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The number
:E.blbz...pr6e Oébzgﬁ—l, bl#()

is called normalized p-digit floating point number with base £.
e is called the exponent.

Given a number « that has more than p digits
o = :|:.b1b2 ... bpbp_|_1 ... bm X ﬁe,

it has to be rounded to fit it into format (1).



This rounding can be performed as follows:
& = £.byby... b, X °

where

- bp if bp_|_1 < %5
by +1 if b,y > 20

It can be shown that
a = a(l+e)

where |e] = 23! 77 is called the unit roundoff or machine-precision or

machine-e.



The exponent e in the floating point representation determines the
largest and smallest representable numbers in magnitude.

I—et —Cmin S (& S €mazxr Emins Emax S N

For a floating point number « as in (1) we have
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Overflow occurs if |a| > amaz.

Underflow occurs if |a] < aymin.



We want to compute the eigenvalues of the matrix

4 _ (0154 2989
— 2989 6.148

In four-digit arithmetic, this leads to the following quadratic equation
A% — 64330+ 0.0095 = 0

The smaller root is given by

6.433 — v/ 6.4332 — 4 - 0.0095

A = 5 — 1477099614 - 102

Using formula (5) in four-digit arithmetic (p =4 in (1)), one obtains

A = 0.15 x 1072



Using the formula

2-0.0095
6.433 + v/ 6.4332 — 4 - 0.0095

p—

we obtain in four-digit arithmetic

~

A = 0.1477 x 1072

As one can observe, the error in the computation can be greatly reduced
by using formula (7) instead of (5).

This suggests that this particular problem can be well-posed:

The quality of the solution depends the method/formula chosen.



Consider

3.000 4.127 1 -
1.000 1.374 To »

Solving for x5, we obtain

In four-digit arithemtic, we are led to

~

r9 = —3.5 or more correctly

~

L2

.35 x 10!



The matrix in this example is nearly singular (change one coefficient in
the fourth digit (4.127 is replaced by 4.122)).

Therefore, we can not expect our solution to be very precise, no matter
how we compute it.

Thus, this situation is different from the one encountered in example 1.



Error definition: Motivation

e Natural choice for assessing the error for two real numbers o, 5 € R?

e |a — (| seems to be reasonable

® (V1 = 1.234 and 51 — 1.233
approximation is ok

e oy = 0.002 and By = 0.001
(35 can not be accepted as a good approximation for as.

|a—B|

||

e Use of corresponds more to our intuition.

e 0.00081 vs. 0.9



Absolute and Relative Error

Let A, B € R"*™ with B regarded as an approximation to A.
The residual of B is the matrix A — B.
The absolute error eqps(B) in B with respect to a matrix-norm || - || is
given by

cans(B) = || A—B|
The relative error e,..;(B) in B with respect to a matrix-norm || - || is
given by

1A — Bj
1A

erel(B>



Condition and stability

Let f: S5 C K" — K™ describe a mathematical problem that transfers
the input £ € S C K" to an output f(§) € K™,

Assume we want to solve the problem
Av = v

Then, the input for f is the matrix A € K"%", n = r?.
The function f returns a pair (\,v) € K x K", i.e., m =r + 1.

In this setup, S could correspond to the set of symmetrix matrices in
K’I"X’I".



Condition and stability

Assume that f describes a numerical algorithm that corresponds to f
and let & be a perturbation of £.

In the example, the numerical method f would be any of the
eigenproblem solvers, e.g., Jacobi.

Due to rounding, 5: A+ FE, where E € K"*" is "small” , i.e.,
erei(A+ FE) is small .

We then want to control the following expression

If(€) — fOI _ Hf(ﬁ)—f(f)H+Hf(f§)—f(£~)||
[FACS 1 . VA (3] LF )]




Condition of a Problem

For an input £ € S C K", the relative condition k.,.;(f,&) of a problem
is now defined as the smallest number k( f, &) that satisfies

1£(6) — f€+2)] llel
iG] = A

for all ¢ > 0.



Condition: an example

The solution of a linear system of equations Az = b can be formulated
in the above terms.

For simplicity, consider only perturbations in the right hand side:
Let A € K"*" regular. The input £ € S is then b € K".
Obviously, z = f(b) = A~'b and & = f(b) = A~ 0.

A short computation shows, that by our definition for relative condition
we have

K?‘(?l(f)f) — /frel(A) = HAHHA_1”

which is independent of the input & = b.



Forward stability for linear systems

An algorithm is called normwise stable w.r.t. forward analysis, if

|£(€) — F©)I
LF )]

where € is the machine-epsilon.

O(Krel(fa f) ! 6)

Note: For linear systems, f(£) =z and f(€) = &. Thus, (11) becomes

O(krei(A) - €)

In forward analysis, the idea is to explicitly track the rounding errors
introduced by f.

As one can imagine, this is a rather tedious business.



Backward Stability

An algorithm f Is called normwise stable w.r.t. backward analysis if, for
any &, it produces an output f(&), such that

f€) = [f(E+A8

such that A¢ is small; the definition of "small” depends on the context.

Note: If there were no rounding errors, A& = 0.



Use of backward error estimates in the linear system case

Backward stability implies forward stability.

