredbe contribuion of all mechanisms of injury. nébrtunately, protective
measures are not necessarily complementariy that measures to protect against specific
threats may increase susceptibility to other threasnumericalstudy of bTBI conducted at
Lawrence LivermorBlational Laboratoriesuggested that ballistic helmets, while protecting
from secondary and teidry injury, have the potential to enhance pressure waves between the
helmet and skull, increasing the potential of primary blast injury to the brai@ther
experimentshavedemonstrated that the ballistic flakestcanactually increas¢he peak
overpressure reaching the thorax under certain conditidfs.

TBIs are categorized by severity as mild, moderate or severe, based on the associated
duration of loss of consciousness (LOC) and-fpasina amnesia (PTA). Mild TBI is associated
with LOC less thar03minutes and PTA less than 24 hours; moderate TBI is based on LOC greater
than 30 minutes but less than 24 hours and PTA between 1 and 7 days; severe TBI is anything
greater’® Mild TBI is often diicult to diagnose becauseadften occusin conjunctiorwith
more severe injuries, or in combination with other psychological disorders such as depression or
post traumatic stressisorder (PTSDY In fact,mild TBI and PTSihare many symptoms in
common: insomnia, memory problems, poor concentration, degogssanxiety, andrritability.
Distinguising symptoms for bTBI are: headache, dizziness, fatigue and noise/light intolerance;
while those suffering PTSD will exhibit: stress, emotional numbing, flashbacks, and nighfmares.

One particular challenge in ment bTBI researckffortsis the determination of
appropriate bidogical material propertiesBecause most TBI research has been directed at non
blast injuries, typically blunt force trauma, in which the associated rate of strain is significantly
OG2NEBRS2 T YIFIAYyAldzRSE€0 &Yl ff SNJI,éxikapofatiadnkozhe S SELISNR Sy OF
higher strain rates of blast injury may introduce error into the modgulrrently, relatively little
is known about the viseelastic behavior of the brain at the highgrain rates associated with
blastinjuries. Thiss animportantarea of current research



Chapter 1Explosive Blasts in Air

The detonation of an explosiyeneratesa shock wave whethe rate of combustion of
the explosive materiatreates a pressergradient sufficient thathe speed of sound behind the
shock front exceeds the speed of sound in front of the sh&oiplosive materials such as
trinitrotoluene (TNT), are characterized by a large amount of chemical potential energy that is
nearly instataneously converted to kinetic and heat energy during the process of detonation
the detonation speed for TNT is approximately 6900m#dthough the amount of energy varies
between explosives, TNT is commonly used as a referencerfigparison. Through
experimentation, the energy contained in TNT has been demonstrated to be approximately
4680 Joules/gram'’ As the energy of the blast dissipates with increasing distance from the
blast, the wave dissipates intbsound wave

A typical pressure profilef@ wave generated by an explosive bliasllustrated in
Hgure 1 Characteristics of the pressure profile are an initial jump discontinuity from ambient
pressurer)g, to a maximum overpressur@; . This is followed by a rapid decay of the positive
overpressure back tthe ambient levelvithin a few milliseconds The inertia of thenotion of
the expanded and displaceglas results in a negativegssure phaethat lasts approximately
three times as long as the positive phabefore returning to ambient pressuré Further
pressure oscillations amgossible, but areot typicallyobservedfor blasts in air.

The selsimilarity of the solution at differendcales is an important characteristic of the
blast wave pressure profile that aids in modeling. Within a broad range of conditions, the
explosive blast waves are identical except for scaling in magnitude and duration. The primary
exceptions to the scaldlity of blast pressure waves are ranges extremely close or far from the

P,

Pressure

Pq

| | |
Positive Negative phase I
phase

time

Figurel: Typicalpressure profile for an explosive blast in air. The graphic depicts the major characteristics of a blast
wave: near instantaneous rise maximum pressure, rapid decline back to ambient levels during positive phase,
negative phase with pressure below ambient level lasting three times as long as the positive phase, and leveling off at
ambient level.

"This value differs slightly from the definition for a standard ton of TNT used as a reference during early
nuclear weapon development. At that timene ton of TNT was defined as the energy release of one
million kilocalories. To put this energy in physical perspective, 1 Joule is equivalent to the kinetic energy
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point of detonation, and nuclear blast& mathematical description dhe pressure waveforms
that represent the typical ranges and sizes of explosives associated withe»TBé
accomplishedy <aling from a reference explosion (typically 1kg of TNT) to the desired size of
explosive and idtance from the explosionThe scalingquations are @ystem ofempirically
developed equationdailored for accuracy withispecific ranges from the blast, as well as the
type of blast(nuclear or conventional’ These equations are described in G.Fn&jnand K.J.

D NJ K I Y QExplosizeBhoeks in AComponents of theseguations critical to this research
are summarized in this sectigh.

The first step in determining appropriate waveform iglgtermine ascala distance @,
that relates themodelad (actual) distancéo areference explosion (1kg TNT):

v QX (GEBOGH TEGE G )
W= 5 1/3
®

(1.1)

In this calculation is the explosive yieldn kilograms of TN®Bf the modeled expldse. The
parameter,’qQ, is consiéred thetransmission factgranddetermined by:

. 13
Q= (12)
In the equation for the transmission factohe ratig,”j ", is the ratio ofair densityat the point
of interestto the air density of théocation ofthe explosion. This value is typically omxcept
in cases of airburstvhere an explosion occurat asignificant altiude difference from the point
wherethe pressure profile is to be calculateMost explosions leading to bTBI occur in near
proximityto the victim, and therefore a transmission factor'@= 1 is assumed for this study.

The maximum overpressurgg, canthen be calculated by:

o2
w
808 1+ s

No = N —
w
1+ ——
0.0048

(1.3)

2
1+

G 2

135

e

+ —
1 0.32

As previously noted, the speed that the shdant propagatedsfaster than the speedf
sound The speed of the shock frgras amach speed, can be calculatedaaspecified point by
(The variableQ is the ratio of heat capacities, typically 1.4 for:air)

“ &1 ng
V= 1+ —=
@ 2'Qg,

(1.4)

In the physical blast wave, the shock front is a region of finite tieiskin which the
physical propertiesf the air (pressure, temperature, velocity, etc) change at such a rate, that
the front can be modeled as a mathematical discontinuiffie Rakinddugoniot relationships
are a system of equations, based on conservalaovs, whichexpress the change in conditions
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across the shock front, to include pressure, velocity, density, temperature, and sound speed.

wand wrepresent the twosides of the shock front, then the following relationship holds:

00 _ Dada

'Y'\é) - 'Y'\é)’ (1-5)
in which0 is the absolute pressuré, is the vebcity of the media’Yis the specific gaaw
constant, and"Yis the absolute temperatureThe thickness of the shock froimcreases as the
distance from the blast increases and the waveform degenerates into a sound Whaige.
thickness can be estimated by

YOFR' T (6'ABAT) = — e x 10 8 (1.6)
ol 1

Based omparameter valuegsonsistent with exposure leading to bTBlis thickness is on the
order of 10 3mm. Using a uniform Cartesian grid, it idvequire a grid resolutionf 10,000

cellsper centimeterin orderto resolvethe discontinuity of the shockont across a single grid
cell, creating unreasonable computational cost.

The two most critical components of the wapressureprofile that describe the
potential of a wave to cause injurg personnel, or damage to structures, are the maximum
overpressure and the duration of the pos#iphase. Together, these can be used to estimate
the energyimpulse associated with the blast. The impulse is defined as the integral of the
pressuretime aurve (Fgure 1). The diration of the positive phase of the pressure profge
estimated by:

& 10
i 1 980 1+ 5o
= w3 . 1.7
% 1+ i 3 1+ L 6 1+ i 2 ( )
0.02 0.74 6.9

In structural effects modeling, the blast wavar® often modeled as a triangular
pressure profile based only on the maximum overpressure and the positive phase durktion
structural analysighis tends to provide a worstase estimate of the destructive potential of

the blast because the negatiyghase can reverse the displacement to structural pieces caused

by the positive phaseéhowever, in a biological model, the negative pressures could potentially
lead to cavitatior?* The actual waveforgfollows acurveapproximated byhe Friedlander
equaton:

=% 1 2 Q % (1.8)

0

% . e
For dry airY 287'05817!1&

If
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The parametet, , is the waveform parametexhich is experimentally determined and available
in reference table$or most conditiongi.e. Kinney and Graham, table .XT}his curve is only

valid for thepositive phase of the pressure profiie exact form of the negative phase is
dependent on, and limited by, the ambient pressure.

