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e Definitions and Decompositions

e Eigenvalue Problem
— Symmetric
— Unsymmetric

e [hesis proposal

— dqgds in the nonsymmetric case
— formulations and stability
— other topics



e )\ is an eigenvalue and v is an eigenvector for a matrix A: Av = \v
o A is a symmetric matrix: A = A'
e U is a unitary matrix: U=t =U""

e 7' is a tridiagonal matrix:
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e A is an upper hessenberg matrix:

(bl a;  k * * * \
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e A € R is positive definite if: 1 Az > 0 whenever z # 0.(Matrix
Computations, Golub and Van Loan)



e A a general matrix, A has a similarity transform: A = SBS~!(same
eigenvalues)

e A a symmetric matrix, A has a conjugate transfrom:
A = SBS?*(same inertia)

e A a symmetric matrix, U a unitary matrix, T a tridiagonal matrix, A
has a reduction to tridiagonal form: A = UTU"

e A a nonsymmetric matrix, U a unitary matrix, H an upper hessenberg
matrix, A has a reduction to upper hessenberg form: A = UHU"

e A a nonsymmetric matrix, T a tridiagonal matrix, A has a reduction
to tridiagonal form: A = STS~1



Many different ways to skin this cat

e Symmetric case: Well mined

— Divide and Conquer | |
— Bisection [ ]

—QR[ ][] []
— The Grail [ |, [ ]

e Nonsymmetric case: Not as well mined

— Divide and Conquer [ ]
- QR
= XHR[ ], []



e Similarity reduction of A to tridiagonal system T(upper hessenberg
matrix H if nonsymmetric)

A = QTQt
A = QHQ'

e Find eigenvectors and eigenvalues of the tridiagonal matrix T (upper
hessenberg matrix H if nonsymmetric) by reduction to diagonal matrix
D or upper triangular matrix R, by unitary matrices ();:

T = Q1Q2..QrDQ; ...Q3 Q1
H = Q1Q2...QrRQ}...Q50Q7

e back transform eigenvectors of 1" or H to get those of the matrix A.



e State problem Av = \v

e absolute accuracy |A;(A) — XN (A+0A)| < ||f(A)]]

1o a0

A(A) = 1,3 exactly. Let 0A = 1000 * €,,4cn * A. Then we solve A+ A.

e an example:

A+ 6A — (1+2.26—13 2—|—4.4e—13>

2+44e—13 1+2.e—13

the larger eigenvalue A\(A + 6 A) = 3(1 + 1000 * €,,4c1) , the smaller is
similar.



e in this case f(A) was |[0A]|.

Ni(A) — M(A+54) = 3—3(1 41000 * €maen)
= 3000 * €,,4ch
= ||0A]

e Weyl's Theorem states that |\;(A) — \;(A+0A)| < ||[6A|| for
Symmetric A.

e condition of the problem: supsa||A(A) — A(A+ dA)||/||[6A]| =1

e Relative accuracy would be W(A);\j‘(ig‘;HM)’ < ||0A]|

e not always possible to achieve for small ;.



o Av = \v where A # AT

e Accuracy results are not as good;(Bauer-Fike)if A = SDS~! with D
diagonal and A + F is a perturbation then:

AA) = AA+E) < (IS = IST] =+ [12]]

1

e Condition of an eigenvalue is —T

wl' A = \wt

where w Is a right eigenvector:

e Lack of fast algorithms as well(unlike O(n?) algorithms for
eigenvalues in the symmetric case). Due to upper hessenberg
form.(QR, orthogonal iteration)

e Algorithms that could use tridiagonalization may be faster, dqds?

e Stability can be an issue.



Consider the following matrix:

S AMb
4= ()

and the different perturbations

0 O e 0 e 0
Eq = Eo = =

We have || Ei||cc = €. The eigenvalues X} of A + E; are

1

A, = §(A1+)\2i\/()\1—)\2)2+4b5)
M=X+e  A=X
M=Ade M=l te



e Lanczos algorithm on an unsymmetric matrix (ABLE code).(LBNL,
Osni Marques)

e Right now industry reformulates unsymmetic problem as symmetric
because of speed and robustness.(MSC Software, Dr. Louis Komzsik)

e Fast, reliable method would be welcome.(MSC Software, and LBNL)
e Lessons can be learned from the symmetric case.