Loosely speaking, the following rule of thumb holds:

forward error < condition number x backward error

One can show:

QR- and Jacobi-algorithm are backward stable.

For the solution of linear systems we have:

Cramer'’s rule for n = 2 and Gauss-Jordan elimination is forward stable
but not backward stable.



Backward Error Result for linear systems

Consider the problem of solving Az = b.

Rigal and Gaches (1967) investigated the normwise backward error n:

napn(y) = min{é | (A+ Ad)y = b+ Ab,
[|AA] <A, [|Ab]] < 4] [0] ||}

~

In our notation, y = f(x), Az = (AA, Ab). We want 7 4),5)(¥) to be
small.

Their classical result then reads :

nqap,ep(y) = b= Ay]
’ 1Al Nyl =+ 1 18] 1




Back to Eigenvalues and Eigenvectors

We want to solve the following equation numerically
Ar = Az

with one of the methods presented in the last session.

Clearly, the input is A € R™*™ and the result is one eigenvector, a set of

eigenvectors or eigenvectors and eigenvalues, depending on the chosen
method.

Once more, due to rounding, (14) will be transformed into
(A+ E)x = \x

with \eij| <9 = %61_19.



Problems for an example: Eigenvectors

Consider the following matrices:
)\1 0 ~ )\1 E
A= A=A+ F =
( 0 )\2 ) - ( E )\2 )
Then the eigenvectors ry, of A and T3, of A can be chosen as
(1 (1
X, — 0 7“5\1 — 1
(0 - 1
7“>\2 = 1 7“5\2 — 1

Due to this instability, one is interested in relations between the
invariant subspaces corresponding to a pair of eigenvalues (\;, A;).



Problems for an example: Eigenvalues

Consider the following matrix:

o A1 b
e ()

and the different perturbations

0 0 e 0 e 0
El'_<s 0) EQ'_<O o> E3'_<O e>

We have || Ei||cc = €. The eigenvalues X} of A+ E; are

1
M, = §(>\1—|—>\2i\/(>\1—)\2)2+4b5)
A=)\ +e, A3 = o
A} =\ +e, A5 =g+ €



Stability of Eigenvalues

Let A € R™*"™ If A has a simple eigenvalue \ with corresponding left
and right eigenvectors x and y, then for sufficiently small ||AA|| there is

an eigenvalue i of A4+ AA with
y*AAx

y*r

peo= A+ +O(||AA[1%)

Consider once more
A b AM+e b
A= —
(0 A2) A+AA ( O Az)

and let \; # \. One eigenvector can be chosen as z = (1,0)?; then
y = (1,0) and (16) reads

no= A +e+ O()



Stability of Eigenvalues

Another classical result from Bauer and Fike (1960) reads:

Let 1 be an eigenvalue of A + AA and X 'AX = diag(\1,...,\,).
Then

in A—pul < X)|AA
/\g}\l(%l pl < kp(X)||AA]L

We choose A and AA = F5 from the previous example; then

o 1 b —1 - )\1 O
x=(g nla ) = xax=(3 )

With A1 := 2e, Ao := 100 + 2¢,b := 50 and p := o0, (17) reads

min A —p| < 150e
Ae{2¢,100+2¢}
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Moral for Eigenvalues

Norms can provide good bounds
Condense the information of m X n number in a single number

Perturbation results can be easily interpreted and first insights can be
gained.

Norms ignore structure in the form both of scaling and sparsity

Norms can not account for the size of perturbations distributed
among the martix’ elements

Norm bounds often lack sharpness



Accuracy results on symmetric positive definite matrices

Weyl's inequality:
Let the eigenvalues of a perturbation E be given by

Then we have for the eigenvalues \; of A+ E

~

A; € [)\@ + Up, N + Vl]

This can be recast into

max |\ — | < ||E|



Accuracy results on symmetric positive definite matrices

Assuming that Ay > ... > A, and ||F|| < n||A||, the best relative
perturbation bound one can derive from (18) is:

~

A — X
‘ ) ‘ S 77/{?”‘6[,2(*’4)

In case \; << A1, A; can undergo a large relative change.

Consider
1 0 e 0
(0 0e) =(57)

Then (19) reads (for n > ¢)

Ao — 10712
1012

<n-1-10"2 or |Aa—10712 <y



Accuracy results on symmetric positive definite matrices

By componentwise analysis, Demmel and Veseli¢ (1992) could derive a
potentially much smaller bound:

D=

Let A € R™*" be s.p.d. and write A = DHD, where D = diag(A)2.
Let the symmetric perturbation AA = DAHD satisfy
|AH|2 =¢ < A, (H). Then

/frel,Z(H)g

Due to a famous result of van der Sluis, ke 2(H) << Krer2(A) is
possible.



Accuracy results on symmetric positive definite matrices

Consider again

4 . 1 0 (1 0 1 0 1 0
o 0 10712 ) \ 0 10°° 0 1 0 10°°

e 0y (1 O e 0 I 0
0 /) \L0 1076 0 102 0 10~

The bound (20) reads then

I

~

‘)\2 — 10_12’
10—12

<1l-e or |A—10"12 <107 2%

where 10*%¢ < 1 is required. For € = 107 !% we have

Ao — 10712 <1076 [Ny —10712 <1028
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