The range of possiblexposure to explosive blasts in currentlitairy operating
environments isiearly unlimted. Improvised explosive devices range small qveamied devices
less than one kilogram to large trucks capable of carrying in excess of 25,000 kilograms of
explosives? Additionally, some explosive weapsare designed specifically to maximize the
energy of the pressure wave. These thermobaric weapons are characterized by slower
detonation speeds, which results in a lower peak overpressure but significantly longer positive
phase duration, increasing the associated impuldelike conventional high @osives,
thermobaric weapongypicallyrely on oxygen frm the atmosphere for combustion; thesee
more commonly referred to as fuadir explosives. Although the radius of physical destruction is
limited, they are particularly effective against persohimecaves or other protective cover from
ballistic threats’®

The key characteristics dfi¢ pressure profile, as calcudat by theequations described
above are illustrated in igure 2, which depicts the positive phase of the pressure wave as a
function of time and distancéfor 10kg TNT at ranges from 5 to 15 mejerEhis illustrates the
initial cubic rate of decay for maximum pressure, decreasing mach speed, and increasing
overpressure durationActual pressurdistories using data from pressure sems and actual
explosive blasts have a much more erratic appearance, and deviate from this in some respects.

Shock wawe data

Shock Speed
Max Overpressure
Overpressure Duration

25

o)
T

» o
T T

pressure, AT

w
T

Shock Speed: Mach; Overpressure: ATM; Pos. Duration: msec
N
T

-

time, msec 2 5 0

r
distance, meters 5 10 15

distance from source: meters

Figure2: Plotsrepresenting operair pressure profile of 10kg TNT at ranges from 5 to 15 meters from point of
detonation. Left: Positive phase pressure profile as a function of time and distance based on ambient pressure of 1
atmosphere. Right: relationship of shock speed, maximum pressure, and duration of positive phase.



In addition to the error associated with isgitivity of sensors, data collected from a sensor

placed a point will record the pressure history associated with numerous waves reflected off of
structures or terrain. Additionally, it should be noted that these equations are based on
unconfined detonabn of TNT. The presence of a shell casing effectively reduces the amount of
energy contributing to the pressure wave, by requiring energy to fracture and accelerate the
physical structure of the casing, as shrapnel. If the explosive blast occurs ewgotind, there

is also the potential of the formation of a mach stem, when the shock wave reflected off of the
ground merges with the shock wave propagating above the ground. This effect can increase the
total shock pressure in the regioffected by themach stem.MATLAB Code used to create the
plots in Fgure 1 is included ithe Appendix, MATLAB: Explosive Blast Waveform
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Chapter 2Materials and the Human Response
The complexit of modeling the human head is expressed by Andrzej Przekwas, in his
discussion on Multscale Computational Modeling of Lung Blast Injuries

GLY &aLIAGS 2F NBfIFOGAQGSt & dzyAT2NY RSyaaid

including the scalp, skull, meninges, and subarachnid
cerebrospinal fluid, the brain is also susceptible to blast wave
injuries. Highly anisotropic material properties in the brain and
immense vascular perfusion will result in nonuniform
absorption of the wave energy, stretching and breaking neural
axons and the capillary blood brain barrier. Other
homogeneous solid vieca transmit the pressure wave to the
distal side of the body and are much less susceptible to blast
wave injury. In general, the risk of injury is related to the blast
wave energy delivered to the body aatisorption by various
A &&dzSa e

Section 2.1: Mterial Properties

Accuratenumericalmodeling requires that the model reflects the physical geometry of
the object as well as the material makp of the object.For purposes afiumericalmodelingof
linear elastic behavigthree parameters are requird to describe thehysicalresponse of a
material. These are the density of the materfgland the Lamé parametersand‘ . The
parameter' is the shear modulus (commonipe variable'Ois alsoused for this variable), and
describes the linearestoring force(shear stresses;*?, ,, 23, and, 13) of a material to shear
strains( 12,7 23, andj 13).%°

By g (2.11)

The parameter,_, defines a relationship betwey (G KS Y2 RdzZf dza 2F St adAOAaGe

x YR t2AdazyQa wlkiarzz

_ uE
=" 1+u 1 2u (21.2)

The modulus of elasticityy> A& | YSIF &dzNE 2F F YIFIOGSNRLFE Qa
O= T— and is measured in units pfessure.Ocan also be expressed in terms_odnd* as :

0= =% (2.1.3)

& FyF
6
fAYSH NI
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t 2 A &a 2 yadsia dimengidn2ss quantithat describes the response of a material to
compressive forcesTypically0 < &< 0.5, andd must be lesstan 0.5 for hyperbolic
formulation. A material in whiclt = 0.5 is considered incompressible.

y22 _ y33

(2.1.4)

11 T 1l

t2Aaaz2¥Qal Na @A AzZ4 SR (2 aliHe shedd maqd@udzi6rIitear elas8cR dzf dza
materials:

= (2.15)

With advances in measurement aildaging technology, researchers have made
significant progress in their ability to model the human body. Current efforts to model the
human bodyand specifically the head, provide a wide randeederences to build from in the
conduct of this research, and give insight into appropriate material parameters. Specifically,
significant research efforts have been made in developing a-fégblution finite element
model of the human head. GiovarBelingardi describes one such model based on continued
improvementsfrom the first models createdver 30 yearaiga®® . St Ay 3l NRAQa TFAYAGS
model of the skultonsists of 55,264 elements with 260 nodes, usingeometry based on CT
scansandMRimages. Ly . St Ay 3 NRA QA Y2RStX GKS aidzZft Aa
(cortical) bone, surrounding a thicker interiorancellouqtrabecular)oone. Cerebral spinal
fluid (CSF) is also included in the model. Both the bone and CSF are modiledrasddstics,
while the brainismodeled asavisBd  a A0 YI GSNRALFET FTRRAGAZ2YFff &%
included between braiand bone.

Numerous other efforts have been made to model the human hegatkar, Majumder
and Roychowdhury developedfinite element model of the head, in order to model responses
under static and dynamic loading. They describe thrapdex geometry of the headtructured
with eight bones of irregular shape and thickness (approximataiynpanda thicker plate of
boneat the base (approximately 12 mmi. ¢ K S ionbidhek fitid nor solid but a rather gel
fA1S YSRAdZYEZ LI NIAGA2YSRY Ik gl thod¥lthé BralNsS 0SaaSa o@
modeled as a linear elastigaterial A study by Liying Zhang, et al.ingsFinite Element
Modeling to model concussion injuries resulting in professional foqth#dimpted to account
for the anisotropic nature of brain material by implementing differing islastic material
properties to describe white matter, grey matteand the brain stem as separate materials.
Other references for material properties of the head include: a thesis by S.J.A. Michielsen, in
which he references material parameters used in models by Ruan (elastic model) and Chen
(viscoelastic modelf? and an elastic model used by Moaie model primary blast effects on
the central nervous systeff! A summary of the referenedisted above is contained imfle 1.
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Tablel: Summary of various sources describing material properties

, 2dzy' ] Density |t 2 A ad Shear Modulus () (kPa) Bulk
Modulus ™) Ratio () Modulus
(E) (kPa) | (kg/m’) (K) (kPa)
Source:| Belingardi, finite element model with visedastic brain
Cortical 15x16 1800 0.21

Bone

Trabecular | 4.5x16 1600 0.01

Bone

CSF 1.2 1040 0.49

Brain 1140 167

+ 490 167 Q 1450/ & i

Source:| Linear Elastic Model, Sarkar et al.

Bone 6.5x10 1412 0.22 2.66x10
CSF 66.7 1040 0.499
Brain 66.7 1040 0.48
Source:| Ruan (reference Michielsen) Elastic brain response
Brain 66.7 1040 | 0.49 |
Source:| Chen (eference Michielsen) Viseslastic brain response
Brain 328 16.2
+ 3280 o/ 0.0069i
Source:| Zhang, et al.
White 1040 78+ 41 78 Q4001 | 219x10
Matter
Grey 1040 64+ 34 64 Q4091 | 219x10
Matter
Brain Stem 1040 78+ 58 7.8 Q4001 |219x10
Source:| Moore
Skull 6.5x10 1412 0.22
Brain 1040 22.53 2.19x10
CSF 1040 22.53 2.19x16

In order to best develop an understanding of the limitations of the finite volume
methods, this study begins with the use ofery simplified geometric representation of the
skull, consisting of a circular or oval skull of constant thickness surrounding brain, and isotropic
and elastic material properties. This allows the initial study to focus on the fundamental
characteristis of the method before increasing the resolution of the model. Continued study in
this area will seek to increase the accuracy of the geometric representation of each of the
components as well as the representation of all components contained withinghd.Heven
extremelysimplified representations provide potential for relevant studwardsgaining
underganding of bTBI. For example, themerical experiment conducted by Lawrence
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Livermore National Laboratories, mentioned in the Backgroumaiiidedonly three materials,
skull, brain and cerebral spinal flyigind usedan ellipsoid as the geometric shape representing
the skull®* Even with these significant simplifications, they were able to gain relevant insight
into the nature of bTBI injury mechams.