e Hessenberg form is slower(O(n?) for each step) than tridiagonal form.
e [here is almost no work being done on tridiagonal matrix solvers.

e [here is no tridiagonal matrix iteration routine without serious
stability issues.



e ' is a symmetric positive definite tridiagonal

e Or B is a bidiagonal matrix and BB =T

1 =10
repeat
Choose shift 7; smaller than the smallest eigenvalue of T;.
Compute Cholesky factorization of T; — ;1 = B! B;
Ti_|_1 = BZB;:F -+ ’7'7;]
1 =141
until convergence

e I, converges to an upper triangular matrix and T; = BiTiBZ-_l.



e Start with Tridiagonal T', get the new T, by rewriting the above as:

T —711 =LU

UL—7I=LU=T

We can assume without loss that U has a diagonal of uq,...u,, and a
superdiagonal of 1's. L has subdiagonal [, ...[,, and a diagonal of 1's.
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UL — 71 = LU Written out element by element this is:

121 = Ui+ ll — T
for i+ = 1,n—1
2 Liwiqq
li = —
Us;
UWit1 = liv1 +Fuip1 — 7 —

endfor



A

rewriting u;+1 — [; — 7; as a new variable d; we get dqds:

di = ui — T
for : = 1,n—1

w; = l; +d;

- L

j = 2
Uj
Uj41

di = di(—)—7
() -

endfor



e d, gets rid of subtractions in dqd.
e The d; give a very good approximation of the smallest eigenvalue of T.
e Amazing relative accuracy: 6n x €. Normally its just O(K(T) x€) [ |

e Can find eigenvalues down to 1072%? when QR iteration or D & C just
gives 10716, [ ]

e Very fast because a good shift strategy is available using the d;.
Tridiagonal iteration is only order n for each step as well.

e Can use this solver in the non symmetric case. It preserves the
tridiagonal form for non symmetric matrices.



e Develop a nonsymmetric eigensolver based on dqds, with shifts.

e Formulate dqds in real arithmetic, including a shift by a complex
numbers that keeps aritmatic real. [ ]

e Formulate a stable dqds using blocks if possible. Given 1" factor
T'= LDU, with D block diagonal, to avoid blow up in L,U.

e Test each on different matrices, against XHR and QR.

e Test different shifts on these algorithms and explain how the 'd’
relates to this shift.



e 7' nonsymmetric, T' = LU with L,U as before, so the dqds algorithm
will work. Trouble is the accuracy of the eigenvalues as ||L||,||U|| gets
large.

e For the complex arithmetic algorithm test accuracy and stability
against the algorithm that uses all real arithmatic and the blocked
algorithm.

e For the algorithm with real arithmatic, use the shift by a complex
number, developed in [ | and analyze backward stability.

e \What should the shift strategy be?

e To improve accuracy, look at the shift that gives us a deflation and
store it. Then re-run the algorithm again on those shifts. Restart
algorithm if it breaks down, avoiding previous break down inducing
shifts.



e For T = LDU factorizations find 7' = ULD or T = DUL.

e Formulate where the blocks should go in D, in order to avoid element
growth at that step. Research stability of that strategy.(7" becomes
block tridiagonal)

e Make sense of shifts, shift by 2 x 2 blocks? Make sense of the d; from
dqds shift strategy.



e Algorithms exist that find high relative accuracy SVD of a matrix A
given an RRD.(DGESVD)

— These exist already in many cases
— Propose to find remaining RRD'’s

e High relative accuracy algorithms exist, using the SVD algorithm

above, that find eigenvalues and eigenvectors for symmetric
A(Dopico, Molera)

— Propose to find algorithm for nonsymmetric matrices

— Start with skew hermitian case.(work in progress with Dopico and
Molera)

e possible theoretical connection between XHR and dqds. like 2 LR step
= 1 QR step.
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e Backwards stability means that computed L and U solve a nearby
problem(L x U = A + €A)

e theoretically LU has backward error:

LU = A+5A

10 A]]
S O(emach)

LT

e LU with pivoting has backward error:

LU = A+6A
|0 Al
| Al

VAN

O(pemach)

where p is the growth factor that is bounded by 271, (matlab time)



Forward error is the error between the exact solution L,U and the
computed solution, L, U.

go through the accumulation of errors and hope you get an answer.

its hard to calculate because it depends on the condition of the
problem, usually a global thing.

what about Gaussian Elimination?

matlab time again