Consistent with the independent linear elastic modeling of efforts of Moore and Sarkar,
initial material parameters for this stydare summarized iflable2. The parameter_can be
determined from equation 2..2; however, de to the sensitivityhis equationto nearly
incompressible material’  0.5), such as brain, iscalculated directly from the bulk modulus,
0, where

0= + § (2.1.6)

The resulting speed of sounﬁﬁr = _+ 2" ]", for bone and brain is consistent with
expaimental studies. A speed of sound model for cranial bone by Conner, et al, determined
appropriate values for the speed of sound based on density of the IR3%2.6m/s to

2298.1m/s for densities dfom 1400kg/nT to 1500kg/nT respectively’? Other sourcs cite

I 2YY2NRa 62N I 848nysTor sounNdpged if theskull ancdp5d2m/s for
sound speed in braiff. The property obone represents a combination of the actual layered
structure of cortical and trabecular bone. Experimental determarabf the modulus of

elasticity for cortical bone is approximately 20GP ¢ A (i Kt 2 Betivée §Z3and NJ G A 2
0.43%4%

In order to maintain consistency with units of measurement, uoftgressure used in
numericalexperimentationare based on:

o Q)
1OHo= 10&,1 42

These values are selected for consistency with other similar research efforts, and intended for
use in testing the accuracy and stability of the finite volume methods. As researchers continue
to study the physical response of these exddls, the appropriate values will likely be refined.

Table2: Summary of material properties used as initial values in this study

Material | Modulus of| Density |t 2 A & § Shear _ G 0
Elasticity oo Ratio, | Modulus K el =
w0 G 3 , w0 i ¢2 l
Bone 6.5x10' 1.412x10° | 0.22 2.66x10 | 1.77%10 | 2.2410° | 1.3%1C0
Brain 667 1.04 x10 | 0.48 225.3 2.19x10 | 1.45x10 | 465
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Section 2.2Human Susceptibilityo Brain Injuries

There are various types of traumatic brain injury, as described by the Brain Injury
Association of AmericaThose that are particularly relevant to the study of bTBI are described
as follows®

9 Diffuse Axonal Injury: Usually causedshgaring forces within the brain,
resulting fromstrong shaking or rotation of the hegand characterized by
tearing of nerve tissue throughout the brain

1 Concussion: The most common type of TBI, occurs as a result of sudden impact
or momentum change. Bbal vessels may stretch and cranial nerves may be
damaged. This type of trauma may cause diffuse axonal injury as well. Damage
resulting from concussion may not show up on diagnostic intagi

1 Second Impact Syndrome (Recurrent TBL)bsequent injury tohte brain
beforesymptoms from an initial injury have healed.

Diffuse axonal injury is the most frequently related to mild, TBth injuries most
commonly occurring at the junction between grey and white matter (corticomedulary), internal
capsule and dgegrey matter’” Susceptibility to blasinduced TBI is increased due to the visco
elastic property of the brain and the extreme deformation rates associated with the shock front
of the blast wave. For higher strain rates, the brain tissue becomes exfialhemore brittle,
requiring less strain before permanent damage occurs. Due to its incompressibilit9.5),
the brain is much more resilient to compression strains than to tensile and shear strains. The
amount of strain required to tear brain tissue is estimated at 10% to 28%.

Traumatic Brain Injury resulting frogportsrelated injuries haa longeristory of study
than bTBI.Zhang, et a] conductnumericalexperiments using a finite element model to
recreate helmet to helmet collisions in football, in order to determine the best indicators of
injury basedn comparison taactual outcomes. Theyncluded that shear stress in the
midbrain of the brainstem was the best predictor based on their samting4) andestimated
that shear stresssof 6.0, 7.8, and 10KPain the midbrain correlated to 25%, 50%, and 80%
probability of mild TBI diagnosisspectively.This work also referenced intracranial pressure
tolerance criteria established by Ward, based on animal tests as well as analytic
experimentation. In this study, serious brain injury is correlated to peak intracranial pressures
greater than235kPa, while peak pressures below 173kPa resulted in minor or no Thjury.

Experimental datand analysis of actual exposure of personnel to blast waves, ha
provide researches with a generatizy RSNAR G YRAY 3 2F (KS 02ReQa loAfAGe

LY DN}IylIOKSNR& 06221 2y ¢. LI KS&@%abhetedsdridandvagyab 6Aff 0 NBI
tissue may not tear until 10%0% strain is applied. On the other hand, it takes considerably more force
to cause a 192% stain in bone than it does to produce a 186%™ A G NI Ay Ay ONF AYy (@A &adzSodé
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wawes associated with explosive blasts. These references are typically based on osridéto
are easily diagnosee .eardrum rupture, lung damage, and dedftand do not address the
more complex nature of brain injuriegigure 3 is aexample of a cairt originally produced in
1988by the Govenment Printing Officé’ Charts such as this provide a reasonable means to
evaluate the survivability of a specified blast, however, they do not account for multiple
exposures nor do they assess the vulnerabdfthe brain. In developing a model for bTBI,
these charts are useful in determining appropriate waveforms for modeling. Similar charts
illustrate the effects of reflecting surfaces resulting in increased overpressures and durations. A
study completedy the Defense Atomic Support Agency illustedteat the same injury

potential exists at approximately od®alf the incident maximum overpressure if the subject is in
close proximity to a solid surface perpendicular to theediion of the incoming blastave
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Figure3: Human Injury ThresholdgReprint ofchartfrom Government Printing Offié&depicting human thresholds
for injury based on peak ovgaressure and duration of the positive phasguperimposeded line illustraes pressure
and duration associated with 10kg TNT at distances from 3 to 20 meters from point of detonation.
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Chapter 3Equations of Linear Elasticity

Section 3.1: Linear Elastic System Derivation

The following is based on the derivation included by logddn,Finite Volume Methods
for Hyperbolic Problenfé Derivation of the differential equations governingnservative
system oflinear elasticity requires the assumption that displacement of any psismall
enough that the restoring force of the matel is linearly related to the deformatian | 22 1 SQa
Law Within the computational domain, thdisplacementan be described atpoint by the

vector® wwg,0 . Velocities,0 and0, in the directions of theéy cvand & axes respectively,
are the time derivatives of displacement:

18=0,18=0,18=0 (3.1.1)

The gradient of the displacement is used to defa strain tensqt' , which includes
components ofnormalstrain, in the directions associated with a thredimensional Cartesian
mesh as well ashe associated shear strain®@ecause strain is determined from spatial
derivatives of the actual displacenent, strain is a dimensionless quantity.

. i 11 i 12 i 13
. 1 Y
= E r1‘]D+ n‘]D = T21 T22 T23 (312)
T 31 T 32 T 33
For strains in the normal directions:
Fll=93472=151%=13 (3.1.3)
and the &ear strains arelefined by:

2=f2=213418, T8=730=210413, 128=72=213+1¢ (314)

From the spatial derivatives of 311and time deivatives of 31.3 the followingequalities are
established (based on the equality.d o= 12 o)

0p=Ta", Up=7&, 0q=73° (3.15)
Similarly, including the time derivatives ofL3l yields:

1 . , 1 . , 1 ., \
T8P=50+0p, T5°=5 Q+0q, T18=35 0+ Uy (3.1.6)

A stress tensor can also be defined, consisting of all the normal and shear stress components

11 12 13

Q= 21 22 23 (3.1.7)
31 32 33
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The stress tensor represents all the internal forces acting at a given point. The total force per
unit area acting on a point in a direction specified by a unit veéocan be calculatedybd gé&.

As an example, if a face is aligned with a standard Cartesian grieébastla unit vector in the
positivecwdirection, then, ! represents the normal stress whilé* and,, ! are the shear
stresses

The stress tensor representhe forces acting on each point, relationships between the
stresses and acceleratiaman be established through the law of conservation of momentum.
| 2YaSNDFGA2Y 2F Y2YSyildzy A®= @é ahd RreedvgctobiS 62y Q&
determined lased on the sum dhe spatial derivatives of thstresses acting on a point in the
direction of the acceleration vector. In thremensional Cdesian coordinates, this is
expressed as

Uy 124 13- ng

LN ) ” W ” q - Ob
12 22 23 — np

» W + » W + ” (:X - Ub (3-1-8)
13 23 33 — »

” Q0 + PR + ” (:X - v )

The equalities of 3.5, 31.6, and 31.8 can then be combined into a singlgstem of nine partial
differential equations

1
T%Z EUQ)‘FOQ) =0

T8 2 04+ 04 =0 (3.1.9)

1
T%3 E()@"‘L')(b =0

1mn 12 3
0y &8 L& .a2=0

12 2 3
O w&% #& .&=0

’ 13 23 33 —
UO n W n W nd - 0

P'd GKAA LRAY(HS Uakdbich defindisi Bngar r2lationship Daweeha
stress and strain, can be used to eliminate a variable by expressing stress as a linear function of



18

strain, or strain as a linear function of stee§ hese relationships are summarized in the
following systems:

11 1o 'Jo 'jo o 0 0 . 1
’ . . . | >

jI’, T jo o cjo 0 0 0 ol
f33n_ 1O "JjO jO 0 0 0 iy
mi2e” ) 0 0 0 1j 2 0 0 /iy l2a (3.1.10)
ITI 23 |"’I 11 0 0 0 0 1j 2t 0 I’ll,! 23|1'|
§18U u o 0 0 0 0 1j2wBU

. + 2 _ 0 0 0.g11,
Yl T 2 _ 0 o 0.2l

33, _ _  _*+22 0 0 073,
1 n- 1l = = = il ]
' 12 I,I_ I O O O 2 O 0 |’||T| 12, (3111)
I’! 231 1] O O O O 2L 0 IjllTI 237
u U u 0 0 0 0 0 22WBY

With the substitutionsof strain as a function of stresthe system 3.9 can be expressed in the
standard hyperbolic form of:

Mo+ ONg+ 0N+ or]a =0 (31.12

1 o 00 O 0 0 _+2 0 0.

¥ 5! "0 o0 0o 0O O _ 0 o0
oasl , 0 00 0 0 0 _ o0 o4
it no 00 0 0 0 0 ~ 0y
A= Bn 6=,,0 00 0 0 0 0 0 04
L) 137 11 0 0 O 0 0 0 0 0 0
g ny” 0 0 0 0 0 0 0 0n

1y i 1o 00 1 0 0 0 0 0

ug U uo 00 0 0 1 0 0o ou

The coefficienmatricesd, ando are structured similar t@, with appropriate transposition of
rows and columns.

Behavior othe solutionto this system of PDEsinbe understood through examination
of the eigenvaluesand eigenvectorsf the coefficient natrices (eigenvalues of allrbe matrices
are identical, and eigenvectors only differ by row referencékoavoid confusion with the Lamé
parameter,_, the variabld is used for the eigenvalues, representing the speed of propagation
for the waves.The nine eigenvalues are:

it= G i%=q, %= & (‘=4

i°= o, =@, i'=i8=i°=0 (31.13)
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The speedsy and ¢ are calculated by:

G= =X, 6= - (3.114)
The correspondingigenvectorsare:

=t 2 0l n,O 0l n,0 0] Ol’l Ol’l Ol’l

I = n | IO i | IO ¥l :\gljl %l’l Irpfl

I = n 1 IP ¥ 1 IO 1l 1Y 1t I",’l’l

11 0 ¥ 11 1 IIO ¥l 1Y 1Y 1Y
i12= 11 0 |’|a‘|3’4_ 110 1, i 56 = ll0 |’|,‘I7= I]—l’n‘l8= 107, 9= 10 (3-1-15

11 ON 1 110 n ' n 100 100 100

1+ Oﬁ 1 1o n 110 1N 1on 1O

1l g n L4 Gpni 110 Lo ol Lo

uog U ug U u U WU 5]Ys WU

The eigenvectors® andi 2 represent the propagation of primary (pressure) waves alongthe
axis at the speed of soun&;; i 3 andi 4 represent secondary (shear) wave propagation within
the aplane, andj ® and i © represent secondary (shear) wave propagation withindkie
plane.

Thissystem(3.1.12)can be snplifiedto two dimensiondy assumingno variation in the
g-direction )y = 0):
Mo+ 0N+ 6Np=0 (3.1.16)
Representation bthe coefficients can be consolidated by creating a single matyithat can
represent bothd and®. This formulation becomes beneficial when presence of auntiform

grid requiresnumericalevolution of the solution in noiCartesian directins 6ee Section 4:5
Representation of Complex Materi@eometry).

0= g9 + £98 (3.1.17%
L o 0 0 0 g“_+2 Y 0l
20 ., 0 0 0 ge_ g _+2° .
r’]: ] 12.’., 0= 11 0 0 0 éd)= é(b= ¥ o= éw,éw
g e 0 &9 0 0 0
up U uo gy goyr 0 0o U

A= &, iA=G, (A= & iA=G, iA=0
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2 02, . 2 ghg @ I 02
|;+2‘ ‘stI’I ll Z‘éwéw I’I :éd)zl’l
L S R T L TP AT S
o E%y o vESR 0 Iho n
u &% U u g% Vg u o UV

The formulation of linear elasticity in terms of strain, instead of stnesguires some
additional considerationdg=ormulation in this manner may be necessary if calculation of energy
is a desired output of the modé&ee Section 3.2nd there existsnedia characterizedyba
shear modulus of zero (see@ion 3.3). Uisg a2-dimensional formulation as an exampfepm
the original formulation (equatioB.1.9), only theconservation of momentum equations
(equation 3.1.8) change, and the system becomes

T %l 0,=0
T 32 U, =0
18 5 Uyt 0, =0 (3.1.18)
" éb ” (%)1 ” (})2 =00 ” C')b _t 2 T &)1 (%2 2‘T 2:)2 =0
" 0() ” (%)2 ” (,%2 =00 ” l‘)(‘) _t 2 T(%z J a,-)l 2‘T &)2 =0
The system with eigenvalues and eigenvectors can be expressed as:
Mo+ 0N+ 0Ny =0 (3.1.19
’111 - 0 0 0 1 0 N
"22:’.I o0 0 0O 0 o0,
n=mta, 0= 11 0 0 0 0o 1/2,
g n_+2°/" /" 0 0 O0On
up U u o 0 2/ 0 0U

1 .

1. 0 . ~ 1

T o N2l
112200 o 1%=,12,, i5=!' - "
Itdﬁf'l IIO~|°’| 1o :,:

up U u U U o U

As expected the system retains the same eigenvalues as the stress sygimperging the
same propagatiospeedof pressure and shear waves. The significant difference is the fact that
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the zerespeed wave results in a jumpioft andi %2, whereas in the stress system, this wave
represented a jump in only??.

Secton 3.2:ConservatiorLaws

Physical systems adhere to laws of conservation, namely conservation of mass,
conservation of momentum, and conservation of energy. Conservation of momentum was
required for the hyperbolic formulation in the establishing the tiglaships in 31.8.
Conservation of mass ensures that the total mass of the system changes only due to mass
entering or leaving té system (through the boundary or at a sourgekanside of the
boundary. Finite volume methods applied to linear elastjstems ensures conservation of
mass by defining the material properties associated with each finite volume (grid cell) within the
domain. Specifically, an auxiliary variable associated with each cell contains the density of
material in the cell, and thefore based on the volume of the cell, a mass can be calculated.
Because there is no flow of mass in the linear elastic system, the mass of each cell remains
constant and conservation of mass is ensured.

Conservation of energy includes all forms of endigy kinetic, potential, thermal);
however, in the linear elastic systenotal energy in the systeman be viewed @the sum of
only potential energy and kinetic energyKinetic energy0 O, is based on mass and velocity:

H'0= 26 02 (3.2.)

Potential energy in the system is closely related to the definitionotémtial energy in a spring
where0'Q, is defined a:

1

Qg (3.2.2

0Q
In a multidimensional elastic system, thelationships between nonal and shear stresses

result in a more complex expressiofiheformula for internal energyb , as referenced by
Harris is™

5 = , e (3.2.3)

Usingrelationships in 3.1.10, this formulation can be expressed solely in terms of strain.

'7=E g1l 4 2% 224 3%33 4 5 12124 o 1313 4 p 2% 23
2” ” ” ” ” ”
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1
b:ETll =+21 T11+=T22+=T33 +T22=T11+ =+2‘ T22+J33
+T33 =T11+=T22+ =+2L T33 +ZTlZZAT12+2Tl32iT13+2T232iT23

By organizing byerms of like coeffi@nts, this equation becomes

b =

=+21 T112+T222+T332+ (32‘9

NI~

211T22+211T33+222T33 + 4 TlZ 2+4t Tl3 2+4i T23 2]
This is equivalent to the energy function determined by A.E.H.:t%®ve

00= =+2: T11+T22+T332

NI -

+ 2 T 12 2 4 T 13 2 4 T 23 2 T 11T 22 T 11T 33 T 22T 33 (325)

In order to demonstrateonservatiorof energyin two dimensiongfor ease of
demonstrating the calculationjhis expression for internal energ@iyotential Energyyanbe
simplified byassuming o variation in the-direction 7 33 =713 =723 = 0. The twe
dimensional expressicior potential energypecomes:

00=32 _+2 4522242 §122 §li522 (3.2.6)

NI

To calculateghe total energy in thewo dimensionabkystem, the kinetic energy, O =
1

5” 62 + 0?2 , mustbe addedto the potential energyQ= 0’0+ 0'O(equation 3.2.6 has been
expanded in the followingn order to match like terms in later gis):

. 1"72 1,,‘2
o= E (0] +§ e + (3.2.7)

=+2L T112+%=+2£ T222+2£T122+J11T22

NI -

The totd energy in the system can be calculated as the integral of this function over the
entire domain; or in the discrete (finite volume) case, the total enésglye sum of the energy
in each grid cellConservation of energy requires ththe derivative othe total energywith
respect to time is based only on energy flux through the boundary of the donfaist, by
taking the derivative with respect to time, the rate of change of energy can be expressed as:

Q= "00s+ "V0s+ _+ 2 T34 (3.2.8)

SEAFTTSNBYG O2ydSydrzya | NB dzaSR o0& O NR2dza | dzi K2 N&
equations, shear strains, expressed@s Q;, andQ; are half the magnitude used by LeVeque, such that

Q=21

%
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=+ 2 T22T§2+4LT12T612+J11T022+J22T%1

Using the relationship betweenrsiin and acceleration (in two dimensions), and the stress
strain relationship substitution of values fof 0y, ” Ug,T 3 andf 22 into the equation yields:

Q=0 _+2TH+JF+27H +0 _+227&+JF+27F + (329

=+ 2 Tllé(b+ =+ 2 Tzzl‘)o’o"— 4AT12

1
\ J 11\ 22!
5 Vot 0o + 17 0p+ J70q

When simplified, the resulting equatios demonstrated to be sum of spatial derivatives:

Q= _+2 G +10, + _+20 UF+TRY + (3.2.10)
_OFHT00 + _UE T N0, + 20 G TR0, +20 UE TR0
g_iozai 42 FU o4 _g2 o+ g2
+m 42 G2+ _GM o2 g
By defining a vector field,, such that
1= 'QQ; (3.2.1)

It then fdlows thatusing the gradientperator (1= % % ), the energy function becomes:

Q.
5 0= " A, (3.2.12)
andby divergence theorem
—= O = 3 gl
Y 1y
= OM= 3¢nQd (32.13)
D -y 1y

Therefore, the time rate of change of the total energy in the domadrcan only change based
on flux across the boundary of the domdirfiy Similar resultgan be obtained foboth the me-
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and threedimensional cases as well.onservation of energy for the PDEs does not ensure
conservation of energy for the numerical method.

Section 3.3Modeling Fluids in an Elastic System

The physical phenomenan consietration consists of a pressure wave, initially
propagating through the atmospgne (air) into the human body (this discussion extends to
modeling other fluids (such as CSF) characterized by shear modulus ofT4Aggnumerical
model must therefore modelnppagatbn in air as well as the body, and more importantly, the
interface between the two media. Propagation of pressure waves in air is modeled as an
acoustic system, which is a simplified version of the linear elastic systenp-Wiénees in the
elastc formulation are acoustic pressure waves, andastveaves are not present in the acoustic
system. Behavior of the linear elastic model is based on the Lamé paramedsd, , which
are not typically associated with air; however, through examination of the model of acoustic
wave propagation, appropriate parameters can be determin&doustic waves in two
dimensions are modeleby the hyperbolic system:

n 0O U 0 n 0 0 0 n
6 + 1" 0 06 + 0 00 06 =0 (3.3.1)
VIS 0 0 0 Lg 1/ 0 0 Vg

In this systemy is the bulk modulusf compressibilityr) is pressure, and and0 are
velocities in the direction of theé» and wdirections,respectively. Bsed on the eigenvalues of
the coefficientmatrices, the speed of sound is defined as:

e

0= (3.3.2)

Using20 degrees Celsias a point of referengethe speedf sound in air is 343.3 m/s,
and the density is 1.205kg/finUsed as a baseline for this stydlyis would suggest of bulk
modulus of:

0= "@ 142x 105ka12 (3.3.3)

Applying this to the linear elastic mokléhis becomes the equalent of the Lamé
parameter,_. Because shear waves do not exist in air, the shear modulusust be equal to
zera

B === ¢ (3.3.4)

In air, the stresstrain relationshigequation 3.1.11becomes
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He 0 0 0.0,
V.0 & I rl
T 22 Sl = = g g ngI z; o
1 (L £ = = ] |T| ]
1) 12,7 ® 0 0 0 0 O 12 5, (3_3_5
11230 1) 0 0 O O 01230
uBY W o0 0 0 0 olnY

Due to thesingular nature of the matrix above, the inverse relationsgt@pnot be defined.
Directional strais cannot be determined from the directional stresses which are always equal
and shear stresses are always equal to zero

1 - 22 33=_T11+T22+T33 (33@

12 — 23 — 13_0

As a consequence, determination of the strains and cannot be accomplished with this
formulation.

Section 3.4 Assumptions

The linearelastic model of this phenomenon requirdest the model adheres taertain
assumptions which will inherently limit treccuracy of thewumericalmodel in accurately
representing the desired phenomenon. Discussion of these assumptions follows:

Assumption 1:Wave propagation through air atconstantspeed of sound

By treating the air surrounding the head as an elasticamalk the flow (blast wind)
associated with movementdf air particles displaced by the conversion of explosive solid into gas
is na modeled. Aconsequencef this is the reduction of propagation speed of the shock wave
from the actual supersonic speetisthe speed of sounchowever, the rapid decay in speed of
the shock front reduces thagnificance of this deviationAt a distance of eight meters from an
explosive blast of 10kg TNT, the shock speed is approximately machteZcceleration of the
body, caused by thevind, is associated more directly with secondary and tertiary blast injury;
therefore, this assumption ensurdisat primary injury mechanisms are isolated in the model
FYR fAYAGA GKS Y2RSt Qa dza S wyfestagiNBe pe&SyrsS NI f
profile will reflect the appropriate pressurime relationship at a point of impact with the skull
and the deviation invelocity of the air particlewill be minimal because the speed of the shock
is significantly greater imagnitude than the wind speed

Assumption 2: Linear elastic biological materials

By treating the biological materials as linear elastizs,resulting systemwill not
account foross of energylue to visceelastic damping The shaded region in the efisstrain
diagramfor a visceelastic material (igure 4) represents hysteresis, the amount of energy lost

- LJL.
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as heat during a load/unload cycle. Additionally, energy will be absorbed thpagtic
deformation (representing physical damage to the cellgtancture), or conversion to thermal
energy If the elastic limits of the cellat structures within the head adenown, the linear
elastic model can providetility in identification of wherand where an injury will occur, based
on the when the limitatins are exceeded; howevaumericalresults for time periods after
elastic limits are exceted will be inherently ed. Furthermore the fibrous nature of neurons
within the brain results in material properties that ameisotropic and nothomogenous.

Assumption 3: Estimation of waveform

By reducing the computational domain to a small area, the wave must be initiated at the
boundary. This is accomplished by defining a plaaee with propagation consistent with a
one-dimensional problem (no decay baken increasing radius, or curved shape of the front).

At sufficient distance from the blast, the curvature of the front of the shock wave becomes
insignificant as illustrated inigure 5 Furthermore, the change in pressure profile within the
physicalspan of the domain will also be minimal. These factors create reasonable basis for use
of a planewave generated at a singl@bndary as input to the system. Implementation of the
plane wave (from the left boundary of the domain) requires use of boundamgitions on the

top and bottom that ensure the waveform continues to pemate as a plane wave. This is
accomplished with zerorder extrapolation boundary conditions . These boundaries prevent
decay of the wave through expansion lateral to the dir@ttof movement. Consequently, the
wave will not decay as it crosses the domain. The actual decay across a span the width of a
human skull is relatively small, motivating use of the average value of the peak pressure on
either side of the skull (approxiately 20cm) to define the modeled wave (see Figure 6).

Figure4: Stressstrain relationship in viseelastic media. Shaded area in the graph represents hysteresis, the energy
lost during each load/unload cycle.
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Figure5: Plane wave justificationlllustration depicting curvature dhe spherical expansion oftdast wave front at
8 meters from source.

It is important to ensure that the pressure wavefsosed in the model appropriately
reflect theactual conditions resulting in bTBActual pressure histories of blast waves resulting
in bTBI cannot be deterined with a high degree gqirecision;itherefore,the Friedlander
equations provide a logical starting point for defining a waveforrmtonericalmodeling.
Continuation of the waveform into the negative phase results in an indefinite duration of the
negative phase. Through experimentation, it is known that the negative phase of an explosive
blast wave in air typically lasts approximately thtiees the duration of the positive phaée.
Taking this into consideration, the following waveform is defined based on equation 1.8.

|0

o= 1 % Qa x Q (3.4.0

This is the samas the Friedlander equatiomvith the addition of a multipliefQ This variable
represents giecewise lineadamping term that forces the continuation of the wdaem
expressionbeyond the time boundaries of the positive phatetepresenta qualitatively
appropriate form, by using the following:

0 0< qyél 0 4k
Q= 1 G 0< (3.4.2)
0+4OQ N N N
—=2 & 0< 4
300

Application of this waeform is illustrated in i§ure § using the average of maximum
overpressure that would be experienced on either side of a skull (~20cm). As illustrated, this
difference is minimal.
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Pressure Profile for 20kg, TNT at 8 meters
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x=8, a = 0.80583, t, = 4.4912 msec
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undamped continuation of waveform
1.6~ damped continuation of waveform; a = 0.79478, td = 4.5385, p, = 0.82276 _
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Figure6: Modeled waveform PlotillustratingFriedlander equatioriblue) representing the decay of the blast wave as
it crosses the span of the head (approximately 2Q@mitinuation of the Friedlander equatioreppond w (red), and
waveform implemented in model (green)
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Chapter 4 CLAWPACK (Conservation LAWs PACKage)

CLAWPACK is a software application designed specifically to implement Finite Volume
Methods used to calculateumericalsolutions tosystems ohyperbolic partial differential
equations (PDEs), typically in the linear form

Mo+ 0N =0, (4.1)

in whichon is a linear flux functioi@n). For a scalar, PDE, this is hyperbolic provideddhat
real. If this represents a system®fPDEs, it is hyperbolic if all the eigenvalues oftthe &
matrix O are real, and there exists a complete set of eigenvectors.

For physical systems based on conservation laws, the value of conserved quantities
within a bounded region of domaincan on{ change in time based on flux occurratghrough
boundaries of the region. In orgimension, this is expressed as:

0 G e TOR GO "Of Gy 0 4.2

iy 19 = N W, n o, -
This formulation ishe basis for finite volumaumericalmethods in whichy and oy represent
boundaries of a grid cell, defining the region of a finite volume.

{SOGA2Y nomY D2Rdzy20Qa aSiK2R
D 2 Rdzy 2 @ Q & arsadriir#oRevolving hyperbolic PDEs forward in tiraed
provides éasicmeans br expanding the method to nelinear conservation law¥. For this
method, 0 is thenumericalapproximation of the solutioyrj, and"QOis thenumerical
approximation of the flux function"Q The method begins byistreizing the solution to
establishpiecewise constant solution values representing the average value in each grid cell:
- 1 @awe
U — nwe w (4.1.2)
W gy,
In this formulation g, 1/, and g 1/ 2 are the left and right boundaries of cé&lirespectively.
The basic form for stepping forward in time is:
051 =05 = Qo "G (4.1.2)

30

@2 1/2 is thenumericalflux at boundarywg 1/,. Ths flux is calculated using a Riemann Splve
discussed in&ttion 4.2 Simply stated, this shows that the value of conserved quantities after a
step forward in time is the previous value minus flux leaving the cell, and plus the flux entering
the cell.
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@ Rdzy20Qa YSUK2R A& AYLEGWAsdgGREA)@IFaitkm | wSO2y &
First, a piecewise polynomial function is defined for each grid cell to approximate the solution
value in that cell (the simplest being a constant function), then basedi@uliscontinuities at
the cell boundaries, waves are calculated which propagate into/out of the cells and define fluxes
at the cell boundaries representing regions of updated values for the conserved variables.
Finally, these regions are averaged acrbssdntire cell to determine a new cell averag@ther
methods, such as the Lakendroff Method can achieve secomdder accuracy by basing the
evolution of the solution oradditional terms ira Taylor series expansidmwever, because the
Taylor expansiois not valid at points of discontinuity in the solutiomsfiorder accuracy ithe
best that can be expected 2 R dzy 2 @ Q & theveie Knplétnerited in this studyMethods
for increasing accuracy are discussed &ttn 4.4 Limiters.

D 2 R dzy 2@d @rovides a means to numerically solve a system of hyperbolic PDEs
throughout a discretized domain. The structure of the system allows the problem to be split
into sepaate problems for each dimension, a process knowdiagnsioml splitting.

Mo+ 0N, =0
r']o+ Oﬂwz 0 (413)
Mo+ O6Ng = 0

Because propagation of waves does not always occur in directions normal to the boundaries,

dimensiomla LIt AGGAY 3 AYHNBRMDRE®D: | GaNI®HESOFIMo OF aSa Ay
dimensions)the systen® behavior in the direan of each axis is imppendent of the other

direction, and the splitting error is not present. However, in the linear elastic sysiém, 60,

therefore, this is an expected source of error.

At each time step thesvolution of the solution is based on timeimericalsolution of the
PDEsorrespondingo each spatial dimensiorLet0¢ be thenumericalapproximation to the
solution, at timed. . For each time step déngth Yo, the algorihm begins by evolving the
problem0§ + 60& = 0 a step forward in time by solving a Riemann problerthattwo
boundaries representing the cells boundary in the directiothefwaxis(see 8ction 4.2) The
resulting solutions define an intmediate value for each grid celi;. Based on this solution,
the systemd; + 607, = 0 can be evolved full time stepYo, with the resulting solution o **.
Finally, the systerb g’ + 604" = Ois evolved a full timstep,with the final result o ¢** to
complete the time step.



31

BEE Bl

-2 -1 1 i+l i+2 i-2 -1 i i+l i+2 i-2 i-1 i i+l i+2

\ B
¥
N

Figure7: Dimensional splitting algorithm f@-D wave propagationExample problenm which hitial condition (left)
is evolved in xdirection to intermediate solubn (middle) then evolved ingirection for completion of time step
(right)

For example, considertao-dimensional problemin whichthe solution in cel("3Q®
consists of a wave propagating in the positivend positivewdirections(with ; = 0 in all other
cells) as depicted irigure 7. During the first steghe solution to0§ + 60§ will update cell
(' 1,”, accounting for the rightward propagation of the wave. Nehe,systempD§ + 60,
will update cel("¢J+ 1), based on the upward propagation of the wave, and ¢eH 1,’& 1
is updated based only on the value@fin cell("G 1,’®, however the solution)*1 in cell
('3 1,"+ 1) will have no contribution fronthe upward component of the wave in oiglly in
cell("¢Ypand propagating througk'QJ(> 1). This can be addressed through used séeond
Riemann solver, described aransverse solvemwhich decomposes the ftuafter the first step
into eigenvectors associated with and calculats the contribution to cell’® 1,’&+ 1 , before
beginning the second step. Increased accuracy based on implementation of this proves
negligible compared to the added computation cost of implementation, especially when
considering a three dimensional modelwhich two transverse solvers are required for each
wave at each interface. In application, the transverse solver has even contributed to sources of
instability when modeling interfaces between significantly differing material properties with
complex gometries (i.e. air/bone interface).

Section 4.2 Riemann Solvers
The finite volume method relies primarily on the use of Riemann Solvers which are used
to solve aRiemann Problerat each boundary on eadirid cells ARiemann Probleris
characterized bwn initial conditionin whicha left state i, and a right stater, , are
distinguishedwith a single jump discontinuity between the two statés.
Na @< &
= &0 4.2.1
7 4 > a (42.9
The solution to the Rieann probdem consists of a setf waves propagating from the
point of discontinuity Each wave represents a jump in solution value corresponding to a scalar
multiple of the eigemector associated with the wavdn the case of the linear elastic system in
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Figure 8: Depiction of solutions to the Riemann problem based on wave propagafibe.difference between any
two sectors is a scalar multiple of the wave between them.

two-dimensions, the solution consists of two pressure waves (afgored to as primary or
waves), and two shear waves (secondary-aases). This is illustrated in Figure 8.

During each time stepghe mainCLAWPAGQISutine calls a useprogrammed Riemann
solver to solvdRiemann Problems at every interface withirettlomain. Updating the solution
in each grid cell is based on the solution of two Riemproblems for each spatial dimension of
the domain

Solution to the Riemann problem begins with decomposition of the jump in solution at
interfaceinto eigenvectors bthe coefficient matrixp. In the case of variable coefficient
problems, the eigenvectors must be based on the coefficient matrix representing the cell that
the wave is propagating into.

»=y1? r']~. r']d (422)
Waves,1 , are then defined as the product of the wave strength and corresponding
eigenvector
N0 =) NN (4.2.3)
The net flux can then be defined as the sum of the original flux funcidh (= 61)) andthe
rate of propagation of each wavaultiplied by the corresponding wave
a

"@ 1, = 00t Mgy, N tEmax0, N, o =min0, Y (424)
n=1
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By including the flux at bothoundaries and averaging across the width of the cell, a formula for
updating the solution in each cell is:

v s 30 : : ‘ ,

nE+l — /€ f +4 N ] n

Ug ~ = Ug B Q1j 2 + 1 . 1j2 (4.2.5)
n=1 n=1

The following demonstrates the Riemann Solver for an interface between two adjacent
cells in thewdirection. Because material properties may differ between cells, it is important to
include a reference to the appropriate side of the interfache $peed of wave propagation is
based on the material properties of the cell it is propagating into (i.e. left propagating waves,
identified by negative eigenvalues, have spe%and G based on the properties of the left
cell,' &% _s @and” o). Similarly, the eigenvectors must also be based on the properties of the cell
based on their associated eigenvalues. The eigenvalues are expressed in thernaatdxthe
corresponding eigenvectors in matiik

n,(,% q 0 O Ol,I
IIo Wa 0 0 Ol’l . Y . ra
Y=||O 0 0 p 0,’,,%2 =¥, W= r (426)
110 0 0 ~0 rl
uo0 0 0 O dﬁ,l_'f
st 2 0 O 0 y F 2.
e o = '
1] = 0 1 0 _ 2
Y= O a 05 0 .
1] dﬁfx 0 O 0 dﬂ] 1
u 0 Wa 0 oy 0o v
The inverse of the eigenvector matrix is:
o & o+ 2 .
NG ot 26 F Qoo + 2 0 S B ot 2t Wyt 2y 0 “
. 0 0 — 0 S R
O . . W ot Wy X O c‘x+(~‘1')c‘1‘ll,l
o1 G —at o o at i
Yl_::(fﬁi =€x+2‘d+6ﬁdg+2‘i 1 ? Jﬂi Lt 2y Qe 2 0 5
¥ 0 0 0 S S,
' ~ W@ ot Wy i W ot Waip,
y] R _at 2y 0
UG ot 2a + Qg o +2° 0 0 W ot 2 T Waa 2 0 U3

(4.2.7)



34

The difference between solution values in the adjacent cells is generally expressed as:

11 11 11
al 0w d
. , Ll 10 :vi(‘x : 1 220
r]i r]('x = l,l‘llzl’l 1) éZ.’I: |3"” 12"' (428)

lb‘, Y 110 2 1130 Y]
ut O yo, 0 Vs U

The wave strengths can then be calculatedby Y * 1, Ry :

. ] ~ ll(:ji . 512 _,;2‘,1 I
o et 2t ®aa t2 W et 2 e 2 i

: :

,i.,;r. I ) N(:')i‘a’f Wi W at Oy B
R S P S I | AL TR,
pan 1 O =c+2‘a+0ﬁc=i+i|7 ’ B st 2t R T2,
s o ST :

Ol W et Wai W et Wy -

[ S 11(':% + 3, 1 ot 2 1l

U G at 2+t @as +2% O at gt Ot 2 U

(4.2.9)

The waves are then defined by 4.2Because the third wave has zespeed itdoes not
contribute to updating either cell value, arwan be omitted, leavig the four waves required for
updating the solution:

Leftpropagating Pressure Wave:

20 L,
~~ a
1175, 12 . 11 =0 1
Vis A S f—  0 a (42110
Oy a tOha i i Oy o a TWha i i 1 (:ﬁ('x o
u o U
Leftpropagating Shear Wave
v 1
127, N | I D
V2= 2y T i (4.2.11)

O (s NPT
Qi ot Ry i Qi ot Ry i 10 &
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Rightpropagating Pressuré/ave

A T2y
17, 12 o0 [ - o
Vo= 2, S fa g, (4.2.12)
Whi — a Toha i i Wi — a T i Y dﬁ‘l i
u o U
Rightpropagating Sheawvave
~ 0 I
3, 1263, 20 11 0 i
1 4 = = ‘" 70‘ + . 3‘ II‘i n (4213)
Wi ot Qa i Wi ot Qa i 1o
u Gy U

Finally, the cell value can be updated, provided Riemann solutions have been determined on
both sdes of the cell (based on updatingdne dimension at a time).

. a a
o -. 30 , . . ,
mE+l _ RE - n+4 N n n
05t = 05 v U IO L L (4.2.14)
f]:l r]:]_
o .: 30 . . . .
nE+l _ RE ¥ 4 ¥ 5 ¥ 1 ? 2
Ug ™= Uq - WY qij2T W q1j2 W) @12 D g2

The Riemann 3eer for the strain system (3.1.1% more complicatedIn the
eigenvector matrixyy, the values fof and_ for the center eigenvector are not sgéed as
being in the right state or the left state because they represent the boundary of the two sides.

o W q 0 O 0 0l ~
0 Wy 0 O 0, N + o 5 ;
¥=1,0 0O O p 0 oﬁ = =, W= - (4.2.15)
110 0 0 NO ¥
uoO 0O 0 O dﬁi U
n’l 0 1 - 0 1 0l
.0 0 _+t2]_ 0 0 .
Y=, p 1/2 0 1/2 Q o
l(l;ﬁa 0 0 0 dﬁi 1
U0 Qg 0 @ o0uU

The inverse of the eigenvector matrix can be determined, without specifying a reference to the
unknown Laméparameters.
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Wi i 1 .
T +ha 2 Gy +a 0 Gy + Gy 0
11 20 1 i
11 0 0 18 0 —
L Wi *Wa @i +0wl,|
Y=, 0 = 0 0 0 , (4.2.16)
11 = ¥ >
i 0 0 o 0 %::
. _ @i T Qg @i T Qe
1] oha — o 0 1 0 y
Ui +Gha  _+2° Gy + e i + e ¥
The difference between solution valuestive adjacent cells is:
‘Ill ] él ] NS‘? 11 r
A 0 T L B
Mo Na = mi2n 51257 19 120 (4.2.17)

Lo, 1 19 130 1
ut, U yo, v Uso U

Without specified values forand* for the center waveonly the strengths for the shear waves
can be calculated by = 'Y ' 1}, nj; . Similar to the stress modet,is not required to
calculate 2, correspondindo the zerospeed wave.

’-‘" 12 \
|2z 2ns *e (4.2.18)
Wi *Wa
bk . 12 N
| 4= 2l 20 (4.2.19)
Wi *Wa

In order tocalculate the strengths of the pressure wavesme knowledge of the stress
system must be knownErom the stress formulation (eetion 3.1.17 the value of, 1 must be
constant across the center waye!* = , * where, ' represents thevalue of, ** on the
left side of the zerespeed wave, ang 1" is the value of, 1 on the right side (illustrated in
Fgure9)In terms of strain, these are defined as:

S = g 2r o g2 (4.2.20)

" 11+ i + 2‘ i T 11+ + J 22+ (4221)
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Figure9: Solution regions associated with wave propagation in the linear elastic system.

From the eigenvectors in 4.2.1fhe values foff 1* andj ' can be expressl in terms of the
initial conditions and wave strengths! and| °:

flit =1 |3 (4.2.22)
Filo=7it+ (4.2.23)

From the third component), of the eigenvectors in 4.2.1%e following relationship can be
establshed:

; Lo 1 57
0 Og=1 " |~y

Ty sa 1,
1= 6 oiﬂ o | 5= w (4.2.24)
Cha o

Appropriate substitution yields equations fot and| °:

‘ 11, 30 ¢ e 1l 22 22
o +2% T +(;1,ﬁ— ot 26Ty Y aT e _d&

1_
G
1] 3-(') 1]
ot 2y él+gﬁfd+=i+21 H+ 5722 g8
5 _
Wa

At this point, analytic expressions for all required wave strengths have been established,
and updated célvalues can be determined in the same manner as the system in terms of stress.
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Section 4.3: CFL Conditon
For thenumericalmethod described above, @ecessary andition for stability and
convergence is the adherence to the CFL condftiothe Courant number, :*®

s 30 .
= ;)maxhgjs 1 (4.3.1)
This ensures that the wave solution to the Riemann Problem can contribute only to the solution
of the cell adjacent to the interfaceCourant numbers close to one are advantageous because
they allow lorger timesteps;however, because the CFL conditismot a sufficient condition,
stability can sometimes be enheed by reducing the CFL below ortgesides requiring more
time steps, reduction in the CFL number results in incre&@adaringbf solution values
especiallyat points where discontinuities exist. Unfortunately, when solving the Riemann
problems throughout a larger domain, the choice of CFL must be based on the propagation of
the fastest wave, in the fastest medium this case, the propagation speed of the pressure
wave in bone is more than six times as fast as the propagation of the pressure wave in air
(~2200m/s versus 343m/s). As a result, the effective maximum CFL when solving the Riemann
problems with cells reqgsenting the media of air is approximately 0.15.

For example, by setting the Courant numbe) 1o 0.9:
"= 09= =W)E:eo (4.3.2)
30 09
30 224x 105
20 4018 10 64— (4.3.3)
3w o

The resultingeffectivecourant number associated with the propagation of the pressure wave
through the air is:

"o = 55 Won (4.3.4)

i Gt
"o 4018 x 10 ©+—34300—
[A]9] o l

s 01376 (4.3.5)
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Section 4.4 Limiters

The method outlined above is a firgstder accurate.Although formal secondrder
accuray cannot be achieved due to the discontinuous (shock) solution, accuracy can be
improved through the use of wave limitenshich are designed to adjust the contril of a
specifiedwave,1 ", based on the smoothness of the soluti&hThe limited wave) 1, is
defined as a scalar multiple of the corresponding wave determined with the Riemann Solver:

n — n n
Vquy2= % =512 N qi2 (4.4.1)

The valués— is determinedirom the dot-product of the wae with the corresponding wave at
the upwindinterface pehind the waveas determined by the direction of propagation):

. . v R
I n ;
n _ Vo1u2f qu2 Q1,iq1,>0 442
U2 T M e . o7 (4.4.2)
Q1/2% Q12 a1, lgq/o < 0

Common choices for limiter methods, defined by their associated funcdess, available in
CLAWPACK are:

No Limiter: %o— = 1
Minmod: %— = minmod 1,—

O MLB< LHEEQWW> 0
minmod QO = @ " MIB< THEQWH> 0

O 0
Superbee:%.— = max 0,min 12— min 2,—
MonotonizedCentered %o— = max O,min 1+ —/222—
Van Leer:%o— = I::

If the waven g 172, and the upwind wave) g 1/ 2, are idantical, then—-’;-‘2 12 = 1,andall

methods are equivaleno— = 1. Effectively, this recognizes the smoothness of the solution
and the resulting wave is not limited. If the waves are orthogorl, , = 0, and%.— = 0 for

all limiters excepMC wherélo— = 2
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An initial comparison of these methods in order to determine their appropriateness for

implementation in modeling bTBI, is accomplished with a-dimeensional test problem. This

problem consists of propagation of an apprae wavebrm, defined by equation 3.4, from
air (left), into a defined region of 6mm thickness of bone (middle), with brain material on the

right side of the domai. Results are illustrated ingare 10 at a point in time when the wave
has reflected off the bonsurface, and the transmitted portion has propagated into the brain.

Optimally, the discontinuity should be representey the sharpness of the curve in both

YFEGSNALIEfa 60GKS

GSNY WakKlFINLlYySaaQ Aa
function at the appropriate location of the wave front). Due to the extreme discrepancies
between material properties, the use of no limiter resulted in rapid instability at the material
boundaries which dominated the domain prior to the time step illuschin the figure. All four
methods are characterized by varying amounts of smearing of the discontinuity, with the

dza SR

g2

gualitatively best results achieved by the Superbee limiter. The minmod method proved the

least capable in maintaining sharpness of theadliginuity. The extent of smearing present in

Figure 10 is based exaggerated due to low resolutfon= 0.1¢8 ).

1.5

0.5

1.5

0.5

Method 1:Minmod

Method 2:Superbee

1.5
Bone 1
Air Brain 0.5
0
5 10 15 20 5 10 15 20
Method 4:Monotonized
Method 3: van Leer Centered
15 |
1
0.5
0
5 10 15 20 5 10 15 20

FigurelO: Comparison of limiter methods indimensional model of blast wave propagatiingm air (left side),

through bone (6mm) and into brain (right side). Initial wave moving from left to right has reflddssof no limiter
resulted in instability at the interface between materials which dominated the entire domain before the wave

propagated to the interfag. Grid resolution imm-axis is 10 cells per centimetar-éxis units)
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Figurell: Comparison of minmod limiter (left) to superbee limiter (right). Plots include exact solution (perfect
representation of the discontinuity) as well as solution val@-L numbers of 0.2, 0.9, and 1.0.

The effectiveness of the limiter shoudtso be examined based on fisrformancewith
different values othe Courant number. The degree of smearing is expected to incfease
lower Courant numbers. In a cdé@nensonal problem without material interfaces, the
propagation of a discontinuity based on varying Courant number is illustrated in Figure 11. The
Superbee limiter is much more effective at representing the discoittiriar smaller Courant
numbers.

Sectiord.5. Representation of Complex Material Geometry

Representation of complex geometries on discretidechains is a critical aspect to
ensurirg that thenumericalmodelingaccurately represents the intended physical phenomenon
In this contextcomplexgeametry, generally refers to boundaries of physical materials (i.e.
brain, bone, etg that are not alighed with a Cartesian coordinate systéma finite volume
model, each computational cell is assigned a set of paraméters é&nd* ) that describeshe
material contained in that cell; boundaries between materials are therefore defined by varying
the parameter values between adjacent cel@n aCartesian grid system, it is impossible to
exactly represent boundaries heeen materials that are not aligned with the coordinate
system. As resolution is increased, accuraeyn be expected to improve as the approximated
boundary becomes closer to the intendptysical boundgy. Erors introduced by improper
boundary represetation can influence the behavior of the entire systemhigherresolution
grid essentially recreates a ssifmilar problem at a different scaleith the same sources of
error. Appropriate boundary representation is essential in ensutivag the modd represents
the physicatransmission, reflection, and refraction characteristics of the modeled interface.



42

Figurel2: Pictorial representation of three methods for defining material boundaries within a computational
domain; vaying colors represent varying material properties. Left: Naive approach; Middle: Cell Averaging; Right:
Grid mapping.

A naive approach to representing complex geometry would involve selecting material
properties for each cell based on the location ofragke point in the cell (such as the center) in
relation to the boundarnpetween materialsillustrated inFigure 13left). In this case, all
boundaries are either aligned with thigor the wyaxis, and significant error can be expected.

Perhapsa better approximation can be made by averaging the material properties for
cells in whch the boundary passes through, based on the percentage of the cell that lies on each
side of the boundaryFigure 1Zmiddle)). This is hohecessarily atraight-forward process as
there are various factors that must be consideirdelectingan appropriate averaging
techniqgue In CLAWPACK a subroutine, CELLodWputes the relative percentage of each cell
that lies on each side of a defined material boundary (a sepat#teoutine, FDISC, mustused
to define material boundaries)CELLAVE returns a value fmaaiable,0 1, that represents the
percentage ofthe cellinth Wt STiQ aidl iS RSTAYSR Ay C5L{/ O0GKS
reference, and dependingn the curve defined in FDISC, may not represent the physical left
right relationship at the boundary)Correspondinglyp, = 1 04 is the percentage of the cell
Ay GKS WNRIKGQ adlidSo

The simplest averaging method is to take thighemetic aveage d the material
properties.

"wasm = V1"at 0271, “@asm = V1'at 02'1, avasm = Viat U2 (4.5.1)
Some literature suggests using an arithmetic average of densita &lagdmonic average

of the Lamé parameter?. In the case where one of the materials is air with a shear modulus of
zero, the harmonic average for the shear modulus is zero, determined as the limiPa@ in

the following calculation (the * symbol issed to generically refer to left or right)

1 —_ ” i ” [ — 1 —_— 1
wasm = V1"at V2", "@waoom = o0z, —waem = 01,3 (4.5.2)

a 1 —a =l

y
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An alternate approach is to defe cell properties such that the wave speed within the
cell is the harmonic average of the wave speed of the two averaged propeiggsending on
how the boundary bisects the averaged cell, the effective speed that a wave crosses the physical
area modelé is the harmonic average ofthewdy@ & LJISSR Ay .0 G662 YI (SNJ
boundary is normatio the propagation of the wave, the tierequired for the wave to trgerse
the cell wil be accurately represented;ttie boundary is tangent to the directiorf the incident
wave, this method will not capture the splitting of the wave as it propagates at two different
speeds in the different media.

Except in some specific cases, it is unlikely to be able to create cell properties such that
the wave speeds of bbtthe shear and the pressure waves can be made to equal the
appropriate harmonic average. Additionally, the averaged cell should represent only a single
reflecting surface. Standard averaging techniques, previously described, result in material
properties that potentially create reflections on both sides of the averaged cell (based o+ a one
dimensional problem). This phenomenon can be avoided by defining the Lamé parameters such
that the eigenvectors based on the averaged cell are a scalar multiple ebtihesponding
eigenvector for one of the material$zigure 13 depicts possible wave propagation based on
how a boundary intersects a cell, and the potential difference resulting from averaging
(bottom).

»

» |

Figurel3: lllustrationof potential errors associated with cell averaging, in the case of a plane wave propagating into a
cell in which a boundary exists between two materials (darker shade represents material with greater speed of wave
propagation). Top: Horizontal boundaMiddle: Vertical boundary; Bottom: Averaged cell properties result in same
averageregardlesof boundary orientation.
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Using the pwaves as the basis for defining the averaged properties, this method begins
with determination of the harmonic average of tinave speedgf,;| FoTao)
v _ 1
Wawe= 11,07 (4.5.3)
Cho G
Determination of the material parameters necessary to ensure this condition is
accomplished based on the eigenvector associated with the pressure waieo dimensions,
the corresponding eigenvector for thevpave is:

Consideration must be taken as to which property should be matched, based on
percentage of each material within the cell. A logical approach is thatihieeshould be
based on which materias contained ingreatet Ky p /F: 2F (THSugoSt t Qa @2t dzy Sd
numericalexperimentationyvariations in this value did not significantly change results.

wwQ

%Z

_ (4.5.4)

—W'Q =

_ s @i 0> 05
=<~ 4 '@ 0; 05

Using this method, care must be taken to ensure vahresappropriate for the
hyperbolic formulatiorof the system of PDE$f the shear modulus,, is less than zero,

hyperbolicityof the problem is lost based on the complex value for the eigenvalues associated
with the shear waves.

-

@ = max 0’% 6:1:“9 - 2z o (4.5.5)
" D +2‘ D

o= # (4.5.6)

Ban= 22 (4.5.7)

Figures 14 and l1depictparameter valuesnd wave speedfor the averaged cell based
on three methods just outlined. For the method based on the harmonic average oflae @
speedthe density and the Lamé parameters are selected to match pressure wave eigenvectors
F2NJ GOKS adlFdS 6KAOK 2 00dzLIA S aThekdidtputer StduseBtoy p m> 2 F
demonstrate the cell averaging methods is included in Appendix, MATLABvE=jing.
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Figurel4: Compaison of methods for averaging matar properties of bone and aiiGraphs illustrate, (top left),f
(top middle),H, (top right),4”'=_(bottom left), and%'r-v(bottom right). e-axis represents percentage of bone.
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Figurel5: Comparison of methods for averaging material properties of bone and b@aphs illustratez (top left),
§ (top middle) H (top right),{,L_(bottom left), and%}v(bottom right). e-axis represents percentage of bone.



























































































